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PEEFACE. 


In the present volume I have tried to make the 
discussion of the various parts of the subject, which are 
here given, as full as possible ; and there will be found 
much wliich has hitherto not appeared except in mathe- 
matical journals. At the same time, the treatise does 
not profess to be complete. Among tlie parts omitted 
arc the investigations by Fuchs on the integration of 
linear differential eejuations,' those of Kbnigsberger on 
the irreducibility of differential equations, the discussion 
of .Ffaff’s equation, the recent researches of llcrmite and 
Halplien, and the geometrical apjjlications of the hyper- 
geometric series by Klein ; only a very slight sketch 
of Jacobi’s method for pai’tial differential equations is 
•attempted, and there is no indication of the methods of 
Cauchy, Lie and Mayer. These, and others here omitted, 
I Jiope to give in another volume at some future date. 

While writing thus volume I ’have consulted many 
authorities in the* shape of treatises, memoirs and text- 
books ; aTid, though it is impossible to give in detail 
every reference, I wish in pai-ticular to mention, as 
, having been of great use, Boole’s Treatise and his 
Supplement, Moigno, Imschenetsky and Mansion ; and 
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PREFACE. 


I have used, to a slighter extent than tliese, Gregory’s 
Examples, Serret and Ue Morgan. Many references to 
original memoirs will be found in various chapters. 

Tliere occur, scattered throughout the book, many 
examples, amounting in number to more than eight 
hundred. i Most of these are taken from University arid 
College Examination papers set in Cambridge at vdrious 
times ; some are new, and many of tnem are results 
extracted from memoirs which have been consulted. In 
the case of the last, the original authority is, I think*, 
always indicated. I cannot bojie that,, among so many, 
all results given are correct and all equations set are 
soluble ; and I shall be glad to receive coirections of any 
mistakes actually found. 

In conclusion, I wisli to express the very great 
obligations under which I lie to my friend and former 
tutor Mr H. M. Taylor, of Trinity College, Cambridge, 
for his kindness in the revision of the proof-sheets. 
He has caused the removal of many obscurities and 
lias made many valuable suggestions of which I have 
continually availed myvself. My thanks are also due 
to my friend Mr J. M. Dodds, of St Peter’s College, 
Cambridge, for his kindness in reading some of the 
early sheets. 

A. K FOESYTir. 


Trinity Collec.k, Camrkidge, 
September, 1885 . « 



riiEi:ACP] TO SECOND EDITION. 


This edition will be found to differ very slightly from 
the first. In its preparation I have been much helped 
liy the E:indness of*many friends and correspondents who 
have sent me notification of mistakes and misprints. 

My thanks are specially due to Dr Hermann Maser 
of ISerVm for the honour he has done mo \\\ tvansVating 
my book into German. 

• A. K. F. 


Tiunity Cor.i.KGK, C.\Minai)OH, 
Sfj)ttnnhn\ 1888. 
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CHAPTER I. 


INTIIODUGTIOX. 


1. When one variable (|naritit.y y is a function of anotlier 
variable quantity the relation between thi) two may be exhibited 
by TYieans of an equation such as 

^ (iT, y) = 0. 

Ill this equation constants may occur; let one of such constants be 
denoted by a. If tlie e(|uation be solved for y in terms of j;, this 
constant a will enter into the expression for // ; and, by taking 
different values for n, there >vill in geiuual be obtained a number 
of corresponding values for y. If it be desired to indica-te in the 
fund?wnontal relation the fact that the value of y depends on that 
of (f, this may be done by writing the above e(juation in t,he form 


</) (x, y, a) = 0 


(i). 


• Now it is possible to derive from this eejuation another, whicli 
shall include all the values* of //, which can be obtained hy as- 
signing all the posigible values to the constant a. The differt'utial 
coefficient of y with regard to x is given by 


d<t> d4> d;/ ^ 
’ dx^dij die 


(ii). 


in which ;:r and indicate partial differentiation with regard to 
cx ^y 

X and y respectively. nation (ii) will in general involvt? the 
constant a, which occurs in (i); and, if between these two eejua- 
F. ’ 1 
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[1. 


tioiis the constant be eliminated, the result of tin? elimination will 
be of the form 

4 *- 

where f is a definite function depending on the form of the 
function 0 in e(|iuition (i). Now equation (iii) is one, which 
includes all the values of //, which cjin arise from (i); for, wJjAIo 
it is derived from th(; two ecpiations (i) and (ii), in each of 
which a occurs, yet of the particular value of this quantity 
no special account is taken and, W(*re any other coiistjint as a 
substituted for a in all the steps of th(‘ eliniinatuni, the result 
would be the same*, since the constant is made to disappear from 
the result. 


in the same way, if // d(>pended on two constants d ajjd b in 
a manner di^fined by an equation 


?/, «, i>) = 0, 

and if tin*, (‘quations which givo the first and second differential 
coefticients of y with re^^'ard to ./? were written down, the two con- 
stants (I and h could be eliminated and the resulting (M|uation 
would be of the form 


S)-“ 


(iiiy. 


In all eases the functions y* and F can be deduced (by methods of 
tlu^ Differential Calculus and of Miglu^r Algebra) whim the forms 
<f> and are given. 


In particular, if such a form be 

e (it, (/) = a, 

from which a is to be eliminated, then, as the eipiation embracing 
all the values ?/, Ave have at ouce • 

de de dy ^ 

dx dy dx * 

no further elimination being needed. 

Thus, for exqmplc, the eipiation 
/ = 4iu- 


.y 



loads to the e<piation 
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which is the general eijuation of all parabolas having the same 
axis and vertex. 


2. Such relations as (iii) an<l (iii)' are called Differential 
Equation a ; the e(iuation (i), which is free from all ditferential 
coefficients, is called a solution of (iii). As, in ])assing from (i) 
t'i^(iii), a single arbitrary constant was removed, so conversely, 
in passing from (iii) to (i), it is just to expect that a single 
arbitrary constant will be introduced : and since', in eliminaliiig n 
arbitrary constants, there arc* lu'cded the cHjuations giving the* 
first n cnfferential coefficients in addition to the original (‘(piation, 
so conversely, in passing From such a relation betwc'cn diffi‘ren- 
tial coeflicu'iits up to thii n"* inclusive to an c‘( [nation free From 
them and ecpiivalent to this relation, it is to be (*x])(‘cted that n 
arbitrary constants will be introdiu^ed. 


8. It is not difficaik to see how these* arbitrary ijuantities must 
enter into the solution oF the ('([nation. For the sake oF sinijdicity 
lc‘t ns c;onsider an e( [nation such as 

J/ + iVy'' = 0, 

diV 


in which M and iV are functions of .rand //. Let ./• and // represemt 
the C'Jartesian (;oordinates of a j)oint P in a plane referred to two 
rc'ctangular axc's ; thc.*n the; ocjuation (i) is the (‘([uation of a curve, 

and is the trigonometrical tangent of the angle, which the*. 


tangent to the*, c\u’ve at the [xhnt P makes with thci axis of x, 
so that the above differential (‘.([nation giv(;s the direction of a liiii^ 
at T:?V(*ry point in the plane, l^et any point A hi.; taken on the 
axis of*y, and let us proeced from A for a very short distance 


in the direction given hy the? value of which it has at A ; w(*. 


shall thus come to another p(3int B, Let ns y)roceed now from B 
through a very short distance in the direction given by the valuci of 

which it has at B ;* we shall thus come to another point C. 


If this process be carried out ffir a number of directions in suc- 
C(‘ssi<m, a figure will be traced in the plane; and, when (jacli of 
the distances through which we suppose the tracing point to 
move becomes indefinitely small, the figure will become a curve 


1—2 
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passing througli A. This curve will have a definite' equation,, 
which may be exhibited in the fomi 

2^. yo) = o, 

where 7y^, is the ordinate of A, Had another initial point A' been 
chosen instead of ^1, then another curve would have been obtained 
and into its equation the magnitude of the ordinate of A' would 
have entered; the same result would ensue from taking each pdmt 
in suc(;ession on tht*. axis of y, because generally one curve and only 
one passes through each such point. As eac,h ec [nation,, or one 
single equation as the representative of all, may be considered a 
solution of the dilfenuitial e([uation, it is evidenl. that into tin? 
solution of the example we have been considering one arbitrary 
constant will enter ; and therefore, if by any ilietliod avi? can obtain 
fin ecpiation free from differential coefficients, it must be c3Xpe(;le(l 
that an arbitrary constant will be containcjd in that equation. 
But this arbitrary constant obtained by the latter method will not 
ni3(3essarily be the ordinate of the point, at which the curve, re[)re- 
sented by thci solution, and the axis of y intersect ; an arbitrary 
element would have entered into the ecpiation, had the tracing of 
the curve begun from a point in the; plane not lying on one of 
the coordinate axc‘s. 


In the example consideivd the ecpiation giving 


(lx 


had only 


a single root ; when it is of the form 



4- P 


dx 


+ Q = o, 


then the integral ec [nation will be of the form 

A'^ + AF + Q' = 0, 

when; A is an arbitrary constant. And it is not difficult to see 

that, if the differential e([uation be of the dc'gree in^, then 

ctx 

the corresponding integral e([uation will contain an arbitrary 
constant raised to the and lower powers. 

4. From what has been said as to one of the methods by 
which differential ecpiations can be constructed, it might be deemed 
an easy matter to return from the differential to the integral 
ec [nation ; but this is not so. The ste[)s of an elimination cannot 
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be retraced, and therefore some other method or methods must be 
adopted. The methods which are most effective for the solution 
of sev('ral differcmt forms of differential equations will be discussed 
hereafter. 


/). When we pass from a given integral function to the ecpii- 
\-a4tnt diffbrcintial ecpiation, the latter may prove to bt> of a form 
which is not included among those already known ; so conversely, 
if we pass from a given differential e([uation, we must not exp(‘(!t 
to arrive necessarily at a function which will bo included ann>ng 
those, with the properties of which we are accpiainted. It is 
therefore desirable to indicate what, in such a case, would be 
meant by the solution of the <lifferential equation. 

When, in algebra, we ask whether any particular e(|uation can 
b(' solved, we thereby en(]uire whether the value of the variable, 
which occurs in it, can be expressed in terms of known functions. 
Thus, for instance, in the ecpiation 

the value of can be obtained immediately by a process of division. 
But let the ecpiation be 

To Solve this we have to introduce a function, whi(;h Ava,s not 

needed for the former equation ; and, expressing f in t.he form 

•• 

we consider the equation solved. Now eipiations of the third and 
fourth degree can be solved by means of functions strictly analogous 
to* these — the cube root and the fourth root of quantities; but 
general eejuations of the fifth and higher degrees camiot be solved 
in terms of these functions or combinations of these with similar 
functions. It does not therefore follow that solutions of these 
equations do not exist; they can only be solved when functions, 
unused in the solution of equations of lower degrees, are intro- 
duced. • 

Similarly, in the case of a differential equation, when we say 
that it can be solved, we do not mean to imply that the solution 
must be expressible in terms of purely algebraical function.s, of 
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exponentials (including sines and cosines), and of logarithmic 
functions (including inverse circular functions). The ecpiation 


is equivalent to 


dy 

dx 


= 207 


y = x^-\-A. 


But suppose that the properties of the logarithm wcu’c uii- 
known, and that the differential equation 


dy 

dx X 


were proposed for solution. Wc? should then have 



and, calling 



we should prove the relation 


/(■''■) +/(.y)=/(»‘2/). 


and become accpiainted with the properties of this new function so 
as to include it amongst known functions. But, had we not been 
able to deduce the properties of f (u;), the value of y given by 


A + 



would still have been considered a solution of tin* differential 
ecpiation. In fact every differential efjuation is considered as 
solved, when the value of the dependent variable is expressed as a 
function of the independent variable by means either of knovm 
functions or of integrals, whethet' the integrations in the latter 
can or cannot be expressed in terms of functions already known. 
Thus, for instanci*, 


is a solution of 




dx 


dy 


although the value of y cannot be expressed otherwise than in this 
form without the introduction of a new function the properties of 
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which can be investigated. In this way the solution of differential 
^ eejuations is continually suggt;sting new functions to be added to 
the stock of those already known. 

6. Before we proceed forther, it is desirable to give definitions 
of some terms used in the subject. 

Any equation which expresses a relation between dependent 
variables, their differential coefficients of any order whatiwer, and 
the independent variables is called a differential equation. 

Differential cfjuations are divided into two species, viz. — 

I. Ordinary differential equations, into whi(*h only a single 
independent variable enters, either t^xplieitly or implicitly, and 
to this variable all the differential coefficii'iits have reference. 
Should there be several dependent variables, the number of 
equations necessary for their complete determination as fun(;ti«)ns 
of the independent variabhj is etjual lo the nund)er of such 
variables. Thus, for instance', we miglit have* 

in which x is a function of the only independent variable t ; and 

(ar* + ff = 0 t 

•• 

in which x and y are both functions of t. 

II. Partial differentiaP equations, into which two inde'piindent 
variables at least *and partial differential coefficients with regard 
to any or all of these variables may enter. If several di*})endent 
variables be present, tlni number of separate ecpiations must be 
the same as the number of the separate dej)endi;nt variablt;s ; 
but the occurrence of sucli systems of equations 4s relatively rare. 
As examples of partial differential ecpiations we may consider 
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The order of a differential equation is the same as the order of 
the highest differential coefficient it contains. 

The degree is the power to which that highest differential 
coefficient is raised, when the equation is in a rational form and 
freed from fractions. 


The equation 


dy a 
^ dx ^ dy 


is of the first order and second degree ; the equation 




is of the second order and second degree. 

If a differential equation be such that, when it is rationalised 
and freed from fractions, the differential coefficients and the 
dependent variable enter in the first power and there are no 
products of these, while the coefficients in the separate terms are 
(iither constants or functions of the independent variables, the 
equation is called linear. The following are examples of linear 
equations : 

fTF ?)*F_ 

dz dz ^ 

^ + y ^ -z = 0. 
dx dy 

The relation, which exists between the variables themselves 
without their differential coefficients and which is tlie most general 
one possible, is calk d sometimes the general solution, and some- 
times the primitive, of the differential equation. 

7. The process of deriving the primitive from a given dif- 
ferential ecpiation will frequently be the deduction of a first 
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• 

integral of the differential equation, that is, an equation of an 
order lower by unity than that of the original e(|uation and 
containing an arbitrary constant; then of a first inti'gral of thii 
latter which will bo a second integral of the original c(][uation ; 
and so on, until differential coelhcients cease to appear. This 
will be the case when the operation has been repeated the 
nw^nber of times ecpial to the order of the original differential 
iMjuation. Now the form of the first inti‘gra.l will be affected 
by any transformation to which the e(juation may be subjected 
prior tO^ integration ; and, since a given e(] nation may b(‘ trans- 
formed in a numb(;r of different ways, there will be a correspond- 
ing nuinbt^r of differimt first integrals. Hut these will not all be 
necessarily independent; and, as a matti^r of fact, ///e equtttion 
he of the order, it cannot have more than ri independent first 
integrals. For ex.ample, the differential equation 

• '^‘^+,, = 0 
has the following first integrals, viz.: — 

. • If 

^ ' cos X -h u sin X — i), 

dy . . . 

— , sin X -{- y cos x = (7, 
dx 

dy , , X 

•. = y cot {X + a) ; 


but they are not all independent, the four constants ^1, H, (J, a 
being connected by tlio ecjuations 

B = A cos o(, 

• • 

C = A sin a. 

• 

When a systeiij of first inti^grals has been so obtained in any 
case, it can be used as a sininltaneous system, from wliich the 
highest differential coefficients can be eliminated ; and if irule- 
pendeiit first integrals of flu* ecjuation, c‘(pial in number to the 
order of the e(|uation, have* been obtained, <ill the differential 
coefficients can be eliminated from them so as to leavt? the primi- 
tive. Thus from the second and third integrals in the foregoing 
example we might deduce 

y = B sin X -h cos 
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and from the first and fourtli 

y = A sin {x + a), 

each being a primitive ; those solutions are seen to coincide on 
account of the relations between the constants. 

S. We proceed now to give reasons for the statement made 
in the last paragraph. ' 

A differential equation of the Order n has n, and cannot have 
more than n, independent first integrals. 

From what lias already been said it is clear that an integral 
relation betweiiii y and x inv(»lving n arbitrary independent con- 
stants would lead to a difterential e([iiatiou ('f the order n. Let 
the given integral ecpiation be difteren tinted n — 1 times in 
succ(‘ssion ; the n — 1 resulting (Mpiations will involve all the 
difterential coefticdents u]j to the (a — 1)“' inclusive and there will, 
with the original eipiation, be n e((uations in all. Now from n 
equations, in which n (juantities occur, all but one of these (piantities 
can be eliminated. Let the n arbitrary constants be denoted by 

, C,^ ; and from the n e(|uations, which we have, let us 

eliminate all the arbitrary constants except C^. The resulting 
equation will involve the variables and the derivatives of y up to 
the (a - 1)“‘ inclusive and will also involve i \ ; it will therefore be 
a first integral of the- difterential e(|uation of the order a which is 
equivalent to the given integral relation. Now eliminate all the 
arbitrary constants except the resulting eipiation will' now 
involve* and, as before, derivatives of y up to the (?i — iy‘‘ in- 
clusive and will therefore bt» a first integral of the difterential 
equation ; it will, moreover, be independent of the former, sine'e 
is independent of Proceeding in this way with all the cv)nstants 
in turn, we shall obtain u independent'first integrals, each of which 
arises from the elimination of all but one of 'the n indi^peiideiit 
constants. 

As there are not more than n iudopendent constants occurring 
in the general integral equation, any other constant, which could 

appear in it, must depend on , (7^ ; let A bo such 

a constant, and let tlu* relation between them be denoted by the 
equation 




.c„) = 0. 
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Then between this, and the original integral equation, and tlu‘ 
11 — 1 equations obtained by difterentiation, (forming n + I equa- 
tions in all), the n constants G may be eliminated and the result 
will involve the difterential coeflficients up to the (?i — 1)“' iivelu- 
sivc and the constant A. This would be a first integral of the 
diiferential ecpiation, but it is not indtqieiident of the n alri'ady 
ohjiained; for from these let the respective values of the quantities 
C in terms of the variables and the differential coetficients of y 
be derived from the separate equations, in which they occur singly 
and be*substituted in the ecpiatiou i/r = 0; this e([uation will then 
be one involving the difterential coefficients up to the {n — 1)^’* and 
the constant A, and will therefore be the same as the foregoing. 
In fact the two processes are merely difterent metluxls of obtaining 
the one result, and the second shews that the first integral so 
obtained is derivable from the other n fiixt integrals. Hence the* 
difterential equation of order // has not uumj than it indo})endent 
first integrals. 

9. It is convenient to add here two lemmas to which frecpient 
refiu’ence will subsccpiently be made. 


Lemma I. Lot , be n functions of tlu^ n variables 

these variables being indiqxmdent of one another; 

if among these functions any relation, which may be r(‘pn‘scnted by 

/'a, 

be identically satisfied, so that , are not independent 

of oye another, then the equation 


0/q 


0/q 

ar, ’ 



dii^ 

dii^ 

X 

ar.’ 

dx^ ’ 



• 


d\ 

dn„ 

X 

diV^ * 

ar/ 

’ X 


(ii) 


is identically satisfied. 

Since equation (i) is identically satisfied, wh«n for //,, u„ 

are substituted their values in terms of tlie independent variables, 
the partial differential coefficients of F of the first order with 
regard to each of these variables are separately zero. Thus we 
have 
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dF dii^ dF 

dii^ dx^ () a dx^ + • • • 

^dujx^ ’ 


dF du^ dF du^ 
du^ dx^ '^du,^ dx^ 

dF du„ _ 
d u„ dx._^ 


dF ?)(«, dF du^ 

dfi dx da,, dx "^ *** 

1 « a a 

d?i„da;„ 

•* 

Let the ratios of th(^ n partial differential coefficients of F with 


regjird to tlio bo eliiiiinatod botwo(?n those n e(|iiation!^, which 
are linear in these (juantities; the result of the elimination is 


dff^ 

3«j 


’ 

dx^ ’ 

c)x^ 

dH, 


dif-, 

d.,/ 

dx^ ’ 

."’X 

dll, 

?»a 

X 

/X’ 

X’ 

’ X 


and this is hhmtically satisfiiid. The value of a dotenyiiiiant is 
unaltered by the eliangi> of rows into eoluinns and eolinmis into 
rows ; when tliesti changes take place the above eipiation becomes 
e(]uation (ii), which is tliendore identically satisfied. 

Lkmma it. The converse of this is also tnie: If 

be u functions of n iude pendent variables and if 

the ecjuation 


dll, 

dll, 

du^ 

= 0 

• 

dx^ ’ 

ar, ^ 

’ a*;, 

• 

dll. 

dii. 

<■ dii^ 



d.r, ’ 

X 

a4f„ 



X 

dll. 




f'-'V. ’ 

dx/ 

’ dx^ 




be identically satisfied, then the functions yU^ are not 

independent of one another, but are connected by a relation of the 
form 




u„) = 0. 
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• If the 71 — 1 functions be not independent 

of one another then the proposition to be proved is at once granted; 
wci may therefore suppose them independent of one anotlier. 

Between the 7i functions u we can eliminate n — 1 of the 
variables; if the remaining variable, say be not thereby 
eliminated the result may be written in the form 

* = -I!,,). 

If the etpiation of condition* be written in the form 

,xj 

we may write the theorem for the multiplication of determinants 
in the form • 


% »„) ^ ^ - 5 ,) 

■% *2 "'n-i- «'■«)' 

Th() lelt-hand side* is zero by hypothesis. Sinci? the fuiurtions 
, are iudepeudoiit, tin*. Hi*st factor on tin* right- 

hand side is and the second is One of 

these must thei-efore vanisli. If it be tlie former, th(‘n </> is (ex- 
plicitly independent of so that is a fnnetion of 
only; and there is thus a relation betweim the original u functions. 

If it bi^ the latter Ave have 


D ^iX’i , y 

an equation, which (X)rr(*sponds to the given (m| nation of (.‘ondition 
but^ in which tluuxi are only //. — 1 functi(nis of n — 1 variables, 
siiicii for the differentiations (hat now (jccur may be considered 
a constant. This is treated in the same mann(‘r as Indore ; and we 
should find either tliat there is a relation betwenm /q, zq, 

considered as functions of .q, , or that a new (.*(|uation 

of condition involving // — 2 functions of ?i — 2 variabh^s would 
hold. If the rolatiiui betweem zq, ^q, ..., exist, it- will be of the 
form • 

• 

which will involve since we have assumed that u^, u^, ..., 
are independent of one aiujther. Between yjr = 0 and /z„ = ^ we can 
eliminate and obtain a relaticm between zq, zq, ..., zz„. 
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Proceeding in this manner and diminishing by unity each 
time the number of functions, which enter into the equation of 
condition, we can prove that one of the two necessary inferences 
• at each reduction is the statement contained in the proposition. 
And when the reduction has been repeated ??. — 1 times the only 
alternative of the |)roposition is that any fnn(‘.tion, chosen at will, 

should be such as to satisfy for some variabhi x which can 

be chosen at will. As this is evidently not the case, the truth of 
the proposition follows. 


10. As a ])articular case of the general lernm.as we have the 
following. Let U and V be two functions of two independent 
variable's x and ?/; then if V can be expressed its a function of JJ 
alon(\ we must have 

dUdV_dUdV_ 

d, v d tj djf dx 

and conversely, if this ('(piation be satisfied, tlujii thiTO is a relation 
betwetm U and V sat isfied for all values whatever of x and // such 
that 

V=f{U). 


Kv. 1. Are tlio fuiiutions 

X + 2 // 4 - .V “ 2?/ + 2xt/ - xz + 4 //^ - 2:^ 
iiidopeiidrnt of ono iiiiotlier ? 

'file eqiijitioii of condition i.s •' 

1 , 1 , 2^-z i-0, 

2 , -2 , 2x+4z j 

1 , , — .V 4" 4y “ 42 I 

wliioh is evidently ScTtistied since , 

ard row ^--2 (1st row) (2nd row) ; 

and therefore the functions are dependent. To hnd.the relation between 
them, if we call them we have 

2.v=Ui + u.i~4z^ 

•ii/ ~ - u.t 4 - 22 ; 

and therefere 

on substituting those values. 

/i.r. 2. Prove that the functions Ax-^ /J’y 4 -( 72 , and 

<(^x^ ( IVc 4- r-7>) 4- ((>’« 4- A70 4- oV-* (.17; 4- B-a) - 2ahc ( Btyz 4- CAz.v + A Bxy), 
are not independent; and find the relation between them. 
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11. The gonoral dilToronlial iM|uation of the first order maybe 
repri'sented by 



whore i'Ms a rational and algebraical fiinctit^n so far as tlie dilfor- 
ential coefficient is conce.i*iu‘(l. [n tliis gcaieral form the e-(|uati()n 
cannot Vie intcjgrated ; but thcTo are etn’tain ]>articular forms, to 
one or othm* of which many equations ctin be redneed, and which 
admit of immediate solution. Thi‘S(i forms wc* may call standard 
forms. 


12. Before considering them in didail, we will |)rove a pro- 
position, which is merely a particular case of the general theorem 
indiciited in § S, viz., that a different ial equation expressible in 
the form 

(Lr. 

whore di and N are one-valued functions of and y, can have onlij 
one independent jwimitive. • 

Snpposci that, if^it be possible, two primitives 


have been obtained, 
given by 


V) = 


. y) = ^ 

From the first of these the* value of 



4 . 'k = 0 

dx dy dx * 
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and therefore 

dx ay 

Treating the second primitive iji the same way we should 
obtain the equation 

dx dy 

The elimination of M and JV between these two et [nations 
gives 

: dx ' dy ~ ’ 

' dx ’ dy 

which (§ 10) shews that <f)^ is some function of 0^. Hence the two 
primitives are not independent ; and the second can be expressed 
in the form 

F (<!>,) = b, 

which is algebraically resoluble into equations of the form 

each of which is only a repetition of the first of the primitives. 

If therefore in solving such a differential equation any primi- 
tive has been ‘obtained, this may be looked upon as the general 
solution of the equation; for from it can be derived all other 
primitives. 

13. Standard 1. 

The e([uation Mdy = Ndx can always be solved when the 
variables can be separated. For in this case the equation may 
be changed to the form 

Ydy = Xdx, 

where V is a function of y alone, and X a function of a? alone; 
and the eej nation can be integrated in the form 

jYdy=jXdx-\-A, 


.fl being an arbitrary constant. 
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Kx. 1. Solve 




The variables can be seiwated and the equatij^n Ixiconies 

one integral of which is 

^ avcsin y + arcsin x = <*. 

ihit the equation may I jo written 

(l-.rO-'i'y+Cl-y-^^^'’ =0, 

which, aftvr integration by parts, gives 


^(1 




Dut 


(1 

• .r yt/.f .v;/(h/ _ 
and therefore the integral is 


This affords an illustration of the lu-oposition in the prceeiling paragraph ; 
for the latter primitive can be derived from the formtir by taking the sine of 
both members, and the relation between tlio constants is 

6’^ sine. 


A’r. 2. {x ~y“)(hv-\-'l.vydy — 0. 

The variables though not imintHliatcly separable become so after sub- 
stitution: write and the ecpiation is 

.rdx -p .rdo — t'dx = 0, 

so that + d --- 0, 


and therefore 

• • 

or 


loga'+ 


p 

X 


— constant, 




xe = A, 


Ex, 3. Solve the ec^uations 

(i) .r(I+y2)i+_j,(i+^^)Sg=0; 

(ii) sec® X till! y d.v + scc^ y tan x dy = 0\ 
^(iii) {x+yY^^=a‘; y - 

(iv) (l+/)c?^_{y + (l +//)(! +a!)*(;y=0; 
^(v) (y-.'r)(l+iB2)*^=9i(l+y*)*. 
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14. Standard II. Linear Fortyi. 

When the ecjuatioii of the first order is linear, it may bfc' 
written in the form 

where P and Q are functions of ^ and an.' explicitly independent of 
y. Multiply each side by 


then, since 


the e( [nation becomes 


ax ^ ^ 


dx dx c } 

on integration (the left side is now a perfect differential) we obtain 
as the primitive 


that is, 






dll X __ 1 

dx * I + X (1 + .f-) ■ 


As in the general case, 


dx 




Ji-Tii ^ f dx 


= (7+log 


l + (l+.i-*0^ ' 

Ku. 2. Solve (i) .i; ( 1 - x“) + (2.>’- — 1 ) y = ; 

(ii) cos x = i sin 2x ; 

(iii) y = « cos (.v + /3) ; 
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Ex. 'S. Shew that the solution of the general equation may be exhibitcil 
in the form 




15. An important associated form, which can be solved by the 
same method, is 

i+Pn-Qf. 

where P and Q are functions of x alone. 

Divide by y" ; the equation then is 


1 d { \ 


d / 1 
dx \y"' 


u - 1 dx \ fV ^ * y"-‘ 


which is the standard fftrm ; and the general solution is 


1 -(n- 


(«-l) SPdx ^ 




Er, 4. Solve 


O 1 

=’Hog.v. 


This iMjcomos, after a trausforiuation siuiilar to the aliovc, 

d n \ 11 1 , 


rf /n 11 1 , 


the primitive of Avhich is 

•• i<? J * = 

y 

This is — 


= C- 


.V X 


• whence 


^1 + 6’^•+loga7, 


Ex, G, Solve (i) 

(ii) 

(iii) ^J,+.ry=^/*sina?; 

il (i'^) ^.(•»y+^) = J- 


2—2 
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Ex, 6. Shew that the four equations in § 7 lead to the same primitive. 


16. Standard III. Homogeneous Equations, 

The equation when of the first degree and expressed in the 
form 

dx 

is sfiid to be homogeneous, when ilf and N' are homogeneous 
functions of x and y of the sam(5 degree. In this case we can 
write 




r being the degree of M and N. On the substitution of 

y = vx, 

so that V may be considered a now dependent variable, the ecpiation 
becomes 

or = 

X v<f> (v) — yjr (v) ’ 

ill which the variables are separated ; the integral is 

1 , f <l>(v)dv . 

^ (v) — (v) 

Tlie primitive will be given by the substitution of ^ for v 

after the integration has been performed. 

If the equation however be not of the first degree but still 
homogeneous in x and y, it may be written in the form 

There are now two methods of proceeding. The first method 
is to solve the equation considering it as an ecpiation in let a 
solution be expressed by 


-/(I) 
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This is the case already discussed. 

* The second method is to solve the e([uation considering it as 
an equation in ^ ; then we should have 




X ‘ \dx 


=/i(pX 


or y=*^/iOA 

where jt?«is written for Differentiating this with regard to x 


and therefore 




« p-ftipy 


This gives on integration 


log X = G + 


=^0 + irip) 

say ; the elimination of between the last e([uation and 

•• y = ^fAp) 

will give the primitive. But it is not always desirable to elirrvinate 
}) ; it may be retained as the parameter of a point on the corre- 
sponding curve, in which case its use would be similar to that of 
the eccentric angle of a point on an ellipse. 


Kv. 1. Solve 


(Iv 


When \vc write y=?vr, the equation Ijecomes 

vdfj dx 
(I— .^7 ’ 


whence 


+ log (1 - ») + log r = , I , 
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Ex. 2. Solve 


dv 

(ii) 


Ex.Z. Solve {(i,v+by+c)^^^=Ax+Bi/+C, 


Let and y =/?+»;, and suppose h and k so chosen that 

ah-\-hk+c—.(\ 

Ah+Bk^G=0] 

then the equation liecoines 

wliich is homogeneous. 

If however - = ^ , but - differs from (ifich of these fractions, then the 
a 0 c ' 

equations giving h and k are inconsistent. Let each of the equal ratios 

he equal to m ; then , 

{ax + iy + c) = m {ax + h^) + C. 


. Substitute 
then 


ax+h/==Vy 

. , mv-\-C do 
a^h — , = V , 

v+c dx 


and the variables arc separable. 

T.yl B C ,, . 

If .. . :=s =- = « the equation is 

a h G ' ^ 


so that 


f~iix+E. 


Ex. 4. Solve (i) 3y - To:* + 7 = (3.r ” J 

(ii) (2.v+4y + 3)Jj = 2y+.v+l; 

(iii) (^v+5y + 6)^'^=7^+J.'+2. ^ 
Ex. f). Shew tliat the equation 

{P+Q-v)%=n+Qy,^ 


in which /*, Q and fi aVe liomogeneous functions of x and y, P and R being 
of the same degree, may be solved by the substitution y — vx. 

Ex. 6. Solve 

(^1 .r"* 4- Bxy -H iix + ^y + y) = Axy + By^ 4 - dx + ^y + y. 
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17. Let now the curves, whose eciuations are the complete 
primitives of the homogeneous ecpiation, be traced; they form a 
system of similar curves. For let there be drawn through the 
origin any radius vector cutting all th(?se curves and making an 
angle 6 with the axis of x\ the inclination to the axis of x of 
the tangent to one of thii curves at the point where this radius 
vector meets it is given by 

and theiKjfore all the tangents at points lying on this line are 
parallel. And therefore the curves are all similar and similarly 
situated. 


18. Standard IV. 

Equations arise in which one of the two variables does not 
explicitly occur. 

Consider first that chiss from which the independent variable 
is absent. The equation will then be of the form 

As in the general ecpiation under Standard III., there are two 
methods of ])rocecding. If it be possible, we may solve for ^ so 
that •• 

in which the variables are separable ; the primitive is 




+ A. 


Or, if it be possible, we may solve for y\ suppose a solution to 
be given by 

Differentiating with respect to x we have 
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in which the variables are separable : and the integral is 

which, when coiiibined with 

y=Mp) 

for the elimination of will fnrnLsli the primitive;. It may be 
more convenient to leave p uneliniinated. 

Let us now consider the class from which the dependent variable 
is absent. The ecpiation will them be of the form 




Since 


dy dx 


dx dy 

this equation may be written 


= I, 


or 




an eepiation of the former class, and soluble by the methods thereto 
applying. These methods however may be applied to the etpia- 
tion without making it undergo this transformation. Solving the 

equation if possible for , we shall have 


dy 

dx 




and the primitive is therefore 

y=JF(iv)dx-^ A. 

j 

Or solving for x in tc;rms of when this is possible, we shall 
obtain 

Differentiating with respect to y (the absent variable) we have 




dp 
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tho integral of which is 

y=SpF;{iJ)df + G. 


This, eonibined with 
constituti.‘s the primitive. 


X = (p). 


*Ex. Solve 


(i) 

(ii) 


dy , 




:v^ + 2a.}'’ 
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11 ). Standard V. 


When the ec|uati()ii of the first order is of ( lie degree, suppose 
it arranged in descending powers of the ditferential eoefiicient, so 
that it may be written 



+ P,: 


=0 


in which P.^, P,, denote functions of ;v and ?/. If we look 

upon this as an algebraical ecpiation in which has n roots 

Pj, 7 ^ 2 , (these being functions of . 7 ; and y), the equation 

becomes 



This “Can be true only, if one or more of tluj factors on th(i hdt- 
haiid side vanish ; and therefore any relation betweim x and y, 
which makes a factor vanisli, will be a solution of tho original 
e(imttion, while no relation which does not make some factor vanish 
can be a'solution. Suppose then that the primitives of th(' e(pia- 
tions • 


dx 







(deduced by means of ope or other of the preceding methods) arti 
«/>. (a^. y. C*,) =0, </), (a:, y, 0,) = 0 (», y, G„) = 0 

respectively; all possible solutions of the given ecpiation will be 
contained in 

<f>M. y, C',) (a;, y, Q 


</»„(«, y, C'„) = o. 
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But the gonorality of this integral will still be maintained, if all 

the constants , be made the same, say G; for in order 

to find a valiK; of y wo must 0(iuate to zero some factor on the 
left-hand side of the new form, and this would give an equation of 
the form 

y. c^)=o. 

Now G is an arbitrary constant ; if then all possible numerical 
values be given to it, there must be included in the series of con- 
sequent ecjuations all the integrals, which can be derived similarly 
from the corresponding factor of the first product. Hence we have 
as the general complete primitive of the original diflerential 
C( I nation 

<lf>i (*. y, G) </), {x, ij, G) (x, y, 0) = 0. 


Kv. 1 . xY-^■ryl>■^■y^=.^^y^^ + xK 

Then xy —y=+x (x ^ + 

which, by the substitution Ixicomcs 

* ,^+dv. 

(l+^^)4 - 

When the positive sign is taken, the solution is 

* = i [o* ^ ^ = sinli (a* + c). 

The negative sign gives s=sinh (c* - ,v ) ; 

hence the general solution is 

[y - .V sinh {x 4- c) ] [y - a* sinh (c - .<•)] = 0. 


Ku. 2. Solve 




Ex. 3. Solve 

(i) .i'7j- + 3.ryp + 2y‘-^=0; 

(ii) a-y- + 3.t.yp + 3y“ = 0 ; 

(hi) p{p-vy)-^.v{x+y)^ 

(i v) - (.r- + .cy + y‘q + {ypy + ai^y^ ,vy^) p - a-y = 0 ; 

(v) {a- - .r2) y + h;v (a- — p^ -p-h.v = 0; 
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i ' 


(vii) p^ + 


(^ + 2'- 2 3 


P+'KV+ 


Kv. 4. Shew that, if the general equation be homogeneous in x and j/, it 
can be solved by the substitutions 


y=^tr. 




Hcnet} solve 




20. Standard VI. Glairaut’s Form. 

The equation to which this name is usually applied is 

!/=]U‘+f(p), 

in which p stands for 

Dilforentiate tho e(|iiation witli regard to .r : then 

p=p+[-'>+f'(p)];^> 

so that either 

f.o 

ax 

or X + /' {p) — 0. 

Takin'g the first of those, we have p = c th constant ; and hence the 
primitive is 

y = ca:+/(c). 

The second ccpiation expresses x as a function of p, and therefore 
if* be eliminated between this equation and 

. y = px-\-f{p) 

a relation between y and x will be obtained. 

Of these the former is evidently a solution of the equation, and 
from it the diflferential equation can be deducejl at once ; for on 
dilferentiating we obtain * 

P = c, 

and eliminating c we have 

y=px+f{,p). 
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If now we turn to the other relation between x and y, which 
will be that derived from th(i elimination of ji; between 

0 = *4/(l))r 

it is at once evident that it contains no arbitrary constant and so is 
not a general solntion. Yet it may be a solution of the equation ; 
for differentiating the first equation we have .. 

=p 

by the second equation unless be infinite; eliminating from the 
ecjuations y /(p) and ^. = P obtain' 




which is the original ecjuation. 


21. The relation between the two solutions, when both exist, is 
easily indicated by geometrical considerations. Tho first solution 
♦ y = cx+f{c) 

represents a family of straight lines ; if they have an envelope, it is 
found by differt*,ntiating the ecpiation with respect to c (in fact, 
this is equivalent to giving c a pair of etiiial values for the same 
values of x and y) and then we have 

()=*•+/ (c). 

The result of the elimination of c between these equations will be 
the same as that of eliminating p between the two 

y=pj;+/(p), 

0 = a?+/(p), 

and therefore tlie curve represented ,by the latter is the envelop 
of the family of lines represented by the first solution, should these- 
lines have an envelope. 


Such a solution of the equation, which is not included in the 
primitive (but which may bo derived froiil it in the above manner), 
is called a Sirtgular Solution. We shall shortly return to a more 
detailed discussion of singular solutions. 

* It should be noticed that for purposes of elimination p is merely a quantity 
likely to depend upon y and x ; it is not now necessarily . 
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AV. 1. Solve 

V 

'The first solution is 

a 


"I'lie second is given by the elimination of p between 

, 0=.r-?. 

and the original equation; eliminating jf) we have 

The latter is the singular solutiiin ; the curve represented is touched by all 
the lines included in the primitive. 

/i.r. 2. Solve ^ (i) ; 

(ii) 

(iii) 

/ y (jv) 

(v) y^'±ci>+fp\ 


22. Tlioro is an oxteiidod form of th(^ equation, whicli can bo 
solved in a similar manner, viz. : 

i/ = aif(p)+<f>(p). 

1\) solve this, let the equation be differentiated with regard to 
x: then 

p =f{p ) + [*/ ip ) + <#*' (/j)] • 


or 


f (p) ^ 4>' ( ?})_ _ 
dp fi.p)-p p-f ipy 


which is linear in x and comes under Standard II. 


Let the integral be 

Fix,p, c) = 0. 

The result of eliminating p between this and the original 
equation will be the primitive. 

Kx. 1 . ^ x-\-yp—ap\ 


or y=ap~^^. 

Differentiating with regard to .v, we have 

1 + ^ dp 

^ dx p dx ’ 
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and therefore 

d.v X _ 

the integral of whieh is 

= c'+ rt log \l> + (1 +/. 2 )i} . 

This coiribiiied with the ongiiial e(|natioii is the primitive. 

The ecpiatioii could also have bee^i solved liy ditterenticating with re- 
gard to //. 

hh\ 2. Solve (i) 

. ' (ii) y-^xp \-ax{l+p^)- \ 

' . (iii) y=:vmp-\-n{\-\-pi'')^ \ 

(iv) y=yp‘-i+2/Ar; 

(v) y{l+p^^=-n{x-\-yp). 

SiNOULAR Solutions. 

23 . From the investigation of § 21 it is clear that a solution of 
a difFer(3ntial e([uati()n (ian sometimes bo found, which is not included 
in the primitive ; such a solution does not involve in its expression 
any arbitrary constant. Tlie limitation of not being included in 
the primitive is most important ; for in the latter a particular 
value, say zero, could be assigned to the arbitrary constant, and then 
a solution would be furnished but not of the nature indicated. 

We proceed now to consider the themy of these Singular 
Solutions of the general ditfereiitial etiiialion of the first order, 
which will bo written 

If the? differential ecpiation either be linear or be resoluble 
into a set of rational linear ecpiations (as in tlie case of Standard 
V.) then it has no singular solution ; any solution of it apparently 
of this nature is merely a particular solution derived from the 
primitive by giving a particular value to the arbitrary constant 
therein contained. For the present purpose therefore the equation 
in p may be considered iiTesoluble : if it can be resolved into 
factors which are not linear and not resoluble into linear factors, 
then we should consider in turn each of these irresoluble factors. 
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We may thus consider <^ = 0 as a rational and irrosolublc ('([ua- 
tioii of degree n. Moreover we shall assume that </> is a one-valued 
function, and that it contains no factor, which is independent of ; 
such a factor, if it weni retained and equated to zero, would satisfy 
the equation, but would not involve the dilferential coetticient. 
If in any case these factors occurred, we should suppose them 
removed. 

24. The considerations adduced in the Introduction furnish 
the infLarence that, if x and y be the coordinates of a p<.)int; in 
a plane, the differential e(]uation determines a system of curves 
in that piano, which depend upon a single independent variable 
parameter; and as the differential equation detcirmines at any 
point a direction through that point, there will be. n directions, 
given by the values of p there, and tlierefore n curves will pass 
through any point in the plane. To represent this syst(;m alg(^- 
braically we need an ecpiation of the form 

J" Vi » 

which is rational ami algebraical and the constants in whic.h are 
also rational and algebraical; but as only a single independent 
])arameter is needed, there will be among these ni constants ni — 1 
algebraical relations. Further this function / will be omi-valucd; 
and any factor, involving x and y (or eithe.r of them) b\it none of 
th(i constants, would be rejected for tlui same reascjii as led to the 
rt‘jectiipn of similar factors from the differential eejuation. As the 
dilferential eiiiiation camiot be resolved into sinq>ler cM[uations 
of a lower degree, the algebraical eipiation is not so resoluble ; if it 
wc'rq, to each algebraical equation of lower degree there would be 
a corresponding differential e(piation of lower degre(*> — a result 
excluded by hypothesis. And the reason that 'in constants con- 
nected by 771 — 1 rehitions are inserted insti;ad of a single constant 
is this ; the eipiation in the latter c;use would be the same as 
that derived from the fornier with all the constants eliminated 
except one, and as this elimination would usually imply operations 
(such as S(piaring, &c.) which introduce eejuatiows other than that 
wanted, the result would be that the final eejuation would represent 
more than the single equation desired. For example, suppose that 
by any process an integral is obtained in the form 

^ {a;® + — a {x cos a -h y sin a) j ® = a® (a;® -f y ‘) , 
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or changing to algebraical constants 

[x^ {lx + my)Y = {ai^ + 'if), 

with the condition 

P + wr = 

then the etjuivalent ec^uation containing one of these constants, 
as m, alot\e wonkl represent not only this ecpiation but also 

\x- + y^-ai- lx + w»y)Y = tt® (.X’® + if), 

with th(j sanie limiting condition, and therefore would not be 
equivalent sokily to the first of these. 

Further we have n curves passing through every point in the 
plane; hence the equation /=0, with the wi— 1 ecpiations bcUveen 
the ctuistants, must giv(i at ev(Ty point a sets of valutis for these 
constants. Let the aggregate of the constants be* denoted by C, so 
that for any point in the plane C will have n valiu?s. 


2o. (consider now the formation of thii difterential (Mjnation 
from th(> primitive 


fix, y, G) = 0. 


It is (.)btained by eliminating the constants between the m — 1 
relations, this ecpiation and the eejuation 

dx^.dydx' 

But suppose the quantities 0 replaced by functions of 1/;; the 
deduction of the difFerential (Hpiation will be the same as before, 
except that for the last equation we must substitute 

¥ , ¥ -CS 

dxdiidx'^dGdx~ 


The result will be actually the same as before, if 


dfdC 

dCdx 


0 . 


To satisfy this ojuatiou we must have either 


dC 

dx 


zero, which 


leaves G constant ; or G must be determined by 


5/ 

dG 


= 0 . 
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Let the value of C so determined be substituted in the function /. 
We may thus in general as a solution of the same differential 
equation equate to zero the discriminant of f with regard to C ; 
let this be written 

26. This locus is the locus of all points in the plane at which 
the parametric constants (J have two or more equal values ; and 
in it there will therefore he included 

(i) the- locus of all the nodal points (douhle, treble, etc.) of 
the system of curves ; foi* at such a point there are as many values 
of C equal to each other as there are branches through the point, 
since the branches bcuong to the same curve ; 

(ii) the locus of all the cusps of the system, for similar 
reasons ; 

(iii) the envelope ot' the system of curves, which may bo either 
a single curve or several ; for any point on tlu^ envelope may be 
considered as Ix.'longing to tw<i separate but consecutive curv(\s of 
the system, tlui constants of these consecutive', curves bc'ing ulti- 
mately equal. [In the case, when the onvelop(^ can bc^ decomposed 
into several curves, it may happen that one of these is merely a 
particular curve of the system /(.r, y, = 0 ; its e<|uation might 
be excluded as being a particular solution.] 

Let* these three respectively be called l-ln; nodal locus, the cus- 
pidal locus, and the envelope locus. 

27. If we now consider the differential e(|uation 

(a?, y* p) = 0 

in connection with the system of curves, whose ecpiation constitutes 
its general solution, it is evident that the envelope of the stjstein is a 
solution of the equation ; for at any point on the envelope* (which 
is a point on two consecutive curves) the direction of the tangent 
is the same as that of the tangent to either of tfyijse curves at that 
point; and since the differential equation is satisfied by the q no- 
tifies, which are connected with the element of the system of curves, 
it must be satisfied by these (unaltered) ipiantities, which are con- 
nected with the element of the envelope. 
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But the nodal locus is not a solution of the equation ; if it were, 
the (Ufforci\tial e(|uation would, for th(» values of x and y at any 
node, be satished by the corresponding value of p at this point 
on the Tuxlal locus. Reirujinbering that the nodal locus is formed 
by a series of points on r)ur system of curv(\s, we know that the 
values of p at any such point which satisfy the differential 
equation are those given by that curve of the system which passes 
through the point. But as the tangent to the nodal locus at such 
a point will not in gerua'a! bo a tangent to any of tlie branches of 
the curve of tin; systcun at the point, it follows that the V;alue of p 
for the nodal locus differs from those values of p for the curve of 
the system which satisfy the etpiation when substituted in it with 
thl^ coordinate's of the point. And it would oidy be by accident 
that the value of p for the nodal locus could coincide with any of 
the remaining values of /), which do not belong to the curve on 
wlil(!h the node lies, but are furnished by other curves of the 
system tlirough that })oiiit. Hence the Gallic of p for the nodal 
locus at tlie point will bo such as not to satisfy the differential 
e(|uation ; and the nodal locus will therefore not be a solution of the 
differential eq nation, 

Exactly similar considerations applied to the cuspidal locus 
lead to a similar conclusion : — the cuspidal locusts not a solution of 
the differential equation. 

2S. >iow the cMivelope of the system can be derived from a 
knowledge of the differential eipiation alone, i.e. without a know- 
ledge of the ])rimitive. At any point on the envelope at least 
two of the branches of the different curves coincide in direction ; 
and therefore for such a point we shall have equal values of p 
belonging to d/ifferent but consecutive curves. 

If now we express the condition jbhat two values of p shall be 
equal, by means of the eipiation 



«and eliminate p between this and the original differential equation 
(ill liict, ecpiate the discriminant of <f) to zero), then the locus 
Disct^^(j:, y,p) = 0 

will be one at points along which two values of p will be equal, 
and will obviously include the envelope. 
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But besides including the envelope this equation will also give 
the; locus of all points 

(i) at which two branches of the same curve touch, i.e. will 
give all the cusps; this therefore as before is the cuspidal locus. 

(ii) at which two curves which are different but not consecu- 
tive touch; this locus is called a tac-lociis. n'hus, for instance, if 
we have two infinite series of concentric circK's one round each of 
two points, the straight line joining tlie centres (and j)roduced 
both ways) is the locus of points of contact of two circles, one 
belonging to each system. 

As before the cuspidal locus is rcqect(‘d, not being a solution ; 
and reasoning exactly similar to that which led to the; i-ej(‘ction of 
the nodal locus indicates that the tac-loeus is not a solution. 


20. Hence of all these the only solution of the differential 
e(|uation is the eiiv(3loj)p-loeus: and this, and this alone, we call 
the '' SinfjuUir Solution.” of the dilferential iMjualion. Either 
method of obtaining the cnvelo|>e-lo(;us may introduce some of 
tile other loci which hav(i just btam shewn not to be solutions; 
and therefore in any particular case, unless the e(|uati(m derived 
obviously njpreseuts the envelope and nothing but the envelope, 
it is necessary to try whether the rc‘sult satisfie^i the; diffi;rential 
eipuition. Should it not do so, it may happen that the equation 
can be resolv(;d into others that are simpler, and one or more tharv 
one of them may satisfy the equation ; tln\se will then constitute 
the Singular Solution. And those which do not satisiy the 
differential eipiation will be found to be loci, which according to 
the [irinciples above explained < night to be rejected. 


30. It is to be uiid(;rstood that air irreducible differential 
equation *has not necessarily a singular solution. Thus let the 
discriminant with regard to p of 

Vy V) = ^ 

bo denoted by J7, where TI is a function of tlie variable coefficients 
of p in this equation, and^ suppose that U cannot be resolved into 
simple factors. • 

If the ec[uation [7 = 0 be a solution of the differential eciuation, 
then the value of p is given by 


dUdU . 
+ = 
dy ^ 


dx 


3—2 
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and wo must have the equation 



identically satisfied for values of and y connected by IJ — 0. In 
other words, there must be a relation between the coefficients of 
p in <l> and their differential coeflicieiits with regard to .r and y ; 
but this will not in general be the case. 

If we consider in particular the equation of the second degree* 
in the form 

Lp^ -h 0, • 

then the singular solution, Avhen one exists, is S = 0, where S 
is either LN - or a I'actor of this. In general LN — cannot 
be resolved into factors ; and it is not itself a solution, unless 



where and these in general would be two independent 

simultaneous equations determining x and y as independent quan- 
tities. Yiit, from what we have seen, the primitive of the differ- 
ential ecpmtioii is of the form 

XV+2il/c+iY' = 0, 

and if this be an algebraical equation, it will liave a general 
envelope contained in 

which will be a singular solution. The explanation of the ap- 
parent contradiction liivs in th(i fact that this integral equafion is 
usually of a transcendental form, and so has not in general an 
envelope ; and the exceptions in the first case — when the differ- 
ential equation has a singular solution — arc*the exceptions in the 
other — when the transcendmital equation represents a system of 
curves with a genuine envelope*. 

We now proceed to consider soifife* examples of the general 
theory. * 

* Cf. Cayley, of Math. Vol. vi. pp. 23—37. Tlie tln'ory of sin',Mjlar solu- 
tions of diffoiential equations of the lirst order, as at present accepted, was first 
given by Cayley in the Mess, of Math. Vol. ii. (1872) pp. 0—12. See also Darboux, 
Bull, ties Sc. Math.t Vol. iv. (1873), pp. 158 — 170. 
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Tn the case of each example the corrospoiuling ligurc should be drawn. 

Ki\ 1 . 

The condition that p should have equal values is 

i.e. (./;+^y)2=0, 

or 

which is not a solution. Now the equation may be written 

the .solutions of which are 

• y-.v—(i and 

The different curves represented are obvious. 

This is an example of the remark (§ 23) that, if the equation be reducible 
to linear and rational factors, it has no .singular solution. 

A'l.-. 2. p^y^^ CO.S- a - 2p)A:y sin- a +y^ - ,v^ sin^ a z=: (). 

'The condition that p should have etpial roots is 

.v^y^ sin'^ a =y2 ^os^ a {y^ - .v^ sin'- «), 
that is (.v^ sin^ a - y^ coh^ a) y^ = 0, 

so that .y=^» 

and y=+.vtanrt. 

The primitive is 

-{-y^ - 2c.v + 6*2 cos2 n = 0 ; 
and the (jondition tliat c .should have equal roots is 

or' y— ±.vtana. 

The wirvos represented are a series of circles ; their envelope is the two 
.straight lines + .rtan a, which constitute the singular solution. 

The line y=0 is a tac-locus. 

/^.e. ,3. 4p\v (a? — a) (.v - h) — {3.r2 - 2.7^ (a + h) + ah} 

The condition that p should have equal roots is 

a; {x — a) {x - h) {Si:® -- 2x {a + h) + ah] ® = 0. 

The primitive is * 

Cy + c)2=.^: (.^• - a) {x - h ) ; 

and the ooJidition that c shall have equal roots is 

^0 — a){x-h)—O. 

The differential ecpiation is satisfied by .‘r=0, b (and the cor- 

responding infinite values of p)\ and these are singular solutions. The 
remaining factor in the p-discriminant gives 

.3.r =a + h± (a® - ah + 6®)^, 

and these lines jire tiic-loci. . 
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The curve ?/- — {.r - n) {:v - h), 

(0<a<6) coiiHists of an ov'sil cutting the axis of .v at the origin aiul at a 
difttanco and of a curve like a pai-al)ola cutting the axis of .r at a distance h ; 
the tangents at all these points are parallel to the axis of y. The system 
of curves is ohtaiiuid hy moving this curve i>arjdlel to the axis of y. The 
straight lines .r^O, .r=-o, are envelopes of the system; the line 

+ //-)■' is a tac-locus of real points of contact, the line 
3.r=a + 6-t-(rt- + //-/-■ is a tac-locus of imaginary points of contact. 

Ki\ 4. In the foreg<nng make and remove (see § 23) the factor 

(.r-a)-; the differential cipiatitm is 

the condition that p should have e({iial i‘Oots is 

Th(i integral ecpiation is 

and the condition that c should have equal roots^is 

Ooinmon to these wo have .>•—(), which (with the corresponding infinite 
value of p) is a solution of the equation, and tlierefore a singular solution. 
Every curve of the system has a double point; the locus of these is .r — a, 
which is a nodal locus; the lino .t’=Ja is a tac-locus. 


Kv, 5. In the foregoing let and remove the factor .c; the differential 
equation is 

the condition that p slnuild hav(j equal values is 

,r = 0. 

The primitive is 

(y + <?)—-=. r*, 

and the condition that c should have equal valiuis is * 

ar*=(). 

The differential ccpiatioii is not satisfied by .'t/=0 (with the corresponding 
infinite value ^ 

The curve y- — .r * is the semi-cubical jianibola having a cusp at the origin ; 
and the system is obtained by moving the cui’vc parallel to the axis of y, so 
that .r — 0 is the locus of cusps, and therefore is^iiot a singular solution. 

£.i\ C. • • y*-4.i;7//j-H8y“ = 0; 

the condition that p shall have equal values is 

//* — .j** .r'*y* = 0. 

The primitive is 


1I=c{3C-cY, 
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ami the condition that c shall have equal values is obtained l)y oliininating c 
between this and 

(x~c){:o-3c)=0, 


so that either 


y=0 or 


agreeing with the former. Both of these satisfy the differential e(|uation; but 
the lirst of them is a particular solution (corresponding to r* — 0) and wo there- 
fore consider the latter alone as. the singular soliiti<^ii. 


E.v. 7. Obtain the primitives and the singular solutions (where those 
exist) of tl^o following ccjuations; and specify the nature of the loci which 
are not solutions but which are obtained with the singular solution. 


(a) - %/> -h 4r =:: 0 ; 

Pri mi ti ve • — c (y - c) ; 

Singular solutions //— +2 a*. 




IMinitive 
Singular solution 
Tac-locus 


- d ^) />2 ~ ~ ^ 0 ; 

.r=0. 


(y) 


(5) 


Pri rniti ve y = ; 

Singular solution ar' - Iby— 0 ; 

Singular solution also particular 

v/ = 0. 

xyp^ + ~y^ - — 0 ; 


(0 (d-'yv"=l; • 

(f) • ' = 

(jj) (6x’ - ay)‘-^ (6- + (i^p^) 6-2 {b + np)-. 


further examples occur in the 2 >aper by (Jay ley, J/t'sa. of Math. Vol. vi. 
and ill one by J. W. L. CJlaisher, Jfaas. of Math. Vol. xir. (1882) 2 )p. 1 — 14. 


MISCELLANEOUS EXAMPLES. 


1. Solve the equations : 

(i) y--rp^.v+yp\ 

(iii) x^+y=p ^ ; y - - - 

(v) 0)iy-nxpr=^yp^\ 

1 (vii) p^+af^=axp\ 

'' (i^) €bx^p+y=i2xp \ 

(xi) y-2xp^f{xp^) ; 


7 

•(ii) «(.i,y + 2^)=xy/); 

(iv) p^ ^^xp - y \ 

(vi) //*=.(/* (y+S 7 >)* 
(viii) a^p^ + x-yp -H d = 0 ; 
(x) p^ -t- 2yp cot X = ; 

(xii) 
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( xiii) ( 1 - ^2)2 _ c ” 2 w =p 2 fl “ 2* . (xi v) { 71 .V + — ( 1 +p^) I'.y* + n.r ^) ; 

^ (xv) ( 1 + %2 _ ^2^) p -- _ ,^2 . (x vi) 2 / "= {/> + (!+ ‘ 1 ; • 

(xvii ) «?/ + flip — (r?/ + r?.?’/)) ; 

(xvi i i) ;//p (x^ + ?/2 + ^ ^,^.2 ^ y 2 _ ^ 2 ) = () . 

(xix) (a'p ~ ?/)2 := - 2 + 1 ; • (xx) {xp - ;y)‘- ^ ( 1 + (^.2 _|_ y-jjt . 

(xxi) {a^ + X^)^ p + y = («2 + .^2)^ — ; 

(xxii) (1 +/>2)-^ 0 (/i;2_|.y2) . 

(xxiii) cos -\-y sin y = (^j sin - ^;cos .rp ; 

( xxi v) {x^y^ + .7% 2 _|_ + 1 ) y _|. (.^y - .^y _ ,,yy ^ ^ - Q . 

( xxv) { (.V- - y^) si n a + 2xy cos a-y (x^ +^^)'} p 

= 2xy sin a - - y') cos a + x (x- 


2. Shew that, if 

?« == 1 + J i.v H- A.jX ^ + ^ + . . . 

wheix; the quantities A are connected by the reflation 

- i (wi - l)(ai - 2) 

then log {7t (1 - a;)^} = ^.v + 


3. Integrate the e(iuation 

cos 0 (cos 0 sin a sin (p) fid+ cos </> (cos <p - si n a sin 6) def) =0. 

Shew that, if the arbitrary constant bo (Ictennincd by the condition that 
the equation mast be satisfied by the values (0, a) of {B, (/>), the (‘.([nation 
is satisfied by putting 6 + <() — a. 


4. ]’ro\ c that, if the diftercutial equation , 

tydv -- (// H* a + hx) dy — nx {xdy —ydx) — 0 
bo transformed into an ecjuation between u and x by the substitution 
a + a + h.v + nx^) —y {c + a-r), 

then the variables arc se[)arable; and reduce the equation to the f«rm 

d v _ dx 

by the furthi^r substitution a and /3 being suitably determined. 

5. llediice the equation 

(ixyp^ + {x^ - - ^0 p - ~ 0 

to Clairaut’s form, and hence solve the equation. 

Solve the equation 
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6. Shew that, if and y.^ bo solutions of the equation 

where V and Q are functions of alone, and y^i=yx^, thiui 

2=1 

wliere a is an arbitrary constant. 


-\%u 
2=H-«e , 


7. Prove tliat the variables in the equation 

{,r (ar+y) + «2} (j;+y)+42 

may be separated by the sul)stitution x=ii+v and y = hc-i\ provided k be 
properly chosen ; and integrate the equation. 


8. Shew that the equations 

y — •'Vp — a{y^-\-p) and y — xp=ih{\-{-x^p) 
arc derivable from a common primitive, and determine it. 

Arc the pair 

X -\-p ( 1 + and y - ( 1 +p^) 

so derivable ? Also the pair 

yp = ax and (1 - p^) — h i 

1). Integrate the differential equation 

X {ay^ + {ay 4- /u’)*'} -f y + {ay + h.vY} — 0. • 

A tangent to a curve at any point P cuts the tangent and the normal at a 
fixed point 0 in the points M and N and the rectangle OMP'N is completed. 
Find the curve which is such that the triangle formed by the tangcaits at any 
three points P, Q, R is equal to the triangle formed by the corresponding 
points P\ (/, li'. 


to. Detennine the system of curves which satisfies the differential equa- 
tion , 

(lx {(1 - f - -f ny] + dy {1 -ky^f + wa'} = 0 , . 

and show that the ciwo which p;isses through the point x—O and y—n con- 
tains as part of itself the conic 

a’2 -\-y^ 4- 2.ry (14- — n^, 

11. Integrate the equation 

x^ 7/2 ^a — hx—yp, 

h ~~ a\h x+yp] 

and examine the nature of the solution 
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12. Discuss the question whether ,y=0 is a particular solution or a 
singular solution of the equation 



13. Obtain and interpret tlic primitive and the singular solution (if there 
be one) of each of the ei] nations 

(i) + (ii) .vp^-2^2^ + .v + ^2?/=0 ; 

(iii) y(l+/>‘^) = 2.r/> ; (iv) ^‘^=(4// + 1)(2^ -,?/). 


14. Shew that in general it is necessary, for the existence of a singular 
soluticni of the equation (f) (.r, .y, p)=^Oj that the equations 


0=0, 



deb 


defy 


=0 


should bo simultaneously satisfied. 

Prove that, if a locus of points of inflexion can bo obtained from the 
intcgi-al faniily of curves, it will be included in the rtisult obtained by the 
elimination of p between the first and third of these ccpiations. 

Discuss the solution of the equation 

(4/> + %v + - ( 1 + .r2) (1 (^ + 4^*2 + :rt). 

(Darboux.) 


15. Obtain the primitive of the difterential equation 

and show that exactly the siimo equation is obtained by expressing the 
condition that p should have equal roots in the differential e(j[uation as by 
ex})rcssing the C(»ndition that e (the arbitrary constant) should have equal 
roots in tlio primitive ; and determine the geometiical meaning of this 
equation. Ts it a singular .solution ? 

lb. The primitive of the differential equation 

(2.7;2 + 1 ) 4- (.^:2 + 2.r^ + f + 2) + 2^2 + i = q 

is f2 + 6'(./;+y) + 1 - .r//— 0. Verify this and obtain the singular solution both 
front the equation in p and from the eipiation in c, explaining the geometrical 
signification of the irrelevant factors that present themselves. • 

17. Shew that the solution of tlic equation 

ahjp^ - \xp -{-y — 0 • 

is 6'2 4- 2c.r (3«2y*^ - 8.r2) - 3.v2a^y* 4- oF'jf' = 0. 

Is 2.r-- +oy a singular solution \ 

Trace the curve and the locus given by the Equation independent of an 
arbitrary i;onstanf^ (^Voolsey Johnson.) 

18. Shew that the differential equation 

Lp^-^^Mp^N=0 

which has no singular solution does not admit of a primitive representing a 
system of algebraic curves. (Cayley.) 



CHAPTER III. 

The Generaf. IjTnear Differential Equation with 
. (Constant Co effici ents. 

Preliminary Formidw, 

81. Before proceeding to the discussion of the linear ecpiatioii 
of the order with constant coefficients it is convenient to formu- 
late and prove certain theorems in difterentiation and integration, 
which will be requircjd in that discussion. 

d d? 

Let D stand for for ; and so on. Then this symbol 

1) obviously is subject to the fundamental laws of algebra; for 
evidently 

(// + !)”) a = (!)" + . /r) a; 

. D' u = TP . u = u ; 

I) (a + ^;) = Du + D v. 

,It is necessary to deal with negative indices ; thus if we have 
. Du = V 

and, after the algebraical analogy, we wTite 
• u = D~^v, 

we have v = Du = D. D~^v, 

so that D . = 1. 

• 

Thus Z)”^ represents such an operation on aiiiy cjuantity that, if 
the operation represented by D be subsequently performed, the 
quantity is left unaltered. It at once follows that these symbols 
with negative indices also follow the laws of algebra; and an 
operation with a negative index is equivalent to an integration. 
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But it is important to point out that the special object of these 
inverse operations is to find an integral but not the complete 
integral ; and the arbitrary constant which arises in integration is 
thierefore omitted. 

In what follows ^{r denotes a functional symbol ; and yjr (a?) 
everywhere denotes an algebraical rational function of od which can 
be expanded in ascending or descending integral powers (or both) 
of the variable. 

32. Theorem /. 

For since J) stands for 

cia; 

When each side is operated on with the equation becomes 

or transposing the sides of the cejuation and dividing by a we have 

Uepcating these operations we obtain the equations 
i)” e"* = a" 

Now as is an algebraical function which can be expanded in 
powers we may write 

t (0) e"" = A^D+..,+ A,D ^-\- . . . + B^D-^ + Bjr^ + ...]e'- 

- ^ + . . . + ylX + . . . + B^a-^ + B^a '^ + . . .] e- 

= yjr (a) e"-*". 

33. Theorem IL If A'^ denote any function whatever of oo, then 

t {D) {e- X\ = e"* yir{D-\- n) X. 

A single operation with D gives 

/)|e«A') =e»*(7) + a)X 
from which, if both sides bo multiplied by 

• * (e'" /^e") A" = (D + a) X 

so that the effect of operating on X with e”" De'“ is to give D + a 
operating on A'. Let tlie operation bo repeated ; then 
(e-‘“ De“") {e-"‘ DtT) X = (D + a) {D + a) X 
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or />" O X = (i) + aY X, 

Operate again with e'"' ; then 

De^^) (e-'*" i)® O X ={D + a) (D + af X 
or (rr"" X = (D H- af X, 

and so on. If the operation be performed n times, the resulting 
equation will be 

7)” {e"* X} = (77 + a)" X 
which multiplied by gives 

. jr (e''"X} X 

in which denotes a positive integer. 

Consider now the case of negative indices ; write 
(i)4-tO”A'=X, 
so that .Y-(i> + a)“”X,. 

Then the result just obtained may be written 

(7) + ar"X, = e^'*X,. 

Operate on each side Avith and the result is 
e"" (D 4- a)"” X, = i)”” e"" X,. 

Now no limitations were assigned to the form of X and there 
arc therefore none on that of X^, which can thus represent any 
function of /r; replacing it therefore by X we have 
77'” [e^'"X}=6>""(7> + a)-"X. 

Let yjr (77) be expanded in integral powers positive and negative 
(if necessary) of 77 ; and let e"" X be operated on by these integral 
powers in succession, the equivalent values derived i'roin the fore- 
going equations being substituted and the terms collected as 
before ; then the result is 

yjr (77) {e'“ X] = A|r (77 + a) X. 

Gorollary. If Av,e write 

e^^X^Y 


so that F is a function of x, then 

t (77)’ F - e"* |Fe-'*}, 


a theorem which is useful. For example, let it be required to find 
a particular value of y to satisfy the equation 


dy 

dx 


+ ky = V, 
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With th(i notation adopted this will be 

1 


= e''"„ ; -Ve 

J.) Iv Cl 


or choosing a so that (i + Jc = 0, this is 


y = ,r^-V^^ 


= e ** I Ve*'* dx. 


34. Theorem III. If y\r (.?;“) be an even function of x then 
a/t (7)^) sin {ax a) = y^{— d^) sin {ax + ol\ 

For Jy^ sin {ax + a) = (— cC) sin {ax + a), 

and the theoroni follows as before. * 

Corollary. If ^^{x) bo not an even function of x it can be 
expressed in tlie form 

<\> { 3 ?) + « X (^) 

where 0 and are even functions of x) in this case 
{!)) sin {ax + a) = {(f) (//) + Dy {D^)} sin {ax + a) 

= 0 (— d^) sin {ax + oC) ay {— a*) cos {ax f a). 

If the function to be operated upon be the cosine insi.ead of the 
sine, the corresponding changes are obvious. 


35. Theorem I V. This is really an extension of Leibnitz’s 
theorem for the successive dilierentiation of the product of two 
quantities whose ditfereiitial coefficients are known. 

If (.f) as before denote any algebraical rational function ex- 
pansible in integral powers of x, and yfr {x)y yfr" {x), '^"'{x),... 
denote its first, second, third, ... differential coefficients with 
regard to x, then the extended theorem is 

yjr (D) uv 

‘ ^ J)^a I)hi 

= uyfr {1))v + Duyfr’ {B) v + ^ {D) V + ^ yfr"' {D)v+... 

The proof depends on Leibnitz’s theorem and is similar to that 
of the preceding propositions. 



35.] 


WITH CONSTANT COEFFICIENTS. 


47 


The advantage of this theorem arises in cases where one of the 
two (|uantities u and v is a power of or is the sum of powers of x. 
If, for instance, u — the series on the righ t-hand side need only 
be written as for as the term ; and siufo inverse operations as 
are to be carried out will be performed on a single cpiantity v. 


Ex. SI lew that, if 

where Tis a function of x. only, y is given hy 

e-** (^1^ j Jc*‘=rdv^~4.v j j f f j 



30. Another important operator which sometimes occurs is 
(i 

X r 'vith the previous notation, xl)\ and similar theorems 

tLH* 

concerniiifT this can be enunciated. 


Let F{z) denote a rational algebraical function of z expansi- 
ble in powers of z) then in F{xD) we shall havti terms of the form 

d/^ d d 

{xl)y‘ which means, not . 7 ;” , but x . x J ^ . . . operating n times. 

The relation between these will shortly b(i proved. 

Theorem /. F (xD) a*’" = F{m) 

For {xD)x^'\ = m£\ 

(xDy ar = {xD) mar = niV\ 

and so for all integral powers positive and iKjgative. Hence the 
theorem. 


Ex. Prove that if U be a function of x of the form 


then 


71 4" Jix 4" Ox'^ 4“ 4" • • • 

J Cr.. ^ ^ 3 . 

F{.vJ)) F{0y F(l) ^F{3) 


Theorem II. F\xD) . 7 ;"* V = F {xD 4- m) V. 

We have xD (a*”' V) = a”* (xB 4- m) V, 

or , . ooD .s®’”) V = (xJ) 4 - m) F, 


so that the operators x~^ . xD . a”* and xJ) 4- m arc equivalent. The 
course of proof lies on lines exactly similar to those for the corre- 
sponding theorem with F (D) ; and the fesult is in the enunciated 
form. 
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37. The relation between the operators 7)” and ocD is given by 
the formula 

= .xvD (xl) - 1) - 2) . . . (xl) -n + 1). 

The theorem can be established diriictly; for if w the subject of 
operation be expanded in a series of tcirnis of tluj form the 

result of operating on this with //* and multiplying by of" is zero 
if m <•«, and is 

711 (7u — 1 ) (m, — 2) . . . {m — n -\- \ ) A 

if but this is also the result of operating with the right- 

hand side. Hence the operators are equivalent for each term of u 
and so for the sum of all the terms of i.e. for u itself. 

The theorem can also be established by induction ; for suppose 
= xD {xD - 1) {xJT~ 2)... [xD - « + 1) », 
and write u = {xD — n) v ; 

then ITu = Vy 

and so v = xl) {xD — 1) {xD — 2) . . . {xD — 7i) v. 

Now n is any general function ; hence v is also a general 
function. The theorem, if true foT a, is thus true for n-\- 1', it is 
obviously true for the values 1 and 2 and so is true generally. 


Some Properties of the General Linear Differential Equation, 


38. The general type of linear differential ecpiation of the 
order is 


iPy .r (P Lp~'^y „ dy „ 

+ A , + A , + . . . + A , + A = Vy 


in which A'^, X ^, ... , A'^, V are functions of x (or constants) but 
do not contain y \ for the sake of shortness let it be written 


clH/>);,y=K. 


If this equation be integrated stej) by step so that each 
integration reduj^es the order of the equation by unity, every 
time such a 'reduction is effected an arbitrary constant enters, 
and therefore, wlnm ultimately the integral ecpiation is ob- 
tained, n arbitrary ctmstants in all will have entered; or we 
shall expect the primitive of a given linear differential equation 
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to contain a niiinber of arbitrary constants equal to the order of 
the equation. 

There are certain properties appertaining to all linear etpia- 
tions in common which simplify to some extent their integration ; 
the most important of these are the following. 

39. I. Let 7j be any particular value of y, which satisfies 
the e(piatioii ; and let 

Then substituting this value of ?/ in the equation we have 

( i )(/0 = F . 

lint, sinc(; t; is some solution of 

cl>(7))?/=F, 

the equation now becomes 

0 (i))r=:O, 

so that to solv(3 the original eejuation wo must solve generally this 
equation, which is the same as the original equation except that 
the right-hand side is now zero. When the primitive of this 
modified cMpiation, which will contain n arbilTary constants because 
it is of the order, has been obtained, it must be added to r ) ; and 
th(i result etpiated to y will be the primitive of the given e(| nation. 
The primitive then consists of two parts : 

First, the quantity 97, which is called the Particular Integral 
and is any solution whatever (the simpler the better) of the origi- 
nal equation ; 

Second, the cpiaiitity F, which is called the Complementary 
Function] this is the primitive of the equation when the right- 
hand side IS made zero. 

The sum of these two parts is the primitive of the general 
equation. If in any particular case the right-hand side should 
already be zero, the former of these parts will not occur. 

The various methods available for the deduction of the 
Particular Integral occur later in § 4(). The remaining properties 
are useful in the investigation of the Complementary Function. 

40. II. If F = Fj be a solution of the equation 
cp(i))F=0, 


F. 


4 
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r 

then Y=0^Y^ is also a solution, whore is a constant; and if 
Fj, Fj, , F^ be particular solutions, then 

Y=^GJ^ + aj,+ +GJ,, 

is also a solution, where G^, G^, , are constants. 

For <!>(/)) F = cb {D) GJ^ + a> (7;) (7,F, + 

and each term on the right-hand side is zero. No restriction 
whatever has been laid on the values of the constants G, and they 
therefonj are completely arbitrary ; the above value of F is thus 
the primitive of tlui eijuation 

cb(7>)F = 0, 

and so is t,h(‘ complementary function in the integral of the 
(!(|uatiou 

<i>{D)y=V. 

Hence the <l(;termination of the complementary function is 
n‘fluct?d to tliat of particular solutions of the subsidiary efjuation. 


41. 111. If a single particular solution of the subsidiary 

equation be known, the order of the given dift’erential equation 
can be lowered by unity. 


Let be a solution of 

ci>(y>) F=o, 

and let the substitution of the value Y^z be made in the equation 
(lion, by § .’15, tbo loft-hand side bi'coinos 








^ w K, + B. Y.+- r, + .. . + * - r„ 


in which the operations .. arc derived from <[> by temporarily 

cousidi'riny D as a magnitude and obtaining the partial dif- 
ferential coolKcients with regal’d to D. But 


?)”<li 

W" 


dD"-^ 

p/r-" 
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and so on ; hence, re-writing the equation, we obtain 

+ (X,r, + ».Z)F,) + + 7)^ 7, + (D) 7, = 7. 

But by hypothesis 

cI>(/))7. = 0, 

SO that the last term on the left-hand side is removed ; the <|uantity 
Fj is supposed known and therefore all the functions of it on the 
left-hand side* may be considered known. Lot Z be written for 
])z ; then thii eepiation becomes 

Y,D’>-'Z+{X\l\ + nDY^)jr-^Z+...+Z^^j 7,= V, 

an eepiation of order ft — 1. 

Kv. As ii c»)rollnry prove that, if ni particular solutions of the suV)sidiary 
eipiation be known, tlio order of the original tlifterential C(piation can be 
reduced by m. » 

42. IV. The given equation may be transformed into an 
equation, from which the second term (i.e. the term involving the 
ditierential coeflicic‘nt of order one less than the* order <)f the 
iupuition) is «absent. 

The substitution of for y giv(*s for the coetHeicnit of 

(and up to this point in the last section the assumed valius of 
was not used, so that the equation there was perfectly general) ; 
since* the term in D'^'^z is to be absent we have 

+ nDY^ = 0, 

and tlierefore 

iogY,^-lfx,d^, 

V 

or 1 j = e 

no arbitrary constant beipg insijrted as the difFen‘utial equation 
remains linear and of the onler. If this value of be substi- 
tuted, the differential equation in z is freed from the term in IY~^z. 
Of these properties I. and II. will be immediabdy useful. 


4—2 
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Getieral Linear Equation wWi Constant Coefficients. 

43. If in tho general linear ecjiiation the coefficients of y and 
of its differential coefficients be constants, it may be written 
dJ'y , (/"’b/ . dy . A ir 


or say /(i)) y = F, 

in which f(D) is a rational algebraical int(‘gral function of J) alone^ 
and V is any function of w. It has already been proved that the 
solution of the e(|uation consists of two parts which can be obtained 
separately ; these will b(i taken in turn. 


44. To find the Complementary Function. 

The complementary function is the primitive of 

fiD)y = 0. 

Now it has been proved that 

/(/))«-=/ (a) 6"^ 

so that y — d'^ will be a particular solution of the etpiation, if a be 
such as to make 

/((0 = (). 

But f{z) is a rational, algebraical and integral function of 
degree and therefore there are n roots of the equation 

/(^) = 0. 

Let these n roots be cz, )8, ..., then ..., are n 

particular solutions of the equation 

and the primitive is therefore 

y = Ae"^ + Be^^ + . . . + 

in which A, are n arbitrary constants. This value of y is 

the com})hunentary function of the original eipiation ; and, if the 
roots be all r(‘al and different from one another, it is complete. 

If howewT hvo roots he efpial to one another, say a and /3, then 
the value of y becomes 

y = (A-{- B) + ... + 

= CV-'H- ... 
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being a single arbitrary constant (equal to the sum of two 
arbitrary const ants). There are now only n—l arbitrary constants 
ill y, and the expression therefore^ceases tp be the {iriinitive. In 
order to obtain the primitive wc* may suppose that the roots are 
not equal but differ by some (piantity h which will ultimately be 
made zero; the part depending on the roots a and ^ will then be 

= e^\A+liil+hx + ^‘[^‘ + ..M 

= ^\{A + B)+Iil,x + . 

As till) qiuintiti(?s A and Vi are arbitrary, we may assume them 
infinite in such a way that, as h approaclies zero, Bh is finite 
and e(|ual to while A and B are of opposite sign and their 
nimu‘rieal difference (or tilgebraical sum) is finite and equal to ; 
thus the sum of the two terms bc.‘comes 

. + i?, + 2 ', + . . .)| - ( /I , + B^x) e« 

ultimat(>l}% Avlieii It is made zero. 

Similarly if r rootfi be equal the corresponding r terms in the 
com piemen taiy function will apparently coalesce into a single 
term ; but it is easy to shew, by reasoning similar to that adopted 
for the case of two ecpial roots, that the r terms will be replaced 

e" [^, + A.jv + A^a? + . . . + /IX 'l, 

a denoting tin? common value of the r equal roots; and the com- 
plementary function will then be 

ij = e^^ [^1 A^c + ...+• + • ■ • + 

If now the roots be not all reai, those which are imaginary 
must occur in pairs ; let .such a jmir be 0 + ({> 1 *. The corre- 
sponding terms of the cor/iplementary function will be 

gtfr 4. 

which it is sometimes necessary to express in a form free from 


Throu'^hout the book >/ - 1 will be replaced by i. 
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imaginary quantities. If cosine and sine values be substituted 
for the exponentials, this expression will become 

e®'’ \{A' ■¥ B) cos {f>x -\-i {A' — B) sin 

Since A' and /i' are arbitrary constants, we may write 

A’^]r = F, 

and we then have F and G arbitrary; the corresponding tiM’ins in 
the complementary function therefore become 

r co^ j^x -f tf sin (l>x). 

Lastly, if an wiaginaru root he repeated, the conjugate 
imaginary root will also be repeated and the corn^sponding 
terms in y will be 

e.r(fl 

Using the same method as before and writing 

A' + ir = F, A" + ir = F\ 

i{A'^B)^G, i{A"^B')^G\ 

we obtain as the corresponding part of the compUmieiitary function 
e® '■ [{F + F\v) cos (f>x + {G 4 G'x) sin <f>x]. 

Results analogous to those in the case of multiple repetition 
of real roots are obtaiiu'd in the case of multiple repetition of 
imaginary roots. 

45. In some cases of the general linear equation, when the 
coedicients are not constants but are some functions of ^6*, a method 
somewhat similar to this will apply. Thus, it might happen that, 
wdieu for y in the equation 

(/)'• + 4- ... + D + XJ 2/ = 0 

there is substituted yfr {m, .r), w^here y/r is a function of definite 
form, the resulting equation had a factor independent of x such 
as (f> {m ) ; if this wx>rc so, the factor would usually be of the degree 
?i, and so equated to zero w^ould satisfy the differential equation 
and w^ould furnish ?? values of m wdiich maybe denoted by 
the primitive w'ould then be 

y = xi{f (»«, , a-) + (wi,, ») + ...+ ()/i^ , a;). 
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If two roots were equal, as and then writing = 
wc have for the corresponding part of y 


{A^ + A^) ^jr (ni^, .r) + /lA^ 


~d\[r (m, , x) If d'^yfr (?//, , cc) 
dm, 12 ! dm'^ 




on changing the constants and making A ultimately zero as before. 
A similar process holds for the case of a multiph; repetition of 
a root m, ; and in the case of imaginary roots the coiTes|)oiuling 
parts of y should usually have the constants changed in the 
modified expression, so as to leave th(‘ latter free from imaginary 
symbols. 

This process was adopted in the case of constant coetficimits, 
the special form of yjr used being when the equation is 

homogeneous (§ 55), thjxt is, when it takes the form 




in which the quantities A are constants, the |)roper form of 
'»/r(see § 36) to bo substituted is //;"*. Occasionally by a suitable 
change of variable a given eij nation can be reduced to the above 
shape. 

A’f. I . Sol VC ^ j 'T, + 3 + 2y — 0. 

dx 

When wc substitute y the c(piation for m is 
( wi + 1 ) {fix + 2) = 0, 
so that y — 
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The equation for m is (m — 1)^=0, 

and therefore 9/=e^(A+J]j:). 


R,v. 4. Solve 


The e(iuation for wi is 






and the vfilue of is 


E:c. T). Solve 


(/I + cos a./‘+ ((7+ />/•) sill n.r. 


di/ 
r — y = 0. 
d.v 


When wo sulistitutc .r™ for //, the c(|iiation for m is 

m {m - 1 ) + - 1 = 0, 

so that m— +1 or - 1 and the value of y is therefore 


I 

d.j;+ - . 

.V 


Kx.a. Solve jy^+7.v'y^-8//=0. 


•" d:>fl ■ 

With the same substitution as in Ex. 5, the e(|uatioii for m is 
m (m - 1 ) (ni - 2) - (?a - 1) + 7>a - 8 = 0, 

or 0, / 

giving 7M = 2 thrice. Tlencc the value of // is / 

0 02 

A + /? . .r’« + e. „ 

vm vm^ 

m being [lut equal to 2 after difterontiation ; and thus the integral is 
{ A + B log X + C (k)g 

Kx.-t. Solve {a+h.vy'^^>l^+A{a+hx)'^^jf^+ny==0. 

Let a-\-hA'~z\ the equation will then he similar in form to the*. last two. 
Ex. 8. Solve 

(i) + + 

(ii) 

(hi) (/)»-a«).y-0; 

3=^' 


<•)=*'?? +3 a+.i-)^'-%=o. V 


(vi) (1 +.r)3 ” :|+ (1 +..-)=*^;i +3 (1 +..•) ^ -8^ 
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40. Rctniniiig now to the linear equation, in which the 
coefficients of the differential coefficients of y are constants, it is 
iiocessary to find a Particular Integral of the equation 

f<.D)y=V, 

in which V is a function of a\ Solving by the method of sym- 
l)olical operators, we have 

y=f(D)^’^ 

the evaluation of the right-hand side, will furnish a satisfiictory 
valiu* of y. 

In some particular cases the form of K renders evaluation easy; 
will proceed to ‘mention some of tliese which <)cciir most ire- 
(juently. 


r. Ijct V bo a rational, algebraical, integral function of x) 
su]>]>ose the liighost power of x in V to be the n^^\ To find the 

particular integral, rnust be expanded in ascending powers of 

I ) ; and, because and o])orators of a higher order would reduce 
to zero all tJie terms of V, the terms in this (‘xpansion beyond JP 
may be omitted. Furtlier, if the lowest power of J) in /(/)) 
be 7)^ then the iwpansion will begin with 7)"* and it does not 
necal to be carried on beyond />”, i.i*. ; hence in /(/)) all 

terms of order higlier than 77"^* may in this case at once b(.; 
omitted before expansion. 


/i'.r. 1. Solve 


(7)2 - 4Z> + 4)y - xi 

. 6 - . .V 

^4 '^ 2'*'^’*’ 


•ukI tlio C()m[)lcrncnt<ary function is e^(J+/i,v); hcnco the primitive is 
y=e^(J+Ai-) + i(2^--‘+4^-+:i). .. 

A’.!-. 2. Solve 

The primitive is evidently 

/|*3 

y= -^-^ + ^4eJ«*+7?c «* + C'co.s(«A+a). , 
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Jix. 3. Solve (/I* - 27>’ + m) y = 1 -'. 

= ^^(1 +2/> + 37J2+4/):.+5/^. + (5;5.-,) 

tenns \ip to the iiftli being retained (§ 40). Now l + 2/>H-... and may 

l)e oonsiderotl separate operators; operating with the former first and remem- 
bering that oidy a particular value is wjinted so that constants need not be 

inserted with , tlui value for y is 

Now if had <»pcrated first (or if the second operator had been taken dis- 
tribiitively, eacli term with , so as to be 

-jy, + -j^ 

then the value for y would have becoinc 

'H) '■ 2 + + 

The primitive is 

y = ( *1 + /i.r) -f- C-{- Dx -b 2 ^ ^ * 

and the apparently additional part of the particular integral «)i)taincd, when 
the operators arc taken in tlie second method, is seen to be included in 
the complementary function, since 6'' and /> are arbitrary constants. 

It is cjisy to see that in general not merely the terms of an onler liighcr 
than may be at once removed from f{D)^ but in the expansion itself all 
terms of an oi’dcr higher than />'‘ may be neglected whether the subsequent 
oiHjrator I) * be of an order greater or less tluin a. In particular^ if X be a 
constant, only the lowest power need l»e retained. 

Ex. 4. Solve & 

(i) (/>»-b2/)=‘-b3/)--b2/>-bl)//-l+.>- + a- ; 

, ' ,, (ii) (»''+/7i-/)+ir,)3,=..^. y 

II. This inotliod may be applied to (jvahuite //, when V is an 
exponential, and to simplify the process (and so render the evalua- 
tion more ])roxiinate) wlum V contains an exponential factor. In 
either case we may write 
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'// = — F= - ^ f>'“X 

= e" ' ^ X 

f{D + ay^- 

If be a constant, the value of ?y is now at once obtainable by the 
preceding method. The (piantity a may or may not bo a root of 
f{z) — 0. Suppose it to be a root r — 1 times repeated, so that for 
a single root «' = 1. If a be not a root, /* = 0. Then expanding 
f (/> + a) yvo have 

ill which (a) melius the thllerential coefticient of /(z) witli 
respect to z, when a is substituted for z ; then for y we have (by 
attending to the remark at the end of Ex. 3 on the last i)age) 




In particular, if r = 0, then 


/(a)® ■ 

Kr. 1. Solve (//*4- />+ l)^y — 

Here 2 is not a root of 0, and therefore 


and the primitive is 


Kx. 2. Solve 




cos + B sin ■*" 


and the primitive is 


-p3x ^ 9 

y>(/>+2)“ 

= Vi 


y = Ae^ + Bt^ + .W*'. 
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Ex.Z. Solve (i) 

(ii) - ()/) + 8) y — {?* + e2x^ 

Ex. 4. The roots of the equation /(^) = 0 are n in number, being 
«!, f/jj, ...» ; obtain the particular intcgnil of the ecpiation 

/(/J) y = + ... 

Discuss the case when two of the roots {a^ and a.^ are ocpial. 

Ft' A' be a rational algebraical integral function of x and 
thcTcforci expansible iji powers of x, then the quantity 

L_ Y 

f{D-va 

must be (evaluated as before in I. 


Ex. 1. Solve 
Here 


1)2 


and the primitive is 




// = (.!+ B.v) c* + ; 


Ex. 2. Solve 
Here 


and the primitive is 
E.i‘. 3. Solve 


{/)-2fi/ = .v^c^. 


— fi~X ^ .»>2 — 1,. •ji*y>2x» 


// — C-* (vl + Jt.v + O.v* + ivVt"’)* 
(i) 

(i i) ( />* - 1)“* if = 


III. Suppose that V contains a sine or a cosine as a factor, so 
that 

* V = X cos (nx + a), 

in which n and a are constants. Then we have to evaluate 
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X sin (no; + ®), 


1/ + V/, = AV(" '- '•“) 

_ gUnx+o) \ X 


It now remains to evaluate 


which may come under one or other of the given rules; if its 
value be v + iv^ then oijuating real and imaginary parts wo have; 

y —ji cos {nx + a) — v sin {nx + a). 

In the case when is a constant and cos ?ix is not part of the 
complementary function, so that ui is not a root ofy*(^) = 0, tlie 
evaluation is imnujdiate ; for then 

. 1 r = 

f[D+in) f{w) 

If however cos ax be a part of the compltmuaitary function, 
so that in is a root r — 1 times repeated, then since 


/(7; + w) = ^. ,/*'■' - H + 


we have 


I 0;^ 


we must separate and etjuato tin? real and imaginary parts as 
be lore. 


Air. 1. *5:501 VO 






sreal part of 


{JJ + m)" ii“ 


w- — «- \ n~ -a^ J 

\ 

{n^ - a^Y) 


.V a )S a. V 2a .si n a.v 

{11^- a^Y' 
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Ex. 2. Solve 
Then 


tix“ 


+y = GOH 


X. 


y 




= real pai-t of 




^ 1 




X 

2i 


aiul the primitive is 

V/ = A cos + B sin x + ^x sin x. 

AU'. 3. Solve 0 (Z>)y==cos 

cos?i.'6* not bein« a part of the complementary function. 

bet {])) = </), ( //^) + {D'^ ; 

>• 

then 1 / = ^ ^ cm h.k 

= 

I*/*! ( - •«■) + { - «“)l {01 ( - l'^) - ( - «’')} 

?i“) eos sin 7iv 

{<Pi ( - {<^2 ( - 


If however cos?i.'r be a part t)f the complementary function, then the 
denominator will vanish and apparently render the partitailar integral iniiuite. 
Ihit it is merely a part of the complementary function, multiplied by an in- 
finite constant, which may be absorbed into the arbitrary constant; to 
evaluate the particular integral it would bo sufficient to evaluate 

assigning the inlinitc part (when h is made zero) to the complementary func- 
tion and redlining the finite part as the partic«ilar integral. It is however 
better in s\ich cases to use the former method ; in fact, this method is prefer- 
able only in the case of examples like that just treated. 

. \ 

Ex. 4. Solvb 

(jBu . 

(i) j-^^+y = sin (both when n is, and when it is not, unity) ; 


.... d\i/ . du , . _ 
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(iii) 

d-y , dy , _i- . 


(iv) 

-I- 2 + cos itx (when a is, anil when it is not, unity) ; 

d^Kr d.v-' 

(V) 



■ (Vi) 

( D- + = ( 1 - .i;)“ cos nhv ; 


(vii) 

(/>■- 4)-;y = xc^ cos (3L; + a) ; 


(viii) 



’ (iv) 



(V) 

6^ ^ ~ ^ ^ * * 


(Vi) 

( /)^ + (//? - + >i-) /)- + j // — cos .t {m + 7 

7).('(.*os .V(/a - a)x ; 

(xii) 

^ •' - 1 - y — sin J sm h x. 


IV. 

If V contain a power of x as a 

, factor, so that we may 

wiito 




th(;n for thi^ (letmniiiatlon of the pirticukir integral we may use 
file extended form (§ 65) of Leibnitz's theorem. 


Thus 



where the series must be carried to the 1)^’* term; each of 
these forms still leaves a quantity to be (‘valnated which may be 
done by the methods of one of the preceding divisions ; if it may 
not, the (juantity may be obtained by the next metiiocV which is of 
universal application. The success of this general method depends 
solely on the solution of an ecpiation (the solution being re<juisite 
to obtain the complementary function) and on the integration of 
resulting expressions. 
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V. Suppos(3 that all the factors, which occur in V and can be 
dealt with by one or other of the foregoing methods, have been 
taken outside the operator and tliat the quantity reniaiiiing comes 
under none of these heads, so that we have to evaluate ex- 
pressions of the form 

} If 


Let 


1 

^(i)) 


bo (jx pressed in partial fractions, 


each having for its 


denominator a linear factor or a power of a linear factor of yjr {D), 
the constant (piantities occurring not being necessarily real ; then 
the fractions will be of the form 


{D-ay^ 

where n is an integer, and a constants, and a a root of 
(z) = 0. Hence 

1 A 

- U=1 « If 



Udx\ 


If imaginary (|uantities cnt(3r into atiy expression the coiijugatt^ 
imaginary (piantitic's will enter into some other; such a pair of ex- 
pressions must in general be combined so as to leave no imaginary 
([uautity in the explicit expression of the particular integral. 


Ku. 1 . 
Wo have 


(//- - 5Z) + 6) y = leg .r. 

J ^ 1 _ 1 

+ I)-li D-r 


Ileiioc tlio particular integral is 

' y) - 3 ~ />'- 2 ■-<’ <i-« - »■ ^ log xdv ; 

and the coinplenmntaiy function is 


Ki\ 2. Lot the right-hand side in the preceding example he ^loga- in- 
stead of log. r ; then we may either integrate by parts or use the extension of 
Leibnitz’s theorem. The latter gives 








^tPi =a5r-a r'- ^ * 3 _ ^ 
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=,ve^Je~^\og xd.v — e^J j'e~^logxelA^ — .re®*^<!"^log .vdx+^j j e“‘.^lo{ 


I". »■</.*•-. 


fiJ.v. 3. Solve 


'^''^+nh,= U 


where is a function of x. AVe have 
’''“y>2+9t2 

or, changing the variable under the sign of the integral, 

^nj 

in which is the sfime function of f as U is of x. 

There is another metliod of integrating this equation which proceeds on 
different lines. Afultiply throughout by sin iur. then 


(fv ‘ ~ ~ ^ 


and therefore 


sin nx — ny cos nx ~ — An + I sin r/f . 

Similarly, multiplying by coHiU’ and writing the equation in the corre- 
sponding form, we find an integral 

* f* 

^ cos?i.6’-|-n// siiui.v=/?a-h I U 

j • 

Kliminating between these, wo obtain 

1 f® r . 

y — A cos 7U’ + li sin nx + ~ I n {x~k)d^, 

agreeing with the former result. 

(i ) -H v?y — cos ax^ 

when and when n = a\ 


Kv. 4. Solve 
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(ii) 

where U is any function of x ; 

(iii) 


Ex, 5. By ineiins of (iii) in Ex, 4 prove that 


“V 2 Tfl 

47. 0>viiig to the close similarity between the linear equation 
with constant coetticients and the hoinogcneoiis linear ecjuation, 
the latter may be dealt with here ; it may be written in the form 


a;« ^ ^."-1 ^ y ^ i A A- A V — V 


dx 


where F is a function of x alone and may be a constant C. In thtj 
latter case the particular integral is at once obtainable; it is 
evidently 



If the operator a? be denoted by % then (§ 37) 


= (^-/M + 1); 

and the differential ecpiation may be written 

Fi^)y ^ V. 

Consider the t>vo parts of tlie primitive separately ; the com- 
plementary function is the primitive of 

F{^)y = 0, 

Now we have already seen that 

F(^)a^ = F{p)x^ 

Hence, if p be so chosen that 

F(p) = 0^ 

then x^ is a solution of the equation ; and if Pi, p^, p^ be the 
roots of F {z) — 0, the complementary function is 

A -h A + A ^^x\ 
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The case of equal roots has been discussed already (§ 45) ; if 
two roots be imaginary, say and so that 

= a 4 - and p^=: a — 

then the corresponding part of y will be 

/ cos {0 log x)-\- A sin (0 log . 7 ;)], 

the arbitrary constants having been changed. 

Ki\ If the iniiigiiiary roots a±0 l>e rciieated r times, the coiTcsixmdiiig 
part of the complementary function will be 

r" [{ A 1 ' + .1 /dog ,v + A / (log + . . . + d / (log .»;)»■ - cos O log .»•) 

+ {Z>Y + /Vlog.f+y?/ (log .>;)*-+ ... + /V (log .r)**" (i^^log-v)]- 
4tS. The particular integral is the value of 

* F* 

FC^) ’ 

and the evaluation may be effected in two ways, which are really 
eijuivalcnt save for the difference in operators employed. 


If F either bi.^ a power or contain as a factor a power of ii;, 
say .//'*, them 

?/ = - ~ ii/'* T 

1 

= if' T 

In the case when T is a constant, the evaluation is easy. If m 
be not a root of (.s:) = 0, then we may expand [F (A A- m)}~^ in 
ascending powers of and neglect all but the first term, which is 
independent of ^ and in tact gives 

6 V" 

* y~F{my 


The same metho(l,(of expansion) will apply when T is a rational 
integral algebraical function of log and since 

^log.x*=l, 

the expansion does not need to be carried beyond where n is 
the index of the highest power of log x in T, • 


If however m be a root — I times repeated in F (z) = 0, then 
F + m) = i-"'* («0 + (m) + . . . 

5—2 
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and wc have to evaluate 

1 

2/ = V 

(m) + 

r\ 

If T be a constant C\ then since 


the value of y is 


1 = log X, 


G{\o^xy 

{ni) ’ 


if it be a function of log x as before, the operator should be ex- 
pand(;d in ascending powers of ^ up to being retained in the 

denominator), and the value of y will be given as the sum of a 
number of terms of the form 

t (logic)', 

that is, of a number of terms of the form 

- (log^^A*■^^ 

(s + r)!^ ^ ^ 

A general expression can be given for the particular integral in 
the case when V takes none of these forms. Let expanded 

in partial fractions and suppose some term to be 


then y will be the sum of teniis of the form 


^-a ’ 


which is C(|uivalent to 


or Ax^ j Vx~^'^ dx. 

Another method of proceeding is to change the independent 

d 

variable from x to 2 , Avhere a? is ^ ; this changes ^ into or 2), 

CLZ 
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and all the methods of § 46 will now apply. It is easy to see that 
all the cases indicated for ^ are strict analogues of cases indicated 


for i). 




Ex. 

Solve 




(i) 

o 

x~ -j 
ax' 

. du 


(ii) 


dit ^ . 

--■, 7 ;,;+ 2 y=-i-log.f; 


(•ji) 

-4i 



(iv) 

X-n 

%■ 



(v) 

.3 

■' ,U'- 



(vi) 


- 2// = .«; + cos.</ ; 


(vii) 

dx^ 

- (2/a ~ 1 ) ./• ' y + {nr + a-) tj = log 


MISCKldiAN KOUS EXAM PLbX 


1. If there be two linear eciuatiniis of onloi’s ni and n satisfied by 

tlic same dc])cndent varial)le, a third linear eifiiation of j)rder n — m can 
without any integration be derived from the first two ; and the equations of 
orders m and n — m (when integrated) will sutliee to furnish the integral of the 
equation of order a. (hiouvillc.) 


'1. ^ Solve the C(iuations 


• 

(«) 

d 'h/ 2 d tf 

I * •> “I — 7 ~ » 

dx’‘ X dx 


■w 

dhf 2 d if ( . 2\ 


■/ (y) 

T 

, ., + // = sina’sin 2x. 
tir 


3. Prove that the solution of • • 

(/) + c)”y = cosff.i; 

_n 

is // — c' “ J 1 + + ... + A “ *) + (c- + a-) “ cos ^ ax - a arc cot ^ 
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4. Obtain the general solution of the equation 

Chi- U 


in the form 


/y = f “ {A cos n't + B sin n't) + -, P ^ sin n' {t - 1') U'dt\ 

y 0 

where U' is the same function of t' as 6^ is of t, and n' is given l)y 
5. Solve the cej nations 

(iii) 2+32 '-^ + 48y=,w-=i*+c-‘i*cos 2- x ; 


fiv'l 


c*+cos.t* 


. . d^i/ d'*i/ ^ 

(I ^ d + he ~^ sm 2//; ; 




y:=r.(i~^^ + ,v - 1 . 


(i. Obtain the complementary function of the eqiuitifni 




in the form 


r=n-l ftxcos 


r 

^ys=Ce®-‘’ + yjc“'**+ 2 i‘ |j^cos sin + 2?^ sin (^ix sin 

and shew that the part of the particular integral corresi)onding to the typical 
terms under the summation sign is 


1 rx fl(*-f)cos — 


cos /— + a (.?; - f ) sin d$. 

f n n j 


7. Prove tlvit the solution of the equation 




»=0 < . -h e 
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8. Prove that 

9. Prove that 

(i) ^ 1 + 4 />« ; 

(ii) /;»*./■'“ + - »* />» - '■</» (.r) />»» + »*(/)( r) ; 

(iii) - >0'*.'/ ^ />"//. 

10. Prove that, if ^ denote .v y- , 

itj: 

wlierc d„, d,, ..., d„..i arc arlatrary constants. 

11. If /^ R 1)0 eoninmtative syinhols of operation the solution of 

/*. Q. it. is 



CHAPTER [V. 


MiSCEJ.LANEDUS M F/I’HODS. 


49. Before w( 3 discuss the linear ecjiiatiou of the second order 
with variable coefiicionts there are several miscellaneous methods 
which it is advisable to consider; they apply to systems of ecpia- 
tions which admit either of completi^ solution or of approach to a 
solution in the shape of a first integral. It is to be understood 
that the efiuations hereafter given are typical and not merely 
isolated eejuations which can be integrated; it is freciuently possible 
to include others under some one of the following classes by means 
of well-selected substitutions for either the dependent or the 
independent variable. Such substitutions point out however the 
limits Avithin which the methods are for the most part effective, 
so that it must be borne in mind that the methods are not of 
general application to all linear eejuations of the secojid order. 

oO. The simplest case of all is that in Avhich the ecpiation 
is of the form 


where is a function of x alone. It is immediately integrable 
anil the residt of integration is 

denoting an arbitrary constant. A second integration gives 
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A.^ being another arbitrary constant. Proceeding in tins way we 
shaU have after n integrations as the general solution 

y = IJ X (d.r + + + 

in v/hich 7^^ replaces , ?^»d is therefore an arbitrary con- 

stant. 

51. Another very simpler (Mpiation to be considered is 

• (ly_ 

r/./y* 

in which V is a fiinction of /y alone ; but in general it is integrable 
only when )i is either I or 2. In the case \vhen //. is 2, let the 

(•(piation be multiplied by integrated, 

and we liave 

0‘-2ji:fy^A 

= ■^ (y) + --I 

suppose ; in this the variables can be sejmratcsl and finally the 
general solution of the eciuatioii 

y 

(U 


(h/ 

[yjrty] + ^l}' 


= .r+Zf. 


Kt\ Sylve 
A first iiite.i^ral is 




v) +‘'V-=-<=(tV'i, 


where c is an arbitrary constant ; separation of the variables i^ives 


and therefore 


V 

arc sin =«.y+a, 

0 

tf = e sin («,>• -F- «). 
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52. Any differential etiiiation which merely expresses a rela- 
tion between two differential coefficients, Avhose orders differ by 
either 1 or 2, admits of solution. As a type of the differential 
ecpiatiori, when the orders differ by 1, we may write 


dx^ 


Let , = Y\ then the e(| nation becomes 

(ajX 


dY 

dx 


the integral of which is 


= F{Y), 




Suppose this C(]uation can be solved for Y and that tl\e solu- 
tion is 

F = 0(.r-h A), 

that is 

Then this is one of the cases already discussed (§ 50), and the 
general integral can be obtained. 

Or after obtaining the equation ( F) = - 4 - A , we may proceed 

thus: since 


therefore 


Similarly 


dxUar'^J ^ 

-{ Yd, 

-J F(y}- 

^=h{^ 


d^r! 


F{Y) 

_fjdYf Yiiy 
~Jf(Y)Jf 


and so on, until 


y 


_ f dr f dr 

~.l F(Y)I F(Y) 


(Y)’ 

YdY 

{Yy 


fl 

I F 
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an arbitrary constant being introduced after every one of the inte- 
grations, which must be taken in ordt*r from right to h^ft. Then 
we liave two equations between ./•, /y, F, from which Y is to be 
eliminated; and tlie eliminant will be the primitive. 

It is evident that by this method the equation 

f(<'/ 

■'Vhf’ dx”") ^ 

can be solved. 


Ex. 1. Solve 

dy ,lh, 

Lot 


then 

'■U 

of which the integral is 

.r 

and tlicreforo 


where H, /?, € are arldtrary constants. 

Hr. 2. Integrate 


(i) 

«5={'HS)V 


.5.S. As a type /)f the differential ei[uations which connect 
differential coefficients, whose onlei’s diffi;r by 2, we may' writi- 


dry ^,(d’-‘y 




Let -j- ; then the eipiation becomes 



76 


MISCKliLANEOUS METHODS. 


[ 56 . 


the solution of which has been obtained in the form 

, = .* + il. 

[A^-^Sf{z)dzf 

If, after the integrations have been carried out, the equation 
can be algebraically solved for .s' in terms of . 7 ;, say 

z = 6 (x) 

(where the function 6 will involve the constants A and H), 
then n — 2 direct integrations will furnish the primitive. But 
if it should be imiiossible to effect this algebraical resolution, 
then we have 

Hcricc = \> 

dx” ' J {A + 2lf(z)dz]^ 

f jh f zdz 

J lZ4-2j>X^r 

and so on; ultimately we shall obtain tj as a function of z, and the 
primitive will be the eliminant with regard to z of the etpiation 
betwciui y and z and the (.upuition between x and z. 


Ed\ 1 . Solve 


d^i! _ d\t/ 
,b-'~ <h-^' 


When we wiitc ; for \ the equation bccome.s 


SO tliat 


a , a 
z=Cie +a,e , 


and thcveforc 


.y =.!«'* + «« “ + C.e+/), 


ill which A ami JJ replace c^u“ and r.jd^ respectively. 


Ei\ 2. Solve 


A 'O) .‘■S-Xg; 
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54 In some particular cases the general ditforential (Hjuation 
of the second order can, by substitution, be depressed so as to 
become a differential etpiation of the iii*st order; such cases 
occur when one of the? variables is explicitly absent from the 
e(| nation. 


First, consider an etpiatiou in which a; does not occur, S(> that 
it may be written in the form 



dy 

dx * 


(IxV 


= 0 . 


Let — then iLe etpiation thus becomes 

a differential e([uation of the lirst ordin* to find p in terms of //. 
Let the solution be 

P =f{!jX 

in which /(y) will include an arbitrary constant. Then the 
variables are separable, since we may write 

(/y , 

and integration of this eipiation will lead to the primitive. 

Next, consider an e(iuation in which y docs not occur, so that 
it may be written in the form 

Let dS~dr' ccjuation is transformed into 



an equation of the first order to find p in terms of x. Let the 
solution be 

P = F{x), • . 

where F includes an arbitrary constant. Integrating this, we 
obtain as the primitive 


y = A + / -F (.r) dx. 
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Ex. 1. Solve 




When we write the equation is transformed into 


1 +/>“ 2a -y’ 

the integral of which is 

where /x is an arbitrary constant ; the primitive is given by the evaluation of 


Ex. 2. Solve 




The substitution transforms the ecpiation into 


ri- i/p 

(1 +//2)i 


on integration this gives 


and therefore 


a^p 


I -U 


(.f2 + .l)2 


so that the primitive is 


^=f^</,, = 7i+ / + . d.v. 


Er. 3. Integrate 






'■ f/r 1 
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A ' )*“ 

(vii i) .// ( 1 - 1. ig .y) + ( 1+ I"g //) = 0. 


Homogeneous Equations. 


55. There are certain classes of diiUcrential e(|nations in 
which a kind of honiogcnoily subsists ; and the solution of these 
can by suitable transformations be made to depend upon Xhat of 
e»|uations of lower orders. The homogeneity is constituted as 
follows: if y be considered to be of n ilimensions, while is of one 

dimension, then since it is the limit of , is of // — I dimen- 


(f 




sions; being the limit of is of n — 2 dimensions, and so 

on ; and the e(|uation is said to be homog(‘neous when, if thesi* 
dimensions be assigiu‘d to the corres[)ouding (|uantities, the t(;rms 
are all of the same dimensions. The simplest case is, of cjourse, 
that in which n is unity. 


First, let ii be unity so that iv and g may both bi‘ considered of 
one dimension. L(?t g = xz and = e® ; then 

ill/ ilz 
da: ^ de 

d^ll_/d‘z dz\ 
dx^ \d0‘^ (10) ’ 

and so on^ and the resulting differential erpiation will be one be- 
tween r and 0. Now it will be noticed that the coefticient of 6 in 
the index of the exponential wherever it occurs in any differential 
coetficient is the number re])resenting the dimensions of that dif- 
ferential coefficient ; and therefore, when substitution takes place 
in the differential eepiation, supposed homogeneous, the index of 
9 in the exponential will b(? the same for each teriii of the e(|ua- 
tion, and this exponential will therefore be a factor which may be 
removed. The new independent variable 9 will no longer occur 
explicitly in the e(juation, which will therefore be of the class 
already discussed in § 54 and can have its order depressed. 
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A'x 1. Solve = |»i.r2 + Ji/|' . 


Making the .substitutions of § 55 avc have 

clh . Js 
dff^ 

When we write the equation hecoincs 

do 


■h dz f tdz \2 , .,U 

'(9'^+<w=r w^'''V +"‘7 • 


d\) 


;7g + j>={//i{4'+.-)-+w.:-;5 ; 


or, if /.?— CYf, 


and tlicrcfore 




dii 


--de. 


[ 55 . 


{m{\ +«y-^-f 

The varialdcs are .separated and the equation can l)e integrated. 


Kv. 2. Solve 


0 ) + 


(iii) 




Passing now to the general case in which hoinogeuoity is con- 
.stitnted on the assumption of// dimen.sions for?/, we write 

,v = e^, y=,v^‘2 = ze”^. 

We noNv have 


dy 

dx 



(Vy 

dx^ 


d‘z ^^dz . 


g(w-2)fl 


and so on. It is obvious that the coetheient of 6 in the index of 
the exponential, which occurs in the expression of every differential 
coefticient, exactly measures the dimcihsions of that differential 
coefficient; and as before, when substitution takes place, the 
exponential will disappear and the differential equation, having 
been thus transformed int(> one from which the independent 
variable is explicitly absent, can have its order lowered by unity. 
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E.V. 1 . Solve .r-* = (.r* + 2.i.y/) ^ - 4^^. 

Tliis is homogciuions if // bo considered to bo of two dimensions while x is 
of one. Hence wo substitute 


0 o ‘>9 

.r = c , y—xh^zii , 


;ind the equation becomes 






A first integral is gi\'on by 




and in this tlic variables can be separated in the form 

the integral of which will vary (being either an inverse ciroiilar function or a 
logarithm) according to the sign of A, 


Kv. 2. Solve 




d..A - . \.lx) ' I 

dh/ di/ ./'I'yV 

.... 1 (/-// 1 ^ A('A^ 

A particular set of cases arises when n is nnulo infinite ; all 

the (quantities have then the same dimensions. The 

simplest method of solution is to adopt the substitution 


and the resulting equation between u and x will b«' of an order 
lower by unity than the given eiqiiation. 


Ex. 3. Solve 
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Exact Differential Equations. 
A diflFerential e({uatiou of the form 


/(; 


(Z" * _?/ dy 




is said to be exact when, on representing the left-hand member by 
V, the expression Vdx is the exact differential of some function 
U, which is necessarily of the form 

/(?*"' y dy 


/•r y y 

\dsr' ’ 'dx' -f' )■ 


Consider first a linear exact differential equation, which may 
be represented by 


dry 




^4- +p""i + Pv = P 


(Z?y 


" die” 




d;/; 


where the coefficients are all functions of x. An equation of this 
form will not in general be an exact differential etpiation, but we 
proceed to shew that, if a certain relation be satisfied by these 
quantities P, the e(puition can be integrated once. 

Indicating for convenience differentiation with regard to x by 
means of dashes, we have on direct integration 

j I\ydx = j P„ydx, 

jl\f^dx = -ll\'ydx + I\y. 
fP,2>^la; = fp:ydx-F;y + l\y', 

I 2 = - pV' ydx + p: y - p;,,' + py, 


aiid therefore 

fPdx =j{p, - p; + p; - p;" + ) y<Lc 

+(i> -iV+iV-- yy 

. ^ +(p^-iV + )y' 

+ (P.-P; + P"- )y" + 

=jQoyff‘^' + Q,y+ Q,y' + 
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where the law of formation of the successive coefficients 
is the same and, in particular, 

Now the condition of integrability evidently is that there shall 
be no term remaining which involves an integral of y; and the 
necessary and sufficient condition for this is tliat 


<2o = o. 


fhat is, 


“ da* 


d'^P 


When this condition is satisfied, the hrst integral is 

+ Qd/ = lPd«> + A„ 

where is an arbitrary constant. 

If now the coefficients Q satisfy the corresponding condition, viz.: 


dx da? 


+ ( — I)"'* ^ = 0 

> dx"-' 


the e(pjation is again integrable ; and tlie process can bo continued 
so long as the coefficients of oJich successive ecpiation thus derived 
satisfy tlu; condition of integrability. 


The equation 

is an exact equation ; for we have 

/*,=], /V=i, /V'=<>. A'"='>: 

iiiid (JO tlio cuiiditioii is saiisfied. ^itcgrating each side we have 

(«.r“ - hx) - {(2« - c) -f ^ + (2a - c + x) y = ^x^ + A . 

In practice it is sometimes easy to see that a given equation is iute- 
grable. 1 n many cases the quantities P are either of the form ax"^ or sums of 

* 6—2 
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expressions of this form: and perfect differential coefficient, if 

m Ik 3 less than n ; for integratinj' it by parts we have 

,rW* -•/- ~ Hi - 1 V -j. (m _ \ ) -... + (- 1 Y^'m ! ' . . 


I- 


If ?i = m+l tlio last term is ( - 1)»'‘ m ! ?/. 

When we a^iply this hirnrna to the present example, the terms involving 

are seen to be perfect differential coefficients, and .v — +y is -j- (.ry), 
d.v'' <U^ dG ^ d.v^ 

so that the left-liand side is a perfect difterential coefficient and the ecpiation 

is thiirefore exact. 

Kr. 2. ib’ove that the equation in Ex. I cannot be further integrated by 
tlic foregoing method. » 


Ka\ 3. Solv(i 


(II) 5-^*1 


and shew that the expiation 




becomes integrable on being multiplied by some power of .r. Obtain its 
integral. 

57. The nii'thod which is Vtsed for integrating exact equations 
whicli are not liiu'ar may he illustrated by eoiisideriiig an example. 

/i.r. 1. Solve 

On the supposition that this is an exact ditferontial eipiation we may write 
dr = (y + + 2y/>'*) dx + (.r- + 2//-/i) i//>, 

where stands for . Let l\ denote what would be the value of C \i’p 
wore the oidy variable, so that 

Let all restrictions be removed, so that 

d I \ = {±vp -f ’Iffp^) dr -i -f 2i/-p) dp, 


dr - di\ =--- (y + xp) dx = d {xi/\ 


and therefore 
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=-v-''^A+.V- +.I// + /1 ; 


and therefore the first integral is 


CS’ 




The preceding nietliod will be. seen to h'ad to the following 
gt‘neral rule* for the integration of an t^xaet differential tHpiation of 
the order. The equation, being (huivable from one of order 

l! 

— 1 by direct differentiation, will contain only in tlie first 
degree; if this condition be not satisfied, rhe e([uatiori is not exact. 


Let the equation be written in the foi’iu r=0, and integrate 
V(h: as if the only variable ociMirring in V and its 


differential coefficient; let the result la* Tlieii Vdv — dU^ 

involves differential cotiffeieuts of // of the order n — ^ at the 
utmost; as it is au exact differential the highest differential 
coetficient of jj which occurs can enter only in tln^ first degree. 
Repeating the process as often a.s necessary, we shall ultimately 
have 

Vdr-dlf^-dU^-... - 0 . 

Then a first int(‘gral of tin; giviai e(piation is 


K.r. 2. Scive 


f/y d -if du 




K.i\ 3. Shew that the e«j nation 

''•'/+ =0 

becomes integrable on imiltiiilication by tlic factor 2.i'2 2./,v/. Hence 
deduce a first iiit^ral and the primitive. 
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Ex. 4. Integrate the equation 

=0 

dx^ ^ +y + 2a.^• + e.v^f ’ 

having given that there is an integrating factor of the form Xi 

(Euler.) 


Linear Equation of the Second Order. 

58. We sKyi here prove some of the leading ])r()perties of the 
linear ecpiation of., the second order; but the present investigation 
will not for the nmst part anticipate tlui discussion of the? general 
linear ecpiation, for the properties here established belong solely 
to the (Mpiation of the second order. 


The general form of the ecpiation is 


dhj 


+ p 




in which P, Q, and K are functions of x ; they may in special cases 
be merely constant (piantitios. 


Substitute in. the eipiation for y a value vw, where v and w are 
both functions of x\ as yet the only limitation on them is that 
their product must bi^ (Mpial to y. We then have; 


w 


d^v 


. dw 


\ dx 




d^ w d w 

,i„+ 


Qw^ V = R. 


As we may choose a relation arbiti’arily betweei^ ^; and w or 
make either of them satisfy some condition, we will suppose it 
possible to determine w so that the coetheient of v may vanish, 
that is, 


dhu 

dx'* 




which, it will b<.^ noticed, is the same as the original equation with 
the right-hand side equated to zero. The ipiantity w being now 
considered known, the modified equation becomes 

/2 dw dv _ R 
dx^ \w dx^ J dx w ’ 
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so that 

v/‘^e^^'^ = A+jwEe^^‘^da:, 

and therefore 

v = B + A + ft jwlte^^^'^ da>. 

J J w J 

It therefore follows tlmt, if anf/ solution whatever of the oiiginal 
equation with the Hght-hand side equated to zero can be found, the 
complete pr^imitive of the original equation in its geitm'al form can 
also he found. The problem of deducing this complete primitive 
is therefore resolved into that of finding sonit? single solution of 
the simpler e({uation. This, in the most general case of P and Q 
unrestricted to particular functions of x, has not yet been effected; 
but in special instances it is possible to determine such a solution 
as is desired, sometimes by inspection, sometimes by means of a 
converging series, sometimes by means of a definite integral ; but 
in the two latter cases (which are usually closely connected) the 
explicit evaluation of the form obtained for v is difficult or impos- 
sible, though this foriri (§ 5) still remains the solution.. 


E,v. 1. Solve 




A particular solution of 


is evidently y=x\ hence writing;; y—xo in the original equation we get 


Hence 


and therefore 


* dH /2 \dv 

^ xh " = A+ jx^ + *0 dx, , 


v = B + j'^ 

If ?/i=0, thi.\can bo simplified. 
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Ex. 2. Solve 




(ii) (a.v-b.i^) +2a + 


i'U‘lbv=.v«-K 


59. If hoAviiVor a solution of the ecjuation wlum R has been 
put zero canpot be obtained, then it is sonietiincs useful to remove 

(^/V 

from the transformed dilhirential equation the term involving 
That this may be the case w must satisfy 


from which we find 


dw 

2 , +P'ia = (), 
dx 


W = G ; 


there is no jiecessity for adding a constant in the integration as it 
will afterwards disappear. Insert this value of w in the eejuation 
and write 




then the equation bece 


,-{-Io=Re' 


In some particular cases this cijuation admits of immediate 
solution, but these cases occur much less freipiently than those to 
which the proceeding method applies ; and the advantage of the new 
form, which will be indicated shortly, lies in an altogether dillerent 
direction. Now we know that if a solution of this equation with 
the right-hand side eipiated to zero can be obtained, the primitive 
of the general equation is obt ainable ; and we may therefore quote 
the equation in the form 


, + /y = 0. 


Rv. 1. Solve 




Heuce P= - , and ttferefore ir=e 
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Also 

so that the equation giving i’ is 


THE SECOND OKDEU. 


7= -2+1 + 1- 1 = 

^ 4./’3 ^ 4a* 4.i.** 4.v 


The solution of tliis is 


2 . 

7 .i 5 V==0. 

(/a*-* .c^ 


v=A.v^-\-'- ; 


and therefore the general integral of the first ecjii.ation is 




A>. 2. Solve 


"(i) 


d'\f/ 


d.v 


('») '/jl 
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GO. I'hc advantago ol‘ using the form 
d‘v 


da? 


+ /w=0 


instead of 


‘?!^ + P^^y + n„ = 0 


as typical of the linear (liffereiitial et] nation of the second order, lies 
in the fact that for all snb.stitntions such as zf(x) for y in the latter 
equation / is a function of P and Q of such a form that, when the 
new c(|uation 

d 2 d^ g .. _ 

has its second term removed by the substitution 
. 2 : = , 


it takes the form 


dSo 

dx^ 


+ Iw = 0. 


Thus I is exactly the same function of and Q, as it is of P 
and Q ; and \\e may therefore call I an invariant of the coefficients 
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of the differential equation*. The equation so reduced may be 
said to be in its ‘normal fm'ni ; and any two linear equations such 
as the equations in y and z can be transformed into one another, if 
the normal form of each be the same. 

If it be known that two given etiuatioiis are so transformable and the 
equation of substituti(m between the dependent variables be desired, this can 
easily be obtained by using the normal form as an intermediate trjinsformod 
(‘quation. Thus in the general oxaiuplo the equation in y becomes transformed 
to that in v by writing 

and the e«|uation in piisses into that in 2 : by writing 

and thercforci the relation which transforms directly the //-ecpiation into the 
.i-equation is 

/iV'. 1. Provo that the equations 

(I 2 +(l -a«) ;£+/::=(), 

and (1 -(1 +.r) 2+(/'+l)f=0, 

can be transroriiiod into tnie another; and find the relation between 2 , f 
and .r. 


Kv. 2. Kind the value of Q which is such tliat the equation 

may be transformed by a substitution y — zf(.\:) into 
d'h \ dz ( v-\ 

Obtain the value of /’(.r). ' 

()1. lict 7/j and 7/.^ be two particular integrals of the equation 

and i>, and i\ the corresponding particular integrals of 

* Cf. Malet, Phil. Trans. (1882), p. 751. 
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and therefore 


hSlhlx J isihix 

«, = y,e andD, = y,e-' 


% 


SO that 5 is the quotient of two different solutions of either diffe- 
rential e(|uation. We now proceed to find the ctpiation which is 
satisfied by .s ; since each of the quantities y (or v) may consist of 
two terms each containing an arbitrary constant factor, the quotient 
of one by the other may contain thrive arbitrary constants (not 
four, since; without altering the vahie <n’ generality of such a 
quotient any constant may be made unity); therefore the difie- 
rential etjiiation satisfied by .9, a function involving three arbitrary 
constants, must bo of the third order. 


Indicating differentiation with regard to x by dashes, we may 
write 

v'’ + /Cj = 0, 

\ = 0. 

Taking logarithms of 


.9 = 


and differentiating it, we have 


which on being differentiated gives 

/It" -II " 




ft , I. •> tf f, 2 ft , /. •! 

• + '’A 

s \s) V, Vff,y I'j \v^j' 


lit 




/ 1 » 
*' so that the ecpiation is. 
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and therefore 



Differentiating tliis again, we luive 



and the transposition of tln^ last term gives 



This is the different ial (‘(jnalion satisfied hy .s‘ ; and it is of the 
third order, as was indicated. 

Tlu^ fiinetion of (lie diih'naitial (?o(‘ffiden(s of s with regard to .r, 
which occurs on the left-hand side* of the eejuation, has betm called 
by Cayley the Schwarzian J)erivative* and is denoti>d by him by 
{.V, x ] ; it is so called becaiise its ]>rop(n’ties are discussed and it is 
of fundamental im[)ortance in a 'memoir by Schwarz in Crelles 
Journal (t. i^xw), though the function is not originally due to 
liinif. 


62. If now (H/// solution of this eipiation lan be obtained, then 
a solution of the original ditferential eipiation can be immediately 
deduced. For let such a solution of tlie new eiiuation be denoted 
by tS ; then since 


we have, on integrating this, 


v=C^~ 


where C is arbitrary. This is one solution ; aiiotlier is 
Cj = r./ = Cs ■ s. 


* Cayley, Cmnb, Phil. Traim. (1880), vol. xiii. j*. 5. 

+ It occurs implicitly in Liigraii^^c’s memoir “ Siir la construction dcs cartes 
giographiqiies” (Euvres, vol. iv. p. (this reference is duo to Schwarz), and 
Jacobi's Fundamrnta Norn ; and explicitly for the first time in Kummer’s memoir 
on the hypergeometric series in Crellr, t. xv., which is referred to in Chapter vi. ; 
see also Cayley, /. c. 
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and from these the concsponding solutions of the ecjua^ .on in y 
are derived by inserting the exponential factor. When any one 
solufion of a linear etpiatioii of the second order is known, we can 
obtain the general solution ; and hence any particular value of .s* 
satisfying its diherential equation will lead to the complete solution 
of the first of the differential 0 (j nations. 

This theorem holds in regard to th(‘ general linear ecjuation of 
the second order ; but its chief a])|)lica.tion arises when the lincjar 
(‘(piation is that satisfic'd l)y the hypergeometric series, to be 
discussed in (.9iapter VI. 

^ Kc. 1. Provo that, if 

S {f't.V -f- />) — t'.V (Jy 

tlie Sohwaiv.iaii derivative of .v vanishes. 

A’.*'. 2. Kind the value of .s when 

.0“ {,<, .rj +a -0, 

wliere a is a e<»nst{mt. 


Ah;. .S. Provo that 


(i) 

(ii) 

(iii) 

(iv) 




‘.'A «}■ 


(Cayley.) 


(iS. Another inothod which is sometim(;.s effective is that of 
cliaiir/iiig thS iiulepeiidmt variable. 

Take z as the new independent v)iruil)le; then 
dy _ djfdz 


d^y ^ d^y dzV ^ dyd^z 
dx^ dz^ \dx) dz da? * 


aiK^ the original ecpiation becomes 


d'jf dzV 
dz^ KdCx) 


dy j d^z 
dz \dx^ 
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[ 63 . 


As yet z is quite arbitrary and it may therefore be chosen to 
satisfy any assignable condition. Thus we may choose to make 

the coefficient of vanish so that 
dz 


d^z p dz 
dx^ ^ dx 


0 , 


and therefore z is given in terms of x by the equation 


z 




The oliminant of this relation between z and x and tlic trans- 
formed equation may furnisli a differential eciuatioii which proves 
integrable. 

One integrable case occurs when the value of z is such as to 
satisfy the relation 



where /a is a constant ; and then the equation takes the form 


'A = 


of which the integral is 


y = Az°^ + Bz^, 
a and 0 being the roots of 

HI {ni — 1) + ft = 0 ; 

and it is not difficult to prove that the relation which must exist 
between P and Q in order that this may be the case is 


ft dx 


Another integrable case would be furnished by 



and so for other cases ; and it Avill be noticed that in each case the 
e(|uation is reduced to what may be called a known form, that is, 
one of which the primitive can be obtained. 



INDEPEJ^DEiVT VAlllABLK. 


f)5 


63.] 

E.i\ 1. Solve 

Here 
no that 


/I «\ 

P(l-.r2)=-.r, 

, f xdx 


dx 


and 


= 0 -.<.•“)•*, 
2= arc sin .r. 


When the independent variable is changed to r, the eipiation becomes 



d^i/ 

x'liid therefore 

y _ arc sin * ^ arc cos x 

A>. 2. -J (i) 

/ >2 IN , df/ 

(i>) 

'flv^ + teii.r+.y c<>s*.«=0j 

V (iii) 

dh/ 3j;+]rfy ( (i(.t'+l) 

^ ■■ J - 1 <t' ^ t(-* - 1) (3.i+ 5)j 

N (iv) 

0- 

(V) 



04. The property used in § 60 to obtain the relations between 
the dependent variables in two equations, which are transformable 
into oiu! another — viz. that the ecpiations have the same normal 
form — can be used to obtain the relations between the dependent 
variables in two equations, the independent variables in which 
are different, on the • hypothesis that the eipiations ultimately 
determine the same function. Thi? process adopted will be similar 
to the former one, as both ecpiations will be reduced to their normal 
forms in the same variable and these, b(ung assumed identical, will 
give the conditions necessary for the justijicatioii of the^liypothesis. 

Let the two equations, which are to be thus transformable into 
one another by changing both the dependent and the independent 
variables, be 
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+ 

(i), 

and 

* + 

(ii). 

in which P and Q 

are functions of x, and R and ti functions of z. 

Writing in (i) 



and 



we have 

•• 

(iii). 

and writing in (ii) 



and 

1 

1 

II 


we liave 

O 

II 

< 

+ 

(iv)- 

In (iii) changing the independent variable from 

c to z, we 

obtain 

\dx} ^ dz rfaV 


or 

dz^ ^ dz z'* ^ z"‘ ’ 



ill which (lashes indicate differentiation with regard to x. To 
reduce this to its normal form we write 

or, on the evaluation of the integral in the exponent, 




the eipiatum then becomes 




<«>. 



64] 
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and {z, cc] is the Schwarzian derivative of z. 

If, then* the e(|uations bo transformable into one another, tlio 
normal forms will be thij same when expressed in terms of the 
same independent variable ; hence comparing (iv) and (v), which 
are the normal forms, we have 


and 


1/2 = 

a = j. 


Substituting for G in the latter ecpiation we have 



and substituting their values for and in the former ecpiation 
we have 



These two equations are the conditions that the differential 
equations (i) and (ii) should have the given property. The first of 
them gives .the relation which must exist between the independent 
variables ; and, when the first is satisfied, the second gives the 
relation which must ejjist between the dependent variables. 


The foregoing equations enable us to obtain the general form 
of all differential equations into which (i) is transformable, and 
also to obtain the connexion between two given related equations. 
Thus, for instance, the ecpiation in a given independent variable 
z equivalent to (i) would have as its normal form 


cPv 

dz 


I + vj = 0 , 


F. 
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• [64, 

where 

(d. 

">=yU 

c. 


and 

1 

II 

fz r] 

^ ^Zf ./.f ^ 

2 /a j 



and since z and I are known in tenns of x, J is also known in 
terms of x and can therefore be expressed in terms of z. Every 
differential equation, which is e(]uivalent to (i) and has z for its 
independent variable, must have the fore^min^ equation in for 
its nonnal form. 


Ex. 1. Prove tliat the equations 


and 




^ k 

arc transformable into one another liy tlie relation 
and find the relation between i and v. 

Ex. 2. Prove that tlu; equations 


((.I, tl. Stuart.) 


and 


1 +.) -/•),. =0 


are tr.aiisformable into one another by tlie relation 
and find the relation between t/ and v. 


Method of Variation of Parameters. 

05. It was proved (§ 58) that if a solution of the equation 

. . . 

be known, the primitive of the equation 



VARIATION OF PARAMETERS. 


( 55 .] 


OJ) 


can be obtained; but the following method is effective in giv- 
ing for this (and other linear e(|uations) what was called in the 
last chapter the Particular Integral, and it can be applied where tlie 
methods formerly indicated cease to be applicable. 


Let be a solution of the equation 


that 


dhf T,dif ^ 


, p + 0,1-0 

da? + ^ (h: + 


% Eliminating Q we^ liave ^ 

da? ^ V'da-. ^ ,las) ’ 


and ijierefore 




of which the int<)gral is 

j!/ = %i + • 

Let stand for th(j quantity of which A is the coo^fficaent, so 
that the primitive is 

y^By^-¥A,j^, 

and //jj is a particular solution of the differential expiation. Then 
the preceding analysis shcjws that any two [larticular solutions y^ 
and y^ are cpmiected by the ecjuatuai 


^^^dx dx 




where the value of C is no longer arbitrary but depends on the 
forms of 2/j and the t\yo particidar solutions of the equation. 


ff6. Let us now take the above value of y and substitute it in 
the equation 
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[ 66 . 


on the supposition that A and B are no longer constants but 
functions of a* to be so chosen that the equation shall be satisfied. 
Thus the /br 7 ?i of ?/ is the same for the two equations, but the 
constants which otxmr in the fornier case are changed in the latter 
into functions of the independent variable; to this process is 
applied the name Variation of Parameters. 

We liave now two unknown quantities A and B, in terms of 
which y, a single unknown, is expressed ; and we are therefore at 
liberty to choose any relation between them that may be most 
convenient for our purpose. When we differentiate y we obtain ‘ 




, dB , dA 

dx^y^dv^y-dx 


provided 


dx dx 


dB^ dA . 


wc shall take this ljust equation the relation between A and B, 

dv 

Again, if we differentiate ^ , so thjit 

A>/ ^ If . A ^'Ux , 

dx“ da;^ dx dx ^ dx dx ' 

and substitute these values in the original equation, then, since y, 
and y^ an^ particular solutions of the eipiation when A = 0, we have 
as the result 

dx dx dx dx ' 


dA dB 

dx ,fx 
<Jx ~ -Ik 


Jf'lx 

df/, 

y' s~y^dx 


and therefore 




= d.r 
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where E and F are arbitrary constants and 0 is an absolute con- 
stant depending upon the forms of y, and y^. 

If now in tlie differential ccpiation wo write </> (.r) for P and 
(;r) for R \ {x) for T/j and {x) for ; then the general so- 

lution of 

^ + <#>(*■) 5 ! + Qy = ^ (®) 


y = (•^) + 1 ff(^) lA (?) -/, (^)/« (?)] 

where f {x) andf^{x) are particular solutiotis of 

and are therefore connected by the relation 
'^^d x ' dx ^ 

It may be noticed that we may make (7 unity without loss of 
generality; for if it be not unity #e may substitute for fif) the 

,<juantity ^ which, while still a particular solution, will render 

the constant unity. 


AV. 1. Solve 




Arranged in the ordinary form this is 

_ JO dy 1 
dx^ X — 1 dx X — 1 

Particular solutions of*the equation without the right-hand member are x 
and €?*; hence, if we take 

Mx)=^x, /4(.v) = e*, 

we may proceed as above, and have as the i)rimitive 

y — Ae^+Bx. 

As in the general case A and B are connected l>y 

dA ^dH . 
dx^ ^ dx^ * 



102 

while 

ThiiH 

and therefore 


VARIATION OF 


dA ^clB 
(Lv iLv 

tiA , iin 

=.ve ^ and , = — 1, 
*• (Lv ’ 


[60. 


(lv 




- A’-e-*(.v+l), 

and B^F-.v. 

The priiiiitiA'c is therefore 
, y — K(^ + F:v - (.r- + .V + 1 ). 

Ex. 2. Integrate by this method the equation 

where Q and It are functions of x alone. 


Ex. 3. Solve 


/Tu) (i-.v^)2-4.--’J-(i+.v^)y=.-. 


67. ^J^ho method of variation of parameters may be appliofl 
in a manner, dillbrent in regard to the terms neglected, to obtain 
a subsidiary integral, the constants in wliich are subso([uently 
made variable parameters. Thus consider the eciuation 




Nogloct tho tenii involving F{y) in order to obtain a subsidiary 
integi’al ; it will be that of 

<^.V , (d!l\ 


which is 


. J + (£)>■ (2') = ®’ 

^ ffiuhiu _ Q 
dx 


Suppose now that G instead of being a constant is a function 
of X and let this be differentiated ; then 


3+/W 


\dx) j 


^ ~dx 
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Therefore 


F{y) = ' 




U‘ = A - 2 j dy F{y) 

A first intcjgral of t he original e(T[nation therefore is 
= {^1 - 2 ^dy F{y) e 

This can be again integrated since thii variables are separable. 

Ex. 1. Solve in this iiuinuer the equation 




Shew also that the integral of this ecjuation may be derived by the method 
of § 54. 

lly changing the independent variable in this example from x to y, obtain 
the integral of the equation 


i: +</> (.'/) (J) - *>• 


Ed'. -2. Integrate the general expiation 




by neglecting the last term to obtain a subsidiary equation and then 
varying the parameters ; 

sccondl^^ by applying the same method to tlie integral derived from neglecting 
the second term ; 


thirdly, by multiplying by integrating each term. 

It thus appears from these examples that 

dh/ dy /,/dv\^ 

is integi*able in the cases : — 

(<t) when both P and Q are functions of .r, 

(/S) when both P and Q are functions of y, 

(y) when P is a function of .r and Q a function of.#/ 
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Two particular methods. 


68. When in the equation lv = 0 the quantity 7 is a 

rational algebraical function of a fractional form such that the 
denominator is of a higher degree in the variable than the nume- 
rator, the following method is sometimes of use. 

Let a quantity 


be substituted for v ; then the ec juation becomes 

where 

(IP 

P = / + - -f 

* ^ dw ' 

On integrating the equation as if the left-hand side were a 
perfect differtmtial, we have 


Since the quantities P^ and P^ are connected as yet by only a 
single relation, we may assign as a further condition to determine 
them 



and this gives as the eciuation for P^ 


dx 


-p: 


= 1 , 


u 

while, if tt?iy value of P^ satisfying this be obtained, an integral of 
the original equation is obtained in the shape 


dz 

djc 


+ 2P/ = ^1. 


It should be pointed out that the utility of this method depends 
on the form •of the equation which gives ; this would be lost by 
the substitution 


P =- 


1 dw 
w dx ’ 


for then the equation giving P, becomes changed to the original. 
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With the assumption which was made as to the form of I wo 
may .write 

jr _vu _uv 

J- rpu » 

say, where T, U and V are rational integral and algebraical func- 
tions of X, Then wo may assume 



ft 

lojiving the constants in f{x) as the quantities to be dotorn lined from 
the equation; but in general there are not siiftieimit disposabhi 
constants arising in/ to allow the equation to be satisfied. Hence 
this method, like the otlier methods which have been proposed for 
the solution of the linear (Mpiation of the second order, is not one 
of universal application, but is elTective only in particmlar cases. 

Rr. 1 . Solve .f ( 1 - .,f = 2 a 

Here the equation for l\ is 

dx ' " ' x{C-.vy 

E E 

Let ^* 1 = “ + ~ substitute ; the equation is satisfied l)y K=F= — 1, 

and therefore a first integi-al is 

2 

(/.<; ■.v(l 

iw—z (1 - .r). 

The primitive can easilf^' be tlciluced, for the equation is linear of the first 
order. 


(i) 

dh) 

(ii) (2x+l)*(a:“+.v+l)^^=18«; 


(iii) 


_ sin 3.V 
dx^ ~~ ^ siii^ * 


j4l 


9 


c H /t. 


Ex. 2. Solve 
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If a term involving should occur in the equation, this term 
should be removed before applying the above method. 


Ex. f3. Solve 

^ m _ay _ 

' ^ ^ dx^ ^ X (1 - x) dx ^x(l -x) ~ ’ 

'I'!/ .a-(a + ^-\-l)x d^ _ _ 

^ ' dx^ X (1 - .v) dx X (1 - x) ' 


(’iiil , “+l-(«+/3 + l).f cfy 
^ ^ dir- " i(l -a.-) 'dx 


afi 

X (1 - x) 


y = 0/ 


Ex. 4. Shew that this method will apply to the equation 

d‘^0 _A\v^-\-2irx+C' 
dx^~ ix^ + 2Ax+EY ^ 

provided there bo a single rel/ition between A\ E and C* ; and find this 
relation. 


69. A certain class of linear diflFerential equations can be 
solved by the resolution of the operator on y into the product of 
operators. 'Jlius consider the etpiation 


dhf dy 


+ ivy = 0, 


in which u, v and to arc functions of x ; then, if the operator 


cP 


d 




be resoluble into the product 



Py r and s being functions of a?, the equation can be integrated. 
For, if we write 

dz 

we have 

i -[^dx 

z = Ae Jp , 


and therefore 
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and we must now integrate 

■ '^y . I 

r^^^ + sy = Ae i,. , 

which is linear of the first order. In order ihat this resolution 
iiKiy take ])lace, we have the three ecjiiations 

pr = u, 

lls 

to detcjrniine tour quantities p, </, r and .s‘; hut we may consider 
p and ?• as known factors of u and treat the two remaining etjua- 
tions to determine q and s. 

But those cannot be solved in general, and again therefore the 
method will apply only in part-ieular eases. 

Rv. 1. Solve 

{.r- + .V - 2) ^ + (.t’- - .r) - (lU’-i + 7.6*) // = 0. 

Here we may write ^=.r+2 and ?•=.<• -- 1. 

If Kr-\- F and .s’ — F'.t’-\-F\ we have 

R+R'--^i I /:7:'--(i 

-B+ F-\- ± F + 7’' - - 2 - , FF' i A" - - 7 - , 

) /'7^' + 2/;'=0 

which are .sati.sficd by 

A = 3; /;'=-2; /-I: F 
Hence the etpiation may written 

i + '‘I t'' “ ’ ^ i 

A tii\st integral is • 

and the primitive is 

y=(.K- l)e-* |«+.I J • 
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Ex. 2. Solve 

(i) a,v'^ + (3a+6.i'))^+%=0: 

(ii) (;«;-l)(^-2)g-(a,.-3)g+^ = 0; 

(iii) (2i' - 1 ) - (.Ti; - 4) + {x - 3) y = 0 ; 

(iv) (.(.•2+ar+2)‘^^+(.'>...-2+s/.r;+4)^^ + (6.).-2+J/.i-+4)y=0; 

(V) (.^••i-i)g-(a.+i)2-(.*^--^)y=0; 

(vi) — ^'l^^ — 2.v(2a — h.v)'^^ + 2 (3(f — /j.f.’)y=6as-. 


70. There is a particular form into which the ordinary linear 
differential eiiuation of the second order may be changed ; multi- 
plying 

throughout by we may write it 

Let a new independent variable z be taken such that 

dz=:(y^'^^^dx; 

then the ccpiation becomes 

d \Q 2/p,,xd!j\ Q 

c/4*^ dz\^^~^- 

Now is a definite function of x and therefore of z] 

let it be denoted by where Z7 is a function of z. Then the 
equation is 

d (Idf/) 

dz\udz\'*'^~^.’ 

which is tl?c form referred to. 

Sir William Thomson has indicated a method of approximating 
to a solution of this equation by mechanical means*. 


See Proc. Hoy. Soc. Vol. xxiv. (1876), p. 269. 
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Ex. ExiJresis + + in the form ~^ + (i(’=0. Provo that 


r = S„ - <5, + -Sj - . . . , where 

^o-C+C"..-, jy.v j\sAc, 


expresses the solution of this in a series necessarily converging for all values 
of .i\ provided jx remains finite. 

Work out the case when fjL = ;v\ 


General Linear Kfjiiatiun. 


71. The general linear equation with variable coelheieiits is of 
the form 


V 4- V ^ ^ 4- Y 


do;" 


,r dy ir Tr 

“■ 


in which X^, Xj, X^, and V are fnnetious of x alone ; the 

class in wl\ich the coefficients of the difterential coefticients of 
1 / are constants has be(m already considered. The coefficients 

X^, Xj, , X,, may be taken to be integral functions of x; if 

in any equation they were not actually so, the e(|uati()n could be 
transformed so that its coetlicients would be integral functions of 
X by multiplication throughout by the least common multiple of 
the denominators of such fractions as occurred in the given form. 


The primitive of the differential equation consists, as before, 
of two parts : 

First. .The Particular Integral which is any value of y (the 
simpler the better) satisfying the equation; 


Second. The CoiTiplementary Function which, is the general 
solution of the equation without the second member, that is, of the 
ecpiation 




+ + = P (ii). 


The equation (ii), being of the order, will have in its general 
solution 71 arbitrary constants — the necessary number for the pri- 
mitive of (i), which is the sum of these two parts. 



no 


GENERAL LINEAR 
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72. If 2/i bo a solution of (ii), then is also a solution 

since the equation is linear ; and therefore, if 2 / 2 > 2 /h. be n 

different particular solutions of (ii), 

y = 12/1 + '^12^2 + + -4ny«. 

where yl,, ^ 2 , , are arbitrary eonstanis, is also a solution. 

If now th(i solutions ?y,, ,//.,* > //« bo indopondent of one another 

so tliat no one of tlunn c;an be expressed by means of a linear 
function of all, or of any of, the others, then the foregoing value of 
y is a solution involving n arbitrary constants; it is therefore the 
Com]>lonienfcary Function. In order that this may be the case 
thorci must be no (‘(| nation of the form 


\yi + \!J2 -h + ^ 


for any values whatever of tlu^ constants , \ other than 

for each of them. If all the constants X be not zero, wo have 
the derived equations 


* + 

••• +\. 



••• +\, 

''/A + x + 
'du-. uu.- 



" ax 


= 0 , 
= 0 , 

- 0 , 


and, since the Vs do not. all vanish, the determinant obtained 
by eliminating the A,’s must vanisli, that is, 




<nj„ 



dar' 





'A/, 


'A/„ 

lia: ’ 

dx ' ■ 

dx 

•J,y 


Un 


Hence the condition that the ?/’s should be independent or, 
in other words, that the foregoing value of y should be the Com- 
plementary Function, is that d should not vanish. 
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73. It is easily proved that, if A be zero, then some etpiation 
of the form 

must exist. For otherwise let the value of the left-hand side be 
denoted by u\ multiply the columns in A by \ respect- 

ively and add them together, replacing some one column — as the 
— by their sum. 'rhen we have 




d“'d. 

dw"-' ’ 





d"-% 

da;"-'^ ’ 

dur^ ' ■ 


'b •••, y,. 


an iMjuation of order n — 1 which detiTinines //, Noav t his is satis- 
lii'd by u = 7/j, ..., 7/„, that is, it has n particular solutions which 

are su])posed inde|)en(leiit. But the number of indi^pendent par- 
lic'idar solutions which an ecpiat.ion (uin have is etpial to its order, 
a yoroperty Avhich is violatcal by the y)r(‘C(.‘ding result. 1'he fore- 
going e(|uation in u mnst therefore be an idmitity so that, n is zero 
and therefore, on the supposition that A is zero, tluTe is a relation 
between the n (juantities /y. 


74. The value of A when different fn)m zero can b(j found as 
follows. Let the values y = y^, y^y ..., y„ be substituted in (ii) and 
trom the n rcsultirig ecyuations let the, coetficierits A'^, ..., X^^ 
be eliminated ; then we have 


d"yi 


d''y„ 

(ir ’ 

dx“’ " 

■’ (iv’‘ 

d”^y. 

d .'A 


dx''-^ ’ 

dx"~^’ ■■ 

•’ dar^ 

d’'-\ 

rf"'VA 

d-y. 


dx"'”’ •' 

•’ dx"-’ 
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d£i* 

The detenninatit which is multiplied by X„ is ^ , and therefore 
this ecpiation is 

which when integrated gives 


Since A and j da: are determinate functions of a, the 

constant 0 must he determined })y some other method; compari- 
son of particular terms is often effective, d'ho value of G will 
evidently change with a change in the set of fundamental solutions 

yp Z/a’ •••> 


Kv. liCt //i bo M paHicular solution of tlio otpiation 




+ A', 


t/,/ 

Mi 




whoii wo write }Jx\zdx for y, tlio equation detoruiiuiiig z is (§ 70, of order 
m - 1. Lot Zj^ 1)0 a particular solution of this, so that is a second parti- 

cular solution of the y-C(|uatioii ; and lot z^jl(d.v be substituted foi* z. Thus 
the equation in ii is of order //t-2. Lot bo a particular solution of this 
equation ; then y^\z^dx^aydx is a thinl particular solution of the original equa- 
tion. Proceeding in this way by ;a — 1 successive substitutions we shah 
arrive at an etpiation of the form 


of which a solution can lie found ; and there will bo, in all, m particular 
solutions y. 


Prove that those pai'ticiilar solutions y are indo 2 )cndent of one another; 
and shew that for this set of particular solutions 




(Fuchs.) 


75. The Particuhir Integral may now be deduced by means of 
the method of thti variation of parameters ; this is the most sym- 
metrical method, but another will be indicated in the next section. 
In the equation 

y = il.y. + J^»/, + + 


Scott’s Di'terminanlSy p. 36 . 
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4 1 1. . X*. aT „ 1 A 1 _ .....A A_ i.1. 


let the xl’s be supposed fiiiictions of x instead of constants; tlien 
the value of ^ is given by 

tlx 'dm '•‘dm " dm 


+2/. d,;+2/. 


Now as we have n functions A, while the «)nly condition as yet 
:ittache<l to-theiu is that they are such as to make the preceding 
value of y satisf}^ the differential equation (i), we may make them 
satisfy — 1 other conditions assigned at ])leasure,, provided these 
are not inconsistent, ijot us assume as one of tliese cojiditions 


dA, dA.^ 




then have 


^y=A *^y'+A *^y'+- 

dm *' dm^ Ulm- 

-'-t- 


Ditferentiating this again we have 

dm‘~ 'dm''*' ■‘dm‘ ^ 

l)r(ivi<lo(l \V(! assign as anotluT condition 






d!i„dA„_ 
^ dm dm 


dx dx dx dx dx dx 

Proceeding in this way and assuming that the s are such as 


fy.dA, 


dx^ dx da^ dx 


^ (lit? 

dm" d.e ’ 


dx'"^ dx e/a?"”* dx 


"*■ dx^ dx 


(which with the previous two make up the assignable n — 1 con- 
ditions, not inconsistent) we have 


8 
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da? 


d’y. 


, + A 


da? ' 


dr'y _ . rf-'y, . (i""’?/, 


dx" 


— A Hi a. A Hi . 


dx” 


+ A 


d'y,, 


The last of these, when differentiated, gives 


_ A ^Mx J. A ^ + dTy^ 


dx' 


dx" 


= yl ^-Hx + A 


d?-\ dA^ dr'ij.^ dA., 

di"-' dx dx?-' dx 


dx" 

_^_d”-'ji„ dA^_ 
dx ' 


but, as all tlu^ condilioiis which were assignable have been used, the 
second j)art <jf the right-hand sid(‘- does not WAnish. If we multiply 
the differential eoefficic'nis of y thus expressed by the algcibraical 
coefficients Avhich are attaclied to tluMu in the e(]Ujition (i) of § 71 

and add the results, siiu’o y is a solution of (i), and y^, , 

sire solutions of (ii) of § 71, we shall have 

V— Y 4- ^ 4. '/Ai 

dx doT^ dx ^ ^ d^r^ dx)’ 

^M-l 

Let be the mmor of ^ values r = 1 , 2, ; 

then the n eciuations giving the values of 

have as their solution the ecpiation 

A-A"--rA, 


for all the values of ?•. Hence 

dx 

and therefore 


T^A, 
A, A ’ 


where (\ is an arbitrary constant. The value of y is therefore 


the Particular Integral being 

TFA. , /-FA, , . 


TFA 
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Ex. 1. Shew that, if bo three particular solutions of 

the equation 

in which Q and S ai*e functions of .v only, then the coniplcte integral of 

is given by 


dx 


{^) + C,M^) + GJM + 


rf/td) ^A(i) «M)| 

c/^ ’ ci$ ’ di I 

Ad), Ad), Ad) 

/i (■’-■), /a (•*•■). 4 (■»■■) 

where (7^, (7, are arbit4*ary constants and a is a determinate constant. 


di, 


Kx. 2. Solve the eciuiitioiis 

(i) - 2.V (1 +.») ^1+2 (1 +.r) y ; 

(ii) {M) g-av3+(.i;S+2)^|;-2.»y=^+2. 


76. When wc know one or several particular solutions of the 
g(piation (ii) of § 71 , the order of the erpuition can be depressed by a 
number equal to the number of particular solutions known. 1"hus 
suppose we know that is a particular solution of the ecpiation ; 
when we change the variable Irom y to the ecpiation becomes 




y. , cZ" ^ U 




du 

dx 


or, what is the same thing. 




= 0 , 




d"u y, d^M 

d®""^ ‘ da;"- ‘ 





in which X', X,', , X'„_, are functions of X, X„_, and 

differential coefficients of y,. If now for ^ we substitute v, the 

resulting equation is of order »» — 1 and the original equation has 
therefore had its order depressed by unity. 
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If be another particular solution of (ii), then yjy^ is a value 


of u, and therefore 


dx V.v, 


is a solution of the equation in V'\ and 


this can therefore have its order depressed by unity and the order 
of the new equation will bo loss by two than that of (ii). It will 
be seen to be possible by proceeding iti this way to diminish the 
order of an equation by m when m particular solutions are known. 
Each depressed e(juation remains linear. 

77. When n — \ particular solutions of an equation of the 
order are known, the equation can be (Ie])resse(l so as to“be a linear 
e(|uation of the first order, and as the latter can b(^ solved, it 
follows that we can obtain the lyiimitive of an equation of the 
order when ?i — 1 particular solutions are known. The following 
method of obtaining the primitive avoids the process of succes- 
sive depressions of the differential equation. 

Let the n — 1 particular solutions of the ecpiation (ii) bo repre- 

sen ted by ?/„ y,, y,,.,; and let C^, 0, be ?i-l 

functions of x such that 

y = + C'.y, + + C''..-, y«-x 

is ii solution of (ii) ; as this is the only relation between the n — 1 
functions, we may assign at pleasure a — 2 other relations, provided 
they are not inconsistent. Tjet these be 


dy,dG,^,ly,dO,^ 
dx dx dx dx 


. d( L, _ « 

^ dx d~x 


d-^y, dC\ _ . 

dx”-^ dx ^ dx^ (fe"-’ dx “ ’ 

then the values of the successive differential coetficients of y are 
givim by 

dy_pdy dy dy^_^ 

dx-^^ dx'^^^ dx'^ dx ' 

d? ^d^d'^ ■ 


,r»y_ d-y d’^^y rf-y,., 

dx"-* - ■ dx"-* dx"-* ^ dx"-* 
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d^'^y _ Q dr^^y, , n . ,a 

“ ‘ (/*”■'* * ' 


»•=«-> dOX^y, 

r^l iix dx'""^ 


dy_p d'^yt , p d\ „ <y„-. 

cZ.4'“ “ ‘ ffe" ^ ‘ A'” ^ ^ «-• 

‘'-;r 1 rf'cv d"3 

■*■ ,^1 dx d.v’"' ^ r~'i dx‘ dx“-‘ • 

The substitution of these values iu the equation (ii) gives 

(>•=» 1 (<y(i dyp, d(i d’-yy d'y^ 

“1 ,Ci \dx^ dx"-^ ^ (Lc dx"-')]^ ^ y. dx dx'‘-‘ 

since 2/i» ya Un-i particular solutions. 

Let A denote the determinant 


dy 

dy 

dy... 

dx”-* ’ 

dx”-* ’ •••• 

dxT* ■ 

dy 

d-y. 

dy„.. 

i doT*’ 

\ . 

dx”-*’"" 

dx”-’ 

! y. 

y-i 

y«-i 


and let the minor of in this be denoted by A^ for the values 

iix 

/• = 1, 2, n — 1. Then wo have 

dC\ dO,. dC , 


dC^ dC, 

dx dx 

X=X' 


and therefore for these values of r 

dC 


= z sav 


= zA, 


--i dy^ _ .dy,_ d^ 

dx " ,ri ' dx”-' ~ dx’ 


Hence 
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and 

r---^do^dr-\ 

rti dx doT^, rtl 'd^' 

Also 

iVG, _dz dA, 

dx* dx dx 

and 

"i ~ila; djir*~ • 

so that 

’••"“-i d’C, d"'*!/, _ dz 
r^i dx* dx ' dx"' 


the transformed equation therefore is 


^ . dz dA ^ . 

dm dx^'^ 


Dividing by we have 

dz r2dA X.. 

(te (a cte ■*■ Xj ^ ~ ^ ’ 

the integral of which is 

c = AA~^e 

The corresponding value of Cv is derivable from 

.7/nf A _ el- 


and therefore 


ilx 


fA ” 

C^ = xl + Al^:e d.v 


for the values ?’ = 1, 2, , a — 1. Hence we have n arbitrary 

constants, viz. A, A^y , J„_i ; anVl the jn’lniitive of (ii) 

is thus 

r=n-l CA 

y= 2 + ^ S yj^e dx. 

,.=l r-1 ' ^ 

Ex, Solve completely 

where P and Q are any functions cf x. 
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Geometrical lipplication : Trajectories. 


78. It has already been noticed that a differential equation is 
the appropriate analytical expression of any property of a curve 
which is connected with its direction and its curvature; and it there- 
fore follows that th(i investigation of many geometrical questions 
ultimately depends upon the solution of a differential equation. 
In the higlu'r ].)arts of mathematics differential equations are of 
almost universal occurrence; but in other subjects it is less pos- 
sible than it is in geometry to give examples, as there is no neces- 
sai’ily general methofl of arriving at the differential equation, 
while its di‘duction in geometrical ju'oblems is obtained almost 
immediately by the use of the formulae of the differential calculus. 
There will be no attempt to give here any complete classification 
of applications to geometry; there will be only a single general 
|)roblem discussed, that of Trajectories. 

A Trajecturjj is defined to be a lino which, at its points of 
intersection with the members of a faitiily of curves expressed by 
one ecpiation, cuts them according to some given law. 


79. As the most general form possible, let 
f(x, y, a) = 0 

denote a family of curves of which a is the parameter; through 
anu point on one curve a trajectory will pass and there will thus 
be a second system of curves representing these trajectories. Let 
I and 7 ] be the current coordinates of this second system; and 
suppose the analytical expression of the law which holds at each 
point of intersection tt^ be 


F 



(ly cry 




drj (Fri 



= 0 . 


In this e(piation at a point of intersection f and are respectively 
the same as oo and y, being the coordinates of that point ; but 

are not the same as > for they indicate the 

direction and the curvature of the two intersecting curves. 
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We proceed as follows. 
From the ecpiation 
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/(,y;, y, a) = 0 

we obtain the valiu's uf all the diflerontial coefficients of y, which 
occur in the relation F=0y as functions of Xy y and a; and in 
each of these expressions we subslitntci the value of a as a function 
of X and y derived from the equation of the curve. This will be 
e(]uivalent to (‘liininating a betwemi /=0 and the eipiation giving 
each differential coefficient. Let these values of the .differential 
coefficients of v/ be substituted in ^=0; it then becomes an 
equation whi(ih involves Xy y, v and ditfm’cmtial coefficients of t) 
with respcict to But we have seen that x and y are the same as 
f and rfy since both sets are the coordinates of tl\e same point ; 
tlierefore F— 0 becomes a differential e([uation in t; and f only. 


80. The most frequent example of trajc^ctories is that in 
which a system of curves is to be obtained cutting a given system 
at a constant angle. If this angle be a right angle, tlie trajectory 
is called orthogonal; if otlier than a right angle, the trajectory is 
called oblique. 

In the case of orthogonal trajectories thtj tangent s at a ctnnmon 
point are to be perpendicular, and therefore 


1 + 


dy dij 
dx d^ 


= 0 , 


which is for tliis case the form of F = 0. For the given system 
of curves we have 

/(«••. y, «) = 0, 


dx dy dx 


= 0 , 


from which we eliminate a and obtain a relation between Xy y and 
, whicfi is really the differential equation of this system of 
curves ; let this relation be 



dx) 


0 . 
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Now for the trajectory we have 

^ = x,y='q, 

and therefore the difterential equation of the trajectory is 


The elimination of the parameter is immediate wlien tlie equa- 
tion of the given family of curves occurs in the form 


For we then have 


<j) (.r, y) = a. 


^Hdy_ 

(\c dy dx' ’ 


which at once gives iiidopciidcnt of a, and is the fonn of = 0 
for this case. 


• 81. When the equation of the curve is given in polar co- 

ordinates the same method may be applied. For we then have 

x{r, e,c) = 0 

as the e(iuation of the family of curves. If 0 be the angle between 
the radius vector and the part of the tangent to the curve drawn 
from the point back towards the line irom which 0 is measured, 
we have , 

m 

while, if <b be the same quantity for the trajeetoi’y, and li and (“) 
be the polar coordinates of a point on it, 

tan <1) = ii „ . 

dJi •. A 

Since the tangents are at right angles, 

^ , If 
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and therefore 




where R and r, 0 and 0 (but not their derivatives) are the 


dr ^ d6 dr 

eliminating c between this eijuation and the equation ol the 
curve, we find a relation of the form 

t(n.f)-o. . 

For the trajectory 

. ,dd 1 IdR. 

R _ r, B - 9, and , 

" dR 

the differential ecjiiation of the trajectory is therefore 

This, when integrated, gives the ecjuation of the system of 
curves possessing the reipiired property. 

A"^7. 1. Find the orthogeiuil trajectory of the scries of straight lines 


AVc have 


and therefore the differential equation of these linos is 


,v -j = ?/. • 

lU 

Hence, by our rule, the differential equation of the system of orthogonal 
trajectories is 


which on integration gives 


f = -V: 


f- + ij*=c2, 


a series of concentric circles having for common centre the common point of 
the linos. 
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E;c, 2. Find the orthogonal trajectory of 

, 'a"sin wd. 

Taking logarithms and diliereutiating, \vc have 

n dr cos uB 
r do ^^sin 


\vhi(;h is the ditlerential equation of the family of curves. For the trajectory 
wo liave 

i dr 

r dB~~^ ~^''dli^ 


and therefore the ilitierential equation of the trajectory is 

,,did COS?t0 
Jt , - -f- . — 0 . 

dh sin y40 

The variables may be separated and 


so that 

the family requirctl. 


n 


dit sm a0 , 

,, — - it (Y0, 

A cos /40 

A" — A cos n0, 


E.C. ;3. Prove that whatever be the value of tt the orthogonal trajectory 
of tlie curves included in 

a family of conics. 

Ex. 4. Shew that th(5 orthogonal trajectory of a system of coufocal 
ellipses is a system of liyperbolas coufocal with tlie ellipses. 


Ex. 0 . Obtain the orthogonal trajectory of the system of curves 

(i) /-'‘sill = ; 

(ii) /•“ = a- log (o* till i d), c liei ng arbitrary. 

t 

4 Ah'. G. Sliew' that, if + be denoted by u+ iv^ W'hcrc u and v are 
real, then the lamilies of curves w— const., v = const., are the orthogonal 
trajectories of each other ; find the families u cos a + v sin a = const., for different 
values of a, are oblique trajectories of each other. 

In particular shew that, if i?, so obtained, be homogeneous of order a, the 
the value of u is # 

dv Cv . 

n ii=x ^ y v - 

^ ox 

How may the value of ii be found when n is zero ? 

7. Find a system of curves cutting at a constant angle other than 
right a system oS concentric circles. 
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82. If one of the variables be given as an explicit function of 
the other and the parameter, the equation will be of the form. 

y = ^{x, rt); 

instead of eliininating a we may proceed as follows. Let the 
equation of the orthogonal trajectory be 


whoni in the last a is to be considered an unknown function of f 
to be determined so that the curve may be the orthogonal trajec- 
tory. We now have 

dy __ 90 
(hj diV * 


and therefore 


dr} dej) defy da 

'^dd dt 


90 /90 90 da\ 

dx da dd 


+ 1 = 0. 


Now, as no further differentiations are to take place, we may 
write in place since x is ecpuil to f ; hence we have 


1 + 


'90 Y'* 90 90 da __ ^ 


This is an ecpiation between two variables a and f ; when 
integrated it will determine the value of a, which, when substi- 
tuted in 

’?=<#>(?. «). 

gives the orthogonal trajectory. 


Kv. Ol)tjiin the orthogonal trajectory of tlie ellipses represented by 
y=a(l 

llurc 


(^0 




and the equation determining a is 


■ 2 


I® 




da 



82.] MISCELLANEOUS EXAMPLES, 

which gives 

dc^ _ 2 ^ 2 ^ _ 2 

This on integration leads to the equation 

= f^ + log^2; 

therefore the orthogonal trajectory required is 
r(^ = A -f^+logf* 


MISCELLANEOUS EXAMPLES. 

Solve the equations : 

... cPy 2 dy / 2 \ 




(iv) y-+{,/ + (‘5^]g=„; 

( vii) + 2a cot n.x -i- (va- vi-) y ^ 0 ; 

(viii) .r(.. + .y) 3 +(•-.- .y)£+.-.- (,t)'-.'/=<) ; 


(ix) 


■ (!«) 

• «') 2+(2)V(*hS>w-»- 

2. Assuming that thc*primitive of 

is of the form y = ? 44 -- , prove that it is given Ly 

u = A sill (.V + a), V = A cos (.r + «) . 
Obtain the primitive of 
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3. By the method of variation of parameters deduce the primitive of 

4. Prove that the cqiiatioii 

(«2+ V) ^j+("i+V) )^^i-K+M.y=o 


has a particular solution of tlic form provided 
(aj)i - 

and hence solve the c(|iiatioii, assumini^ this condition satisfied. 

(Sehlomilch.) 


T). Intcf^ratc 

. „ dhi . (In 

sin- + sm x cos x — u. 
(lx- (Lv 


If u = 0 when .v=0 and u—A when then ?^=:n^ 21- ^ when 

■■ \i!i ^ 

Also solve the difFcrciitial ecpiation 


2 «2V’ 


(hf 


deterpiining the arbitrary constants by the conditions that and ^'", — 0 

whcn.r=0. * 


(). The equations 




d% 

dx^ 


+r|+<.,.o, 


have a solution in common; find the primitive of each and .the necessary 
relation between /*, /*', Q, (/ supposed to be functions of x. 


7. Throve that the equation 

= 6. r. Hn-S-f), 

can be integrated by tin? method of § CS, provided the relation 
(a+i)‘+(b+i)i+(r+J)J=^. 
bo satisfied for some one set of signs given ti> the radicals. 
Find the solution when this condition is satisfied. 


1 

X ~ 



2 
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* 8. Solvo the equation 

whore «, 2>, h arc conatants, by assuiuing 

and obtain tlie general solution. ^ 

Solve similarly tlie equation 

also Em. 1 in § (58. 


1). Prove that, if 0 (.^;) be a particular solution of the equation 

lPz 






then is a particular solution of the ecpiation 


d'h 


“" — 2- 


^■—ax 


licnee solve the equation 


dx^ 


d-z 

dar 


10. Prove fcluit if z=(f>{.v) be a solution of 
d'h I / X 

thou f ~ solution of 

<“+■«' 3 -» 

the constants a, \ c, d being connected by Mie relation 

ad — hG—\. 

Hence solte the lirst equation in (piestion 8. 


11. Shew how to solve the equation 

Vj. '•* 4. 

dx”’ a-{-bx dx’*‘~^ ■ a-\-h.vy^ dx'^ -^ {a-\-hxy^- '^ ^ 

where X is a function of .r only and arc constiints. 

12. Integrate the equation 

(" +-f +-r+») J-o, 

A" being any function of x. 
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13. Shew that, if a particjil.ir solution of the equation 

be known, T, find ^>ciHg functions of ;i 7 , the primitive can be obtained. 
Hence solve tlic cciujitioii 

(1y . sin.^’ 

; +//-sni^=2 . 

dx cos-.^’ 


14. '^riic primitive of 


dhi dy 


hcins; .'/=%i+%2. 

shew that th(i difleivntifil equation which has for its primitive 


+ «I (« - 1) + i (hi - 1 ) ;) '^1'- + mqF (.t)| i=0, 


wliere 


(Herinite.) 


15. 


Prove tluvt, if//, and //.j be two particular solutions of the equation 


,r-,, 




0 , 


tlie r<.)i)ts of //, — 0 find //.j=0 se]){irate each other so long as Ixith of these 
solutions remain continuous. 


(Sturm.) 


I(i. Solve the diderentifil equations ; 

(i) sin*^ 6 d cos d sin 0 ; 


(ii) 

d.v^ . 1 ’^ log . 


^ + log.i) 

1; 

(iii) 

(1+^ 


+ ,r.vt = 

dx 

= n\i / ; 

A 

(iv) 

.r- (.1 

.. .<t- 

|+.*.-(2.i^ 



(V) 

,p,, 

ti.i^ 

- 2 (« - 

«\ 'f.'/ , 
.c)7f.v'^ 


(vi) 



1 

Ii 

o 

1 

(vii) 

(3-. 

v) - 

‘ d.r^- 

(9-4..0 


■at); 
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17. Solve the equation 


where Q and R satisfy the relation 




When this relation is not satisfied, can tlie equation be solved by the intro- 
duction of a factor ^ so cliosen that the new coellicients satisfy the relation 'I- 


IS. Solve the equation 


d‘\i/ _ hi/ 

(Lv^ (2(:.v — :v^y^ 


r/a’- (Stokes.) 

in. Find the form of (f) such that, if x=(j)(z) be substituted in tlie eciuation 


it will become 




and thence solve the former equation. 

20. I*rove tluit the o(iuation can be transformed into 

wlicii tlio relation between s and .v is given by 
and $ (i) is given by 

ITenec rediien the equation — J. (a’ — e*') to tlie form 




21. Solve the e(i nation 


<J^-v . o/l B\(lo A 


where A and Ji are constaiils. 
Verify that the equation 


(l.v* \x^ 2:vJ (Iv ^ .'JC^ 


=0 

(Iv .1^ 


transformable into the foregoing equation by the substitution 
,v = sin (arc tan 

provided 

and find the relation between y and v. Hence solve the second equation. 

F. • 9 
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22. By transforming the dependent variable from y to e*, solve the 

cciuation I# 

d-y dP dy o 7>3 

Ileuce solve the ctiiuitiou 

(Si)arre.) 

23. Prove that the primitive of the ecpiation 

d“(r 5 A/tr^ 
dx^ 4(r \d.iy 

where tr is the Schwarzian derivative of /y witli rcigard to .r, is 
y (d ' + P'x + O'x^) = A + Bx + C.v ^ ; 
and shew that this is also the primitive of 


') +ii<r-=o, 


'lya> 

3.'/, =0,- 

^1. •%;). 



10^:. 

second, 

differential coefHcients of y. 


24. Prove that the primitive of 

•1 .f } = 6 {a- 0)- {x - a) {.C - ^) - 

(IK -H 

c,K + d 




where -20. I)iseu.ss the case in wliich Oy sLi[)[>osed constant, is otiiial 
to i. 

25. llic arc of a plane curve measured from a iixed point .il up to a point 
P wlioso rectiingular co-<n’di nates are x and y is denoted by s ; obtain the 
general Cartesian equations of the curves for which the following eipiations 
respectively hold : 

e)‘ 

(lii) ©’■ 


, . ds „ tPs 


' dn di^ ’ 

(vi) .v=r(.r- + 2at.-)- ; 


(ii) i{ - f arc tan 

(iv) *=«J; 


(vii) « = + 


20. Find the general diflerential equation of, all parabolas touching the 
a.\es and ha\'ing their chord of contact of constant lengtli. Solve the equation 
obtained. 

Obtain also the diflerential equation of all parabohis touching the axes. 

27. Show that the differential equation of a general conic is 


and of a general parabola is 


Iw-iV j ’ 

dx“ J ’ (Mongi 


(Monge and Halphen.) 
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28. Find (i) the curve in which the radius of curvature is proportional to 
the arc measured from a fixed point ; (ii) the curve in which the product of 
tlie p(?rpendiculars from two fixed points on the tangent is constant ; (iii) the 
cui’ve which has an evolute similar to itself. 


29. Find a differential ecpiation of the first order of the lairve, whose 
radius of curvature is equal to n times the normal ; and shew that it is always 
integrable when n is an integer. In pai-ticular shew that wlien n = 2 the curve 
is a cycloid, when >i=l a circle, when ii=:= - 1 a catenary. 


30. Shew that the system of curves cutting at a constant angle a other 
than right a system of coiifocal ellipses is given by 

.V — ti cos 0 cosh n (X + 0), tj — c sin 0 sinh n (X + 0), 
where 2c is the distance between the foci and n is taiin. 

• (Mainardi and Mukhopadhyay.) 

31. Obtain the orthogonal trajectories of the curves 

(i) a-- ; (ii) + 1 + 2c.ry ; 

(iii) + i/ = 3cr.cy ; (iv) rr' = 

ill the last r and / are the distances from two fixerl points. 


32. The curve for whicli the ordinate and the abscissa of the centre of 
gravity of the area included between the ordinates :v—(t and .v—.v are in the 
same ratio as the bounding ordinate // and the abscissa :v is given by the 
equation 

6 *' 


y * 


33. The curve whose polar equation is co^i m6 = rolls on a fixed 
straight line. Assuming that straight line to be the a.xis of x, shew tliat the 
locus of the curve described by the polo in the rolling curve will have for 
its eipiation 


d.v— 


l/y-vn 




In particivlar shew that, when 2m = l, tlie descril)cd curve is a catenary ; 
when ?>i = 2 the described curve is an clastica. 

^ (Frcnct.) 

34. Shew that, when a first integral of the equation y) given 

in the form = ('^’j Vi then the primitive is 


/ 




(Jacobi.) 

A first integral of (1 + 2 tfin-.r) is of the form 0 

determine the primitive. 


9—2 



CHAPTER V. 

Intkgkation in Seuiks. 


It may hap|)(;ii that a tliffcroiitial ch] nation, tho solution of 
which is rcMpiirocl, comes under none of tlie ])receding classes wliich 
are all of some particular form, and therefore tiiat the methods 
ap[)lical)l(* to thos<‘ fail; recourse is then had to approximation' to 
obtain the value of the dependent variablii. The form of approxi- 
mation which is most frequently adopted is that derived frorn 
convei’ging series; by retaining a large number of terms the error 
can bt^ made small, and the series may be considered to be the 
valu(^ of the variable. That this method is d lyriori justifiable 
may be seen as follows. 


The given equation is a relation between the successive diffe- 
rential coefticients of y and may be considered as giving the one 
of highest order in terms of those of lower orders ; thv.s if it were 


d*?/ Iff 

of the second order it would give ^ ^ in terms of and y. When 

itX ^ (x\C 

differentiated once it would give in terms of ^ and ;/, 






that is, ill terms of and y, since ~ is expressible in terms 
of these two, .and so for each of the differcnti.al coefficients of 
higher order, which can thus be expressed in terms of and y ; 
but the diffierenti^* i&quation will not give any relation between 
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and V/, which are thus independent of one another. 


Suppose 


now that a value a be assigned to x and that for this value of x we 
cl'it 

make y = A and ^ = B, which constants are, in general, arbitrary ; 


then the equations derived by successive differentiation furnish the 
values for x = a of the diflerential coefficients of y of successive 
orders. Let these be denoted by 0, I), A’,.... Now if the value 
of y be 0 (x), which we assunie is a function expansible by 'faylor s 
theorem in a converging series of ascending powers of x — a, we 
have 


0 (.«) = </) {tt + (j? — a)\ ^ 

- A I {r rA t <i‘<f>((0 (x - aj d’<f> (a) 

- <!> («)+(./, - a) + 2 ; TTS- + • • •. 


dif^^ 


where stands for the value of wlum a is written 

da dx. 

for X after differentiation. Inserting now for the various coefficients 

their values, we obtain 

^ j + y; (« - «> + c + D <l: “)■ + , 


2! 


8! 


and this, if a converging series, is a solution of the given etpiation. 

It should be remarked that for some particular value of x the 
differential equation may determine not the coefficient of highest 
order but one of lower order ; thus the ecpiation 


d^y 2?/ dy 


dr,j 


would for values of x other than zero determine , but for x = 0 
would give ^ = 0, if we consider infinite values of any coefficient 

CIOC 

excluded. 


The foregoing method and another, which is in practice substi- 
tuted for it and which will be explained in the next Article, is 
almost impracticable in the case of equations which neither are 
linear nor can be transformed so as to become linear; for such 
equations the determination of more than the first few terms of 
the. expansion Ctfitails great labour. 
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Ex. 1. Let us apply the forcgoiii}; method to the equation 

S+-<;y=o. 

When differentiated n times the equation gives 


and therefore when .v=0 


d^^hj _ d^-hf 


djf 


Now the given equation leaves// arbitrary, say = ^'l, and arbitrary, say = yi, 
tP-y 

when .fc*=0 ; but .2 = 0. 

Hence we have 

j/3p + 2 y ^ - 1 y 

=.¥(3^-3) 

= 0 ; 

^(-l)/>(3/i-l)(3/?-4)....r>.2. y?; 


similarly 


and 


(Pf'y 


-(-l)^'(3/>-2)(:V>‘r,)... .4. [.A, 

The expansion of // is, by ^faelaurin’s theorem, 

dy .r^ ilhf d^y .r^ d^y 

+ rf.;„=' + 4: <4<v'+- . 

This is the sum of two converging series and contains two arbitrary constants; 
it is thus the primitive of the equation. 


/i’r. 2. Solve 




d.r^^^dv 

(") )7ia + "-*1'/=0- 
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K.v. 3. Obtain an intogral of the equation 
. dht du 


in the form 


_ r inx "1 

y — ' [I - ]T + 12 . 22 - 12 . 2 ^ ; 32 + 12 . 2 ^ . 32 . 42 - -J- 




84. The prec(Kling investigation shews that, by means of the 
differential equation and the expansion of a function in terms of 
the independent variable as given in Taylor’s or Maelaurin’s 
theorem, an expression in the form of a series can be obtained for 
the dependent variable ; but, instead of working through what is 
sometimes a troublesome process, it is convenient to accept the 
principle that a series can be obtained and so to assume for y 
some series arranged ficcording to powers of x with incletcrminatc 
coefficients and indices. This series is then to be substituted for 
the dependent variable in the diflferential equation, and as it is a 
.solution of that equation it must make the (Mpiation an idcjiitity; 
a comparison of the indices of th(* independent variable will 
shew the law of their progression, and a comparison of the 
coefficients of the different terms involving the same powers of 
th(i variable will give the required relations between the coefficients 
ift the expression jissumed. The latter will then for such values of 
the independent variable as leave the series converging be a 
.solution. 


85. As the method just indicated is really equivalent to the 
earlier one, it is not better suited to the solution of non-linear 
e([uations ; but much labour is .saved by it when the differential 
oejuation to'be solved is linear. One of the most important forms 
to which it is specially applicable is that which may be written 



where </> and arc rational integral algebraical functions. To 
.solve this, assume 


y = -b + A^x"'^ -f . . ., 

where Wg, ... are exponents in ascending order of magni- 

tude ; since 
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<f) (x ^^ar = ^(ii)x’\ 

the equation, with the value of y substituteci in it, gives 

A , ^ (v/q) a;”'‘ + ^2 </> ( + • • • 

+ A^ylr (m^) + ^12*^ (mj +...=(). 

In this e(|uation — I is the lowest exponent and it occurs in 
only a single term ; as the left-hand side is to vanish identically, 
this term must disappear, and therefore 

A^ylr(mj=0; 

or, since is a coefficient of a term actually occurring and so is 
not zero, \\\) must have 

yjr (m^) = 0 . 


A comparison of the indices of the remaining terms shews that 


??t, = 7?i-2 ~ ^ therefore -f- I, 

'/n,, = - 1 „ „ m, = + 2, 

and so on ; while a comparison of the coeftlcients of terms involv- 
ing the same indices gives 


and so on. Take now any value of as given by the equation 
(m^) = 0, say = a ; then as ^ is quite arbitrary denote it by 
A. The remaining coefficients are given by 


A 

A 


t(« + i) 

a;r(a+2) * ■^^(a + l)-f(« + 2) ’ 


and so for the higher coefficients ; the corresponding value of y is 
thus 


Ax" Tl — ^ 


+ («) ( rt + 1) . 

(a + 1) (a + 2) ■ 


_ ± (a) t(«L± 1) ^ 2) , 

t(a + i)^(tt+2)^(tt + 3) 
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The expressions connected with the other roots may be simi- 
larly ^)btained ; and as the etiuatioii is linear the sum of all these 
values of ?/ is a solution. 

Of this general form the most important lixample is that equa- 
tion which has for a solution the series known as the hypergeome- 
tric series ; it is discussed in full detail iii the next chapter. 


E:c. 1. Prove that the i)rimitivc of the equation 


d-if 2m dy 

is .£(iveii by 

L 2(2»+iy''2/4(27»+l)(2M + 3)“'"J 


L 2(3-2») 2.4G}-2rt)(5-S 


2/i) 



2. In the case when 2yi,= I, the separate parts involving the arbitrary 
constants in Ex. 1 ))econie the same, each being 


w?.f- m-.v^ 

2r + 2C43“ — • 


If this be denoted by and y — uo = w^ where a and w are to be determined, 
we heave on substituting, since v is a solution of the original ecpiation. 


dho 

dv^ 


1 dw 

j--\-mio+v 

X ax 


( d*u 1 duX 
dx^ ^ X dx) 


ax ax 


As we have two arbitrary quantities a and <r, we may assign any one i;ondition 
we please ; let this be 

dhc 1 
dx^ X dx 


The value of u hence derived is A+i?log,r, and thus 


or 


dho 1 dw 2// dv 

dx^ X dx ^ X dx 


0 , 


dx^ 


1 dw ^ _ 

4- , +wi'<«;=2/>m 

X dx 




mx^ 
2 -* . 4 


mhr^ 

2^74^76 


ni?x^' 

¥Ta^T¥'\ 8 



The value of y is now 

+^log.v) + ?/', 

and therefore contains two arbitrary constants, the totid inimbcr necessary for 
the primitive ; hence we require only a particular integral of the equation 
in To obtain this write 


• w=Ij+ B^x 4- B,^v^ 4- /ig-r* 4- B^^x^ 4- . . . ; 
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then 


<Pw 1 p ^ +22j5,+32i?3.t + ... + + ... . 

.V dv .V 


Substituting and equating coefficients of different powers of we have 
from the 

coefficient of ~ ^ /ij = 0 ; 

afl m /}’ + = lim ; 

. 3 ^/?., + m/^i—O ; 

+ = 

Jlm^ 


+ 


Bm^ 


■“ ( !)“■* 2_42_ 2 n ' 


These equations give 


/i^_0 — /?.j — ... — 

so that no terms involving odd powers of ,v occur in u\ For the coefficients 
of even powei*s we have 


A 


f - n - jr . 

• 2-^4 


B — - B -- - B 




B- 4 .B ''' 


#J /I 1 ■ 1 \ /V 

™ 2-* . 4-* . 6‘^ + i + 1) “ 22 ^ 42~(j2 ’ 

and generally 

Hence the value of y is * 

(A + B log x) |l - 22 + 22742 22 v4‘-* . 6*2 ■■■J 

ij/ fi • 1 

+ 22 ■*’2r42”“22.42.62'^"*J 


As B' is undetermined, there are apparently three arbitrary constants ; 
but it will be seen that the ex[)ression multiplied by B' is the same as that 
multiplied by A and therefore these two constants coalesce into one new 
arbitrary constant A' which may replace A + //. 
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3. Obtfiin the primitive of the equation 
• dh/ dy 

in the form 

/ : 3.?;2 11 . 50 .^"* \ 

g, +#731~ 2».3»74»'*’"7 

+ “ 12 + 72722 ” l2_22.‘3-'*'r-!.22.3-..12 “ •■•^(-•+^l"g''')- 

(Fourier.) 

A’f. 4. Integrate in scries, and express in a rtnitc form, the primitives of 
the following equations : — 


\ (ii) (,«-.r>)g + (l-:U-^)J^-..7/=.0. 


8(). Tliore lire two spc'cial points wliieh arise in the integration 
of some diiVeiential ecjuations; they owe their origin to the same 
cause, but they rei^uire to be dealt wiili si^parately. 

As an example of the one, let us recur to the series obtained as 
a sj)lution of the equation 



which was 

<i()(a) (b (a) <f> {a + \) 

ylrld-i- l)ylr((i + 2)'^ 

the constant a being some root of the e(piation 

yjr {ill) = 0. 

This ei|uation will usually have more than one root ; let some 
other root be denotei^ by h. Then, in the case when b is greater 
than a by some integer k, the solution in the form above adopted 
ceases to be available ; for in the denominator of the coefficient of 
j;* within the bracket there occurs the factor (a k) or yjr (&) 

which is zero, so that, unless there be a zero factor in the numera- 

^ • 

tor, the coefficient apparently becomes infinite. 

In the case when such a zero factor does not occur in the 
numerator we must have recourse to the fundamental equations 
from which th^* series was derived, which are 
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yl.j (f) (a) -1- yfr (a -f 1) = 0, 
A.^(f>(a-hl)+A^ylr(a+2) = 0, 


Aj,<f) (a + k - 1 ) + ir (a + k) = 0 . 

Now since >|r(a + /»;) vanishes and A^.^^ is not infinite, being a 
coefficielit in a series supposed converging, it follows that either 
A^. or (f) {a + /• — 1) is zero. Itejecting the latl er on account 
of the hypothesis that no zero factor occurs in the numerator 
we have A^ = 0, and thence from the preceding equations we 
find that the coefficients A^, A , are all zt>ro. Hence the 
part of the series which precedes the term inside the brackcit is, 
on ac(;ount of ils coefficients, evanescent, and the series actually 
must begin with the term that is, with CV'; and this will be 

the series derived from the root h of the eipiation ylr (m) = 0. One 
of the particular solutions has thus disappeared, but to obtain one 
in its place we may proceed as in Ex. 2 in § <So. Denoting by v 
the one which remains and has absorbed the other, wis may write 

f/ = uv + w, 

and, after substitution, assign some one relation which shall serve 
to determine a and ?/; and render the differential ecpiation easier 
to solvii ; this relation will usually be determined by the special 
form of the equation. 


Ej’. 1. Considor tho dillovoiitial equation 


Substituting 






(this is easily seen to be the necessary fonu), we find as the e<iuation deter- 
mining m 

m {til — 1) — +4=0, 

i.c. (wi- l)(^a- 4) = 0. 


Hence « = 1 and b = A, so that the roots differ by an integer. It will be found 
that, on taking the root >a = l, the equation is of the form discussed and that 
the terms up to, but exclusive of, .f* disappear ; while the series derived from 
the root is d.rk'-'. 


Complete tlie solution. 


Ah*. 2. Solve 
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87. Wo now proceed to consider the other special point. 
Hitherto it has been assumed that no vanishing factor occurred in 
the numerator; and the result of the necessary alternative was 
indicated. But a vanishing factor may occur in the numerator of 
some of the coefficients of the terms within the bracket, either in 
that term in which there is a vanishing factor in the denomina- 
tor or in an earlier term. In the latter case all tlie terms which 
do not have a vanishing factor in the denominators of the i-espective 
coefficients disappear ; and if such a factor never occurs in a later 
term the seri(‘s will end at the term next before l.he first which 
contains that vanishing factor in the numerator, and the solution 
will thus be (expressed in a finite form. But sonii) vanishing 
factor may appear in the denominator of a later term and the co- 
effi(?ient of this term will then take the indeterminate form 0/0, 
while the intervening terms will disappear; and all the terms after 
this will contain this indeterminate coefficient. Tlie series will 
then be of the form 


when? k — 1 is not less than /. This may be written 

* A (x" + + . . . + -^ + M 

where A is arbitrary and BIA,,,.,FIA are det(‘rminate ; M, being 
e(iual to K x 0/0, is arbitrary (on account of the ind(iterminaten(?ss 
of 0/0) and LjK, ... are determinate. This series is a solution 
of the corresponding differential etpiation and therefore will be a 
solution when a particular value is substituted for the arbitrary 
constant ; hence 

obtained by writing M = 0, is a solution. In s\ich a case there is 
therefore a solution of the equation expressible in a finite form. 


Kv. 1. Consider as an example 
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When we write 

y = A.v 

»»4-AV« + ^4-..., 

the equation to determine m is 

«,2-i) = 0, 

and therefore 

m — 

-3 or +3. 

For the root -3 it is not difficult to obtain the series 


\ + terms in wliicli vanish | 

o o , n J 


- 2 . - 1 . 0 . 1 . 2 . 3 
.-8. -0.-8. -5. 

. -2. -1.0. 1.2. 3. 4 . "1 

0 -5.-8.-0. - 8.-.5.().7 J 

Write M instcjul of 

-2.-1 

.0.1. 2. 3 

^1)"-87-5“0'^ ; 


-5.-8. 

and tlien tlie series is 



“i 2 2.1 ,1 

_ J 



4 4 . 5 

7^' + (4a_;jii)(52_ 

,.8. 1 

- 3‘0 ■ (4*'* - 3^) (f)*^ - 3’^) ((>- - 3‘0 J ’ 


thus vci*if)'iiig the theorem that one solution of the eiiuation is cxi)rcssiblc in 
a finite form. 


E.i\ 2. Verify the general theorem in the case of the equation 

Ah'. 3. Solve the ct^uation 


88. Further illustrations of these speeial points will occur later 
and tliey iuhhI not therefore now be considered in greater detail ; 
various other points arise which will be discussed in connexion with 
special equations. Thus it has not been stilted that a series niust 
always proceed in ascending or in descending powers of the inde- 
pendent variable, but the comparison of the terms in the differential 
equation after the expression for the dependent variable has been 
therein substituted will indicate the nature of the series. In the 
case when one of the solutions becomes evanescent one method has 
been pointed out, which will be useful for supplying the deficiency 
thus caused; another will be indicated beloiv. In fact the difficul- 
ties that arise are usually connected with special equations and not 



88 .] 


LEGENDKE’s EQUATION'. 


148 


with the general equation ; and therefore some s})ecial equations 
will be considered. Of e(|uations of a particidar form there are 
four which are more important than tlu^ other’s included in the class 
soluble in series ; they are 

First, the differential equation of the hypergeoinetric series 
which will be discussed separately in the next chapter : 

Second, Legendre’s etiuation ; 

Third, Bessel’s equation : 

Fourth, Kiccati’s e(( nation. 

The last three of these will now be discussed in order. It must 
pf course be understood that what is carried out here is merely the 
Complete solution of the differential e(piations and that there is no 
attempt at an exhaustivi^ investigation of the properties of the 
respective functions di’tennined by the dependent variables. 


Li'XiKXDiiE’s /ujatdion. 

89. This difterential (Mpiation is 
* (1 - + n (n + 1) // = 0, 

or, what is the same equation, 

in which the (piantity u is a con.stant. Tlie ecpiation is one which 
frequently occurs in investigations connected with ([uestions in 
most of the’branches of applied mathematics; in these cases ?i is 
usually, but not always, a positive integer. The equation is one 
of the second order and has therefore two independ(jnt ])articular 
solutions, and every other particular solution can be expressed in 
terms of these two ; but it will be fount 1 that the, form of these 
fundamental particular solutions is different in the two cases when 
n is, and when 9i is not, a positive integer. 

We proceed to obtain these solutions. In acctmlance with the 
general method of integration by series we write 

y ^ /I 4- ^ • 
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and substitute ; then we have 
n (??. + 1) 4- 4- . . .) 

= {(.r" - 1) (in^A "* 4- 4- +•••)! 

= 771 , ( 771 , + 1 ) A,x^^ - 771 , ( 7 / 1 , - 

4- 771 ,^ (77I3 4- 1 ) - 77I3 (77I2 - 1) 4- 

and tliis must bo an identity. An insjioction of the equation shews 
that, so fjir as powers of x Jire concerned, we have 

n\ = 771 , - 2 , 

771, = 77I3 - 2, 


or the series iiiiist be one in descending powers of x ; we there- 
fore now assume that m, , //i.^, i/i,, ... are arranged in descending 
order of magnitude, their common dilTerence being 2. A com- 
parison of coefficients of the same powers of .-t? gives, for those of 

{'771, (771, 4- 1) - 71 (71 4- 1)1 A, = 0, 
or (777, - n) (771, 4- n 4- 1) A, = 0. 

Now is not zero, being the coefficient of the highest terniin 
y ; hence either 

771, = 77, 

or =— (/i + 1). 

Tlie relation between the coefficients of consecutive terms arises 
from e(|uating tin; coefficients of on tlie two sides ; it is, for 

values of ?* greater than unity, 

7/ (77 4- 1) A^ = (771, - 2/’ 4- 2) (771, — 2 r 4- 8) A,. 

- (771, - 2?’ 4- 4) (771, -''27’ 4- 3) A , , , 

and this gives 

(7? — 771, 4- 2?’ — 2) (71 4- 771, — 2?’ 4- 3) A^ 

* = - (771, - 27’ 4- 4) (771, - 2/’ 4- 3) A,._, . ^ 

90. Consider first the solution corresponding to 
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The highest term is then ; and the relation between the suc- 
cessive A's is 

(2r — 2) (2/1 — 2r -h 3) — (n — 2r -i- 4) (// — 2/* -f- 8) A^_^ , 

so that 

_ (/I — 2r + 4) (// — 2?’ + 3) . 

” 2 0^- 1) (2^2r 

_ 1 n (n - 1) (//. - 2) . . . (n - 2/' + 4) (n - 2r -h 3) 

^ 2’-\ 1 .2.3. . .(r - 1) (2u - 1 ) (2)i - 3). . .(2n - 2r -h 3) 

and therefore the series beeomos 


A 



n(ii-l) 
-2 (2n - 1); 


+ 


2.4(2M-l)(2/t-3) •' 



Let the series within the bracket be denoted by which is 
thercifore a particular solution. W hen /^ is a positivi) integiu’, the 
series is finite ; the last term is, when /i is even, 

, Vt(H-l)(K-2) 

' ' 2 . 4 ... (n — 2) M (2/t — 1) (2/(. — 3) ... (ft + i) ’ 

or,^what is the same thing, 

/_ ,an iilnlnl 
'' '' In ! .i»i ! 2a ! ’ 

while, when n is uiioven, the last term is 

-a (w - 1) (a - 2 ) 3,2 _ 

' '' 2.4...(a-3)(«-l)(2rt-i)(2a-3)...(a + 4)(« + 2)‘‘’ 

er, what is the same thing, 

_ «!«!(«-!)! 

^ ^ Ch"-' 1) ! X („ _ 1) ! (2a - 1) t » 

the numbers of terms in the two cases are respectively -h I and 
J (it + 1). • 


When n is an integer, 2ti is an even integer, and therefore a 
zero factor can never- enter into the denominator in this case ; thus 
the series considered will never come under the class considered in 
§ 87 which yields two solutions. 

F. 


10 
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The series y^, multiplied by 

! 

T.n\n\ 

^r-being a positive integer, is usually denoted by ; this function 
is an extrornoly important one in physical applications. 


E.v, 1. Verify tliat 




and tliat the coefficient of in the expansion in asccMiding powers of ^ 
of(l- 2.c:+s^~^. 

Hcnco show that v=(l is a solution of the ctiuatioii 

o;- v.v I' c'.rj 


E:v, 2. Provo that the roots of the equation yi=0 are all real and numeri- 
cally less than unity. 


Ki\ Prove that the sum of the coefficients in 1*^ witli their proper 
signs is unity. 


Ed'. 4. Obtain the ctpiations 

_ ^(i) 7//',.=(2rt-l).r/>,. y i 


In the case when n is not a positive integer the series y^ pro- 
ceeds to infinity ; and fV)r convergence it is necessary that x should 
be greater than unity. But in particular when 2^? is cojual to some 
positive odd integer, say 2r — 1, tlieii the coeflieient of has a 
zero factor in the denominator, and no ze^o factor occurs in the 
numerator either of that term or of any subsequent term ; hence 
(by § 86) the terms whose indices are higher than n — 2r do not 
exist in this solution of the differentia^ equation, which will there- 
fore begip with multiplied by some new arbitrary constant. 
But since 2ii = 2r — 1, therefore w — 2?* = —(??. -h 1), or the solution 
degenerates into an infinite series of descending powers of x 
beginning with To the consideration of this solution we 

jsftall now proceed. 
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91. We take now the second solution of the equation deter- 
niiiiing the value of ; this is — {n + 1), so that the teiih with 
highest index may be taken to be The relation between 

the successive coefficients is 

+ 2r - 1) (2c - 2) yl, = {n + 2/* - :]) {n 4- 2c - 2) 
for values of r great(;r than unity, and therefore 

. ^ (y/ + 2) (y^ + 2c-2) _ 

2'-^ . I . 2 . ;3 . . . (V - I ) (2// + :l) (2 m + .5) . . . ('2m + 2c - 1) 

so that the series is 

A I7 L + 1 ) (m + 2 ) -(,h3) 

2 (2m + 8) 

(m 4- I ) {n 4- 2) (n 4- {n 4- 4) -^n+a) . 

2.4(2M + :i)(2M4-5) 

Let the series wif hin the bracket Ik'. denoted by which is a par- 
ticidar solution; tlui series y., multiplied by 

2”. M !m ! 

(2m + 1)! 

(m^ being a positive.* intc^ger), is usually denoted by for con- 
vergence it is necessary that x sho\dd be greater than unity. This 
series or the e([ui valent function (2„, is also of great importance 
in physical investigations. 

When M is a positive integer, tin* series proceeds to inlinity. 

When M is a negative integer, is a finite series ; if 71 = — 2p, 
the series begins with and proccicds for p terms; if n = — (2p 4- 1), 
the series begins with .//*’ and proceeds for p 4- 1' terms. 

• 

When 271 is equal to an odd negative integer oth(ir than — 1, 
say —(2c 4- 1), then the coefficient of has a zero factor in 

the denominator, and no zen) factor occurs in the numerator of any 
term in the series ; hence as before the preceding terms do not 
exist and the series begins with multiplied by some 

new arbitral^ constant. Hut since 27i = — (2c 4- 1), therefore 
— (M4-2c4-l) = n, or the solution 3/^^ becomes an infinite scries of 
descending powers of x beginning with a;" i.e. degenerates into 

10—2 
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92. We thus have the following results. 

I. When n is a positive integer, there are two indepeiident 
solutions of the differential e(|iiation ; (1) y,, a finite series, (2) 
an infinite series ; and the primitive is 

?/=%,+%*• 

II. When n is a negative integer, there are two independent 
solutions; (1) y^, an infinite series, (2) a finite series; and the 
primitive is 

rn. When n is not integral and 2/# is not equal to some odd 
positive or negative integer, there are two •iiule[)endent solutions; 
(1) 2/ii RR infinite scries, (2) y,^, an infinite series; and the primi- 
tive is 

.y=^iy, + %r 

IV. When 2a is equal to an odd positive integer, there has 
been obtained only one solution of tlie differential equation, for y^ 
degenerates into y^, this solution being an infinite series; the 
primitive is thus not expressible in terms of y^ and alone. 

V. When 2n. is equal to an odd negative integer other than 1, 
thcjre has been obtained only one solution of the differential 
equation, for y,^ degenerates into y^, this solution being an intinite 
series ; the primitive again is not expressible in terms of y, and y,^ 
alone. 

VI. When 2a is equal to — 1, there has been obtained only 
one solution of the differential equation, for y, and are the same 
intinite series beginning with ; the primitive again is not 
expressible in terms of y^ and alone. 

It therefore remains to obtain the primitive in the last three 
cases. 


1)3 (i). (Consider iirst tlio case of 2/t equal -to an odd positive integer ; then 


= 1 + 


2(2>t+3) ■ 2.4(2/t + 3)(2/i + r)) 


-j." n /i ^ ^ ^ ^ 


is a definite solution, and we have to find a secoiul and different particular 
solution. In the first instance, assume 


2?i=2ji> + 1 
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where 6 is an infinitesimal (juantity which will ultimately be made zero. Then, 
so long as 6 is not zero, the quantity 

is also a definite solution ; and it ceases to be so by the vanishing of 6, since 
0 enters as a factor into the denominator of the coefticient of and all 

lower i)owers. Now we have 




■+/_1V- . . ... 

‘ 2.4...2p(2)i-l)(2jj-3)...(2ft-2p + l)' 


+ (-l)"+i 


it (/i- 1 )...(« -2/1— 1) 


2.4...(2/-l;-2)(2yi-l)(2n-3)...(2n-2p-l)' 

,sp+.2 ji(«-l)...(«-2yi-3) 

'■ ‘ 2.4...(2^ + 4)(2/t-])(2/t-3)...(2«.-2/)-3) 




+ {-^)P 




2 . 4... 2/) (2/i - l)(2yi 


,...-4 

-3)...(2«-2/ + l)- f 
V.v" -3 ( _ {n - 2/« - 2) (« - 2/) - 3} ,, \ 

■^2ii-2/-l\ (2/) + 4)(2«-2>-‘3) " 


where 

• 

^ ^ 2.4...(2^> + 2)(2/i-l)(2'/i-3)...(2w-2/? + l)* 

and so is determinate and finite. l»ut 

H - 2/> - 2 = - (a. + 1) + 

and therefore 

^n-'>p 2 ^ (u + 1) ^ ^ .,J- H 1 ( ] + ^ log .v). 

Also the cpefficicnt of within the second bracket is 

/ .y {n-2p-2)(n-2p-:i)...{n-2p-2r--l) 

^ ^ {2p + 4)(2ji? + (])... {2p + 2r + 2)(2/i 2> - 3)(2/i - 2p - 5). . .(2n -2j)-2r- 1/ 




(d + 1 - e){u + 2 -j9) ...(« + 2 i- - 6) 


i.e., IS 


(2(i + 3 - 6) (2h + 5 - e) . ..(fii + 27- + 1 - 0)16 -'2) {6-4)... {6 -‘ir) ' 

(»i + 1 - fl) (d + 2 - + 2f_- 6) 

t + 6 - tf) . . .'(2d + 2r + i — S' 

(d+ l){d+2)...(d + 2) 

(2'^3) (2d+5)...(2d+2r+ 1) i 


‘(2d+3-tf)(2d+6 - tf) ...■(2d + 2r+ 1 - e)l2-0){4''-e)... {2r - 6) ’ 

,e ia (d+l),:d+2)...(d + 2i') (l + Cfl) 

’ '«'■ ■ ‘»''2d+5)...(2d+2r+l)2.4.6...2r' ^ ^ 
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^ N.-1 KZ1--I 2/1+2.9+ 1 >■ = ! + 




+c;i' 


' 2.4...-2«(2/t-l)(2)i-.‘5)...(2«-2^+l) J 

I + ^ log X 


Ti.Tl .J"±A)("±_2)---(«+2'-) n+o<j)v-41 

When the second |>art of the vight-hiinil side is .expanded tlie aggregate of 
\ , (1 

terms which involve - is the aggregate of terms winch involve log a- is 

ryjogA; 

and there remains the aggregate of terms indi^pendent of 6 (and also as it 
ap])ears of log. r), as well as a further aggrcgatiM)f terms multiplied by positive 
powers of $, most of which have been omitted and all tif which disai)pear when 
$ is made to vani.sh. From the lirst ]>art of the right-hfind side there is an 
aggregate of terms independent of as well as an aggreg.ato of terms which 
disappear when 0 is made zero. Ifenee the [)rimitiv(j of the iMjuation is 

;y = %i+Jyi , 

= (/. + ^-^,'/3 + C' (y.j log,/.-+ T„ + //„) 

— * + C {//., log a* + 7 rt + 

on changing the arbitrary constants. Here 7^ stands for 

f...n ^^(>^-1) ,.n 


c\ 


and stands foi’ 


+ (-!)" 


II (rt-l)...(ii-2/)+l) 


2 . 4. . .2y) (2« - 1 ) (.2/4 - 3) ... (2a - 2/4 + 1) 




-»-!'• V I (44 + 1)(k + 2)...(» + 24-) 

,...1 l2.-L..LV(Lbi + :J)(2/i4-h)...(:ia + iV4-l) J ’ 


the value of C, being 


"-'•/I 1 1 _ ^ 

\2<f ^ 2a + 2if -f 1 ft + 2.'« — 1 + 2.</ ' 


The value of the eoelhcient A jC which occurs in is 
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► that we may write in the form 


1 1..3.5...2>i J + 2(2«-1)-' +••• 




The second particular solution of the ecpiation is thus 

iiiul it will be noticed that that part of it which is expansible in dcsceiidiug 
powers of X begins Avith a term involving and contains no term involving 
.»■ b 

but in the sp(>cial case Avhen 2>^ is ecpial to unity, so that is zero in the 
preceding investigation, then the form of now 'A say, is limited to the 
first term; and we have • 


so tliat 






The remaining parts are unchangiMl in form. 

l):i (ii). (\)nsidcr now tlie case of 'In ecjual to an odd negative inti‘ger 
oth(?r than — 1 ; the integi’al is definite, but 


.'A— <- + 


^ 2(2,t + 3) 

will then not be a definite solution. 

Before assuming n to be half an odd integer, Avritc 

- ,f = Hi f* 1 

(so that 2//? is a positive odd integer when the assumption as to the s[)ccial 
value of ii is made). Then 

• „ _ 1 , ('« + 1 ) ("! + 2 ) 3 

^ 2(2w*+3) 


m(m-l) 2 
2(2»l-l)" 


where and ) ^ s[)ecial .solutions of 

* The solution thus given corresponds to that for Bessel’s eejuation, Ex. 1, 
p. 107, due to Hunkel. 
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[93. 


being positive. When 2in is an odd positive integer we know from the 
preceding investigation that the primitive of this is 

y=Zfr,+.l (r,log.r+7’,.+/U 

where 




iind 

the value of J, Ixjiiig 


(m + 1 ) + 2 ) . . . (m + 2 ?-) 

2r (2m + 3) (2 m + 5) . . . (2v/i + 2/* + 1 ) 




Y 1 V 

,,^i\2.’i 2m^2s+\ m+2x-l 7^ + 2.'?/ 

[[ence the primitive of 


in the case when 2it is an odd negative integer other than - 1 , is 
.’/ = -Cf/i + A (^, log :v + r„ + i\), 

where 


yi=a;» 


n{n-l) _2 H (n- 1 ) (m - 2) (m - .3) ^ 

2(2»»-i) 2.4(2;t-l)(2»t-.3) ■ 




and 


u =,;.>T| _n(n-1)...(a-2r+l) (_iVF-,.4 

“ • \2.4...2r(2a-l)(2«-3)...(2)i-2r + I)'' ^ j’ 


where in the value of i« 

' 171 +. 1 ’ 1 

,= iV2» 2s-2a-l 2 «-h-2 2 s - h -1^ 

The second imi-ticular solution of the cciuation in this case is thus 
yiloga'+ r,.+ r„; 

and it will bo noticed that that imrt of it which is expansible in descending 
powers of .v begins with a term involving ' and contains no term in- 
volving .r". 
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93 (iii). L«astly, for the special case in which is equal to - 1, wc proceed 
in a manner similar to that adopted in § 93 (i); and wc iind that tlic primitive 
of the equation is 

where is the series 


X 2 4." X - + " " " .J’ 

^ 2.2 ^ 2 . 4 . 2. 4 ^ ’ 






/I 1 1 \ 

(2,-4-2.',-- I 2i" 1 " 2.i) • 


94. Since in all these cases 2a is an otld integer, the equation can hi^ 
written 




where 'p is an integer. 

The case oip positive is tliat considered in § 93 (i) ; the case oip negative 
is that considered in § 93 (ii) ; and the case of p zero is that considered in 
§ 93 (iii). Properties of the functions defined by the diflercntial equation in 
the present foim have been discussed by Mr W. M. Hicks in his memoir on 
“'f’oroidal Functions,” VhiL Trans. Hoy. Soo. (1881), i)p. fiOJ) — 6*52. 

Ex. 1. Assuming the result of Kx. 1 in § 04, sliew how the solution of 




can bo derived from that of 


which is the differential equation for the quarter-period in elliptic functions. 

I 

Ex. 2. Prove that the Particular Integral of the ecpiation 

. TV (IEh 

is XiV-i> where X is a constant; and that the lenticular Integral of the 
equation 

(1 


is yQn + 1 1 where Y is a constant. 
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95. Ill the general case of tlio differential equation, as repre.sented by I., 
II., III. of § 92, it is possible to express the second particular solution in terms 
of that alnvidy obtained and of similar functions, bet v denote the particular 
solution already obtained, so tliat for instance v would be in I. ; and let 

where u and iv ai’e as yet inilcterniinate. When this is substituted in the 
differential ccpiation, we have 

Since v is a solution, the last term disappears; and, as the only condition 
imposed <-)n u and tr is that ?/ must satisfy tlic e(]uation, we may arbitrarily 
assign another. Choosing this so that the cocdiicieni of i) may vanish, we have 


and thcrel'ore 


/I o 


. . U ft. 

(a- - 1) y 


As we are seeking a particular solution, it is convenient to have it as 
simple as possible ; and therefore, giving a special value to the constant, we 
may write 




so that a value of u is given by 




'^I'he equation to detcrniine w now becomes 




When the Particular Integral, say aq, of this is obtained, the second 
solution of the original equation is 




Tlio value of as a series of descending iiowcrs of :v is easily obtained. 
Thus in the case when n is ji j>ositive integer we take 

2{2h-\)" ^ a.4(2/i-])(2/t-3) ’ 

and at once have the equation, which determines u\, in the form 
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Let + CfV’^ “+...; 

then,. substituting iiml equating tlie cocllieients ol’ the highest term, wo have 

+ 1) - C'i - 0} = 

or ^^1 — 1 ; 

and equating the eoeflicients of the terms involving we have 

C\ {n (yi + 1 ) - (>i - 2>- + 1 ) {ii - 2/- + 2)} + (n - 2/- + 3) {a - 2r + 2) 0,..^ 

/?(/A-l)(>». -2)...(a-iV + 2) 

^ "2.4... (2>- - 2) .Hit - I ) . . . (2/t - 2/- + 3) ' 

The general value of 6*^, dedueiblc from tliis, is eomplieatod ; tlio values of 
tlie earlier eoeffieieiits are 

- ■ 3(2yi -l)(2a 2) ’ 

C - ^ ”■ ^ 

3. 4.0 (2a -1) (2a -2) (2a -3) (2a -4) ' 

aial so on; but there is no a<lvaiilage in writing down inoi'e of the eoofHcionts, 
as the e.xpression for will soon be put into a different form. 


lldatioii Jufftr.'fti tint fxirflrulur *> 


1)0. Wo have now ol)taincd the ])rinntive of IjOgendro’s ecpiation in all 
eases wlien n is a real itonstant, by deducing two solutions whicli are linearly 
independent (§ 72) of one another, lint we know (5i Oo) that when one solution 
of a (liQerential ecpiation of tlie second ord<T lias been found, the ])rimitive 
can be expressed in terms of it anil, if neecissary, of other functions, and 
therefore any other solution is so expressible; we [iroeeed to obtain this 
relation for the cases viz. I., 11., III. above- in which it h/is not been 
obtained. 4'he hi’st form in which it may be given is derived by means of 
§ 05. We may detiiie ami by the generalised eipiations 


, _ 11 ( 2>0 
" 2'qi (/?) n (/t) 


2 {in 1) •' 





and 


2- ri («) n («) f (>,+ 1 ) + 2) 

n(2H+l).V' 2 (2/1 + 3) 




whether n be integral or not; n(/i) is Gauss's n function and is ]''(>i+l), and 
in the case of a integral is ii \ (see next chapter, § 120); and and are 
still solutions of the 1 Legendre’s ‘equation, since tluiy are respectively constant 
niultiplcs of and y.,. We therefore havtj 


clip clP 


(1 




d-^(L 

(ix^ 
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multiplying the former by and subtracting the latter multiplied by 
wc have 



where is a constant, which is definite and not arbitrary since and 
are definite functions. To find we consider the terms containing the 
highest powers of .v ; tlicse are 


in 

2“n(«)n(«) 
ii (2«+ 1) ■ ' ’ 

and in P^ 

2«'n(a)n(n)‘ ’ 

hence ^ 


since IT (2a + 1 ) = (2a -f 1) n (2a) ; and tlierefore 


a ,, <^Vn 1 

This gives 

d fJ-A I 

*W„/- 

or, its equivalent 

d ((L\ 1 

‘ and therefore 


Qn 

8 




no constant l>cing needed, as may be seen by comparing the coeflicients of 
the highest ])owcrs of .v in the expansion of the two sides in descending powers 
of.r. 


J)7. ^Phis result may lie written in a <liffercnt form ; but it is first neces- 
sary to prove two relations between the functions given by Legendre’s equation 
for difterent values of n. • 


From the expressions given in the jireceding article we find that the 
coefficient of ^ in i \ + j - /'„ _ ^ is 

^ l)n(a- i) 2 :4..r2r{2H-{-}){2n-l),,y(2n-2rr{-l) 

^ l)t - 2'’+ + 2,-(2n+l)(2» - 1)} ; 

the last factor is easily siuipliiied into 

(2k + 1)=‘(2«-1), 
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and therefore the coefficient is 

n(2n) l)(/i-2)...(M-2y + 2) 

^ ’2«rf(H)n(/i) 2 . 4... 2r (2/i ■- - 3) - 2/* + 3) (2?i - 

Hence the coefficient of in 

*fPn + l 

(/.V (/.V 

^ ■' 2»n(jijn(/t) 2-‘l-..2/-(2rt -l)(2/i-3)...(2«-2/' + i)’ 

that is, is the coefficient of the same power in (2a + !) /*„. These two ex- 
pressions are thus ecpial term by term ; and theriifore 






Tn the case when u is a positive integer this leads to a linite series foi* 


dl\ 


, VIZ. : 


d/* 

'^; = (2,i-l)i',. , + (2«-5)/-„.,+(2«-9)/>,. 

the liist term of the series 3/\ or Po (i.c. 1), aceordiiig as n is even or odd. 

If n be not a positive integer, the seri(?s will proceed to iidinity and will 
(U* 

still be the value of ^ , provided x be greater than unity. 

98. Now by § 95 we see that 

is a solution of the differential equation, if tv bo determined as the l*artieular 
Integral of 

+ («+l) *<’=2 '5£‘-2{(2«- 1) i',.., + (2*i-5) 

by the formula just obtained. To obtiiiii this Particular Integral we write 
= ... + ... 
and substitute ; since 

the left-hand side has, as the coefficient of + 

ii + 1) - (m - 2r -f- 1) (>i - 2/* + 2) 

= 2 (2/-- l)(a-r-i- 1) ; 

and therefore 

, « 2 r-i (2r- l)(a — /•-|-l) = 2/i — 4r-H3. 
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The value of is therefore now definite ; and the corre.si)on(iing solution 
of Legeudre’.s cf|uation is 

1/. 1 [2*1-1 „ . 2/1-.') „ ^2u-!) ,, , 1 

, A, 


the last term hoinq; 


when n is oven, and 


when n is odd. 


(m-!)(U+1)' 


1 1 


i)J). W'c have now to coniiiare this solution with liot it lie supposed 
cxj)ande.d in a seriiis of descending powers of ,i-; it must then lie of tlio form 

whore .1 aiul H arc constants. Now in tlie series the term involving .r" does 
not occur, since 


11 1 1 1 


and therefore A must he zero ; henei'. the coefVicitmts of the powers hetwi;en 
and ./ "hi-H) (.xiihisivo of the latter (lisap])ear; this is i^asily verilied for 
the first few. The above solution is therefore a constant multiple of and 
thus 


2yi - 9 


log 




1 


whore stands for the scries wliicli, when n is integral, is a function of 
degree a - I. lienee 


and therefore 


n I 1 .. y •' “h ^ 


„ '' 1 _ r 


where C is an integral function of .»• of degree not higher than 2>i -2. AVhen 
wo substitute on the left-hand side from § 90, it liccomes 


n 

- 1) /V 



or 

where the right-luuul side is a finite integral function of .r. This is true for 
all values of ; writing .)’=1 we have 71 = value of y*„- when is unity. Now 
E.\. 1 of § 90, 7*„ was indicated as the coefficient of in the expansion of 
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(1 - 2xz+z“) ® in Msceiuliiii,^ powers of ; ;in(l therefore the value of when 
.^• = l is the coefficient of in the expansion of (1 -2; + ^-)"-, i.e., of (I h 
This coefficient is unity, so tliat 7',^ when .r~} is unity ; thus 77- 1 and the 
equation l.)ecomes 




M* 

' 2 * u 



- 


1 . 


The followin'^ prop(u*ties, analogous to tliose of J\, liold for 


(ii) 


+ 1 


<IQ. 

, 1 .,- 


‘-(2« + l)y„; 


(iii) 




J<L 

<h- 


(2/^ + 1) 


d(L 

di- ■ 


A[v. 2. Obtain the properties of the integrals Q corresponding to those of 
the integrals /* given in Ex. 1, § DO. 


./:.r. 3. Prove that, if a* be less than y, 

n 0 

The further development of the [)roperties of the fiinc.tions wliich are the 
])artieular solutions of liOgendre’s equations does not ihqx^nd merely upon the 
ditlereiitial equation; tlie stiuhiiit will lind iinKst anq>le investigation of tlicir 
analytical properties and tlieir a]q>lieations to mathematical pliysics in the 
excellent treatise by [[o'mo- -IfanJhffrh der Kii<jdf{riiciii} am. 1'lie treatises 
by Todlninter, Thu Fanctwaa of hiplavry Lofivi oad and l)y Ferrers, 

8i)hcri<‘Ail Ifarnionicft, will prove useful. 


Bessel’s Kqnation. 
100. This diflfcreuitiiil cq\iatioii is 

or, what is the same thing, 

d ( df\ 




in which n is a constant; it will bo assumed that n is real. 
The equation, like Legendre’s, (iccurs in investigations in applied 
mathematics and n is usually an integer there ; but, as in the case 
of the preceding differential erpiation, this limitation will not be 
imposed on the value of n. 
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To solve the C(| nation wc ^vrite 

y = A + A ^ + 

and substitute ; we then have 

(m;^ - n^) - n^) - n^) + 

+ + + =0, 

which must be identically satisfujd. lienee, from a comparison of 
the indices, we have 

in^ = + 2, 

= UK + 2, 

or the serii‘s is one in ascendinfj powiirs of x, the common difference 
of the indices of the powers being 2 ; and thus in^ = + 2 (?•— 1). 

Taking the term in x with the lowest index we have 

= n~ 

since A^ is not zero; and thorefonj 

= + >?, or — — n. 

The coeificient of on the left-hand side must be zero, 

and there lore 

S(»H, + 2)-)’ - n*; A,.^^ + J'l, = 0, 

or, since = >t*, 

.1 ' 


10 1. Consider first the solution corresponding to 
The coetiicients A are t hen given by 

A. 


2V(w+j-)’ 


SO that 


4,=(-:ir 


(,. _ 1) ! (n + 1 ) (»1 + 2) . . . (u + »■ ^ 1) 

for values of r greater than unity ; • and the series, which is a 
solution of the differential (Mpiation, becomes 

4 Tl - 4- - 

‘ I 2-(}H-i) 2!2"(w + l)(« + 2) 


3!2*(/t + l) (»+2) (« + 3) 


+ ... 
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where is an arbitrary constant. When to is assigned the 

particular value ^ ’ where IT («) is Gauss’s function FI and is 

the same as T{n + 1), then the expression is denoted by so 
that 


r n,, ,■ 

” 2"n (72) L 2*-* {n + 1) ^ 2 ! 2* {u + 1) (72 + 2) 

^,.=00 

,.ro n(72 + 7*)ll(r)V2; 




which is usuall}^ called the Bessel’s function of order n. Wlien 11 
is positive, whether integral or not, the series proceeds to infinity 
and, for finite values of the variable, is obviously converging. 
Thus AJ^^, where A is an arbitrary constant, is one solution of the 
differential ()(|uation. Before considering the form of when n 
is a negative integer, it is convenient to obtain the solution 
corresponding to the case 


= — 72. 


The work is the same as before with the change of sign of 72 , 
and tluj solution is 


4. 

^ ‘ 2=^(-_v2 + 1)^2!2*(-/2+T)(-72 


+ 2 ) 


A-® ~] 

8 ! 2“ ( - « + I ) i ^ + 3) + • •• J ’ 

wluu-e is an arbitrary constant. To assign the value 

2““ n\ — ~i) ’ resulting expression is exactly the same 

function oft =— 72 as is of + u and may therefore be denoted by 
so that 

r _ ^ f-i 

- - 2 - Ti ( _ « +!)■+ ^r(- /t+i)(- /i+2) 



r —< x > 


0 n ( - 72 + r) 11 ( 7 ') \2 


If now n be negative, whether integral or not, or be positive 
but not integral, this series proceeds to infinity and, for finite 
values of the variable, is converging ; in this case is another 
solution of the differential e([uation. 


F. 


11 
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If then n he not an integer, whether it be a positive or negative 
cpiantity, and are two independent and determiriate par- 
ticular solutions of the differential ecpiation and the primitive is 


102. If n he an integer other than zero, two cases arise. First, 
if n a negative integer and cnual to — p, a zero factor occurs in 
the coefficient of all terms after inclusive within the bracket ; 
and therefore by § 80 the terms which precede this disappear, and 
becomes 

r::p noi+r)n (r) Uv ^ 


or, what is the same thing, 


«.-■ '4> 

V 

-W 


(- 1 )'"" 
n(s) ii(A-+;i) 



since n = 0. Now this last expression is (— that is, is 

( — ; so that in the case when n is a iu‘gative integer one of 

the particular solutions, «/„, degenerates into a constant multiple 
of the other, 


Similarly it may be proved, or it may be at once deduced from 
the foregoing, that when n is a positive integer one of the par- 
ticular solutions, degenerates into a constant multiple of the 
other, 

When n is zero, the two solutions coincidiJ. Hence in every 
case when n is integral whether positive, zero, or negative, we may 
write 

but that this equation may be valid it must be remembered that 
it refers to the resiioctive limiting forms of the particidar solution 
of the differential e( [nation wheji the su[)erfluous terms of the 
latter for the special value of n have been removed from the 
expression in the general case ; and the relation merely gives this 
limiting form. It however shews that when n is integral it is 
sufficient to take the positive square i*oot of li^ and to consider, as 
the corresponding particular solution, the function associated with 
that square root. 
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It thus romains to find a second particular solution in two 
cases in order to have the primitive ; and these two cases are 

First, when n is zero : 

Second, when n is aiidnteger which (from the above explanation) 
may be considered positive. 


103. To obtain theso particular soluti»)ns it is convenient to have sonu', 
fundamental j)roi)ertii!s pro\ cd. 

It may be at once verifitKl that 

;'(>•) -A: 

I 

j (ii) 

5 

and Irniii the last two we have 

dJ 

-nr - <■ 

•' •'n~ •' + 

Dividinj^ tin; first of these tliroughout by .t'^ ^ and tlie secoml by .r- « ^ 
and subtracting tlie latter from the former we have 

“■ i’^n - 1 d" + j ), 

or j + . ' 

— 'At ^ I ~ + \\~ “ “ d" 'At + 'i, 1 


Similarly 


'^n + ;i d- + r, = d- 1) + 4, 


Xow it is evident from the general value of J that J =0 ; hence the pre- 
ceding equations give 

«/,i -1 — - 2)»/„ + 2d-(>i4-4)»/,j+ |- ... ad inf.}; 

this senes is converging. 

Ex. Prove that 
dJ 2 

(lx ^ X d- 2) ^ + (n + 4) d „ 1 - . . . ad inf.}. ' 

11—2 
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104. To obtain the desired ])articular solution in the case when n is zero 
wc substitute 

in the differential equation 

1 f/y .. 

and the result is 


ipv'j 1 dw r 1 dti\ 

rf..j 


V7-// 1 dvj dJ^^ 

d.r- ^ :V d.vj dx dx ’ 


To make the coeflicicnt of vanish we have 


d'*ii I du 


which is satislicd by 


the equation determining x is now 

d-w 1 dw (/,/„ 

y H T — y 

dx^ X dx X d.r 




Now from the equation 


(<■-./„ 1 (IJ„ n- 

d.i^ d.r 


it follows that 


is the Particular Integral of 




f/-y I df/ Xn- 

7 ^^y= .y 

<7.6- .r d.r .6- 

^rhe general term in the right-hand side of the equation determining \v is 




we have therefore for this term 




and therefore a solution of the original otjuation is 


./„ log .c + 2 {./o - y, + 
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Let this be denoted by i", ; then the primitive of the equation 
. t/-// 1 dij 

is /y = ^d«/y+ 

where A and B arc arbitrary constants. 

105. To obtain the second particular solution in the case when n /.v an 
integer we write 

y/=./,j log.f- /r, 

so that 


d'h) 1 dw f n'\ _2 dd^^ 


^ “2 - ^.2 + 2 + d) + .! + (/<' + l>) d^ - 


\ being a constant ; and therefoni a value of w satisfying 
(Iht) 1 dv: / /A (-I)** 




Let bo a (piantity satisfying 

ilhi\ 1 dw^ , /_ /A , 

then a suitable value of v) will bo 


The right-hand side of tlie equation giving must bo transformed. Ly 
the general relation l)etween three successive l^ossol’s functions we have 

* ^ / /—/• 


hence 



lienee also 



2.3 

also 
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[ 105 . 


and so on ; and the general equation is 


2 Y ‘-2 n(/t-i)/2\’‘-3 n(»-i)/2V‘-‘' 




n(3) V.’-, 


_nj>i^i)2 
■■■ n(?i-2);r 


«)r, what i« the same equation, 


In + l ri=w-2 /0\n-3j J \ 


Also, by actual substitution we have 


/ 4 . 1 4 . 1 _ '1^1 = _L r 4 - * 4 - /'l 4 . ~ 

.rflr .V'J J-' <i(,- ^ x 'dx _ 


=i.r- 

L 


awi r4/p I- 


so that, on writing 


xdx ^,v 


n>u, p \ 

’’V di- .r-a'V’ 


X,, being a constant. Up be not zero, the right-band side is 

2(a-^) 

'^.u -V+V V'r-i > 

while if p be zero, the right-hand side is 

2ii 

+,,;u+i VA- 

If now we substitute in the equation for ?/», the value 

a comparison of the two sides of the equation gives 

»»+ 1 

- 2 Ot -p) x„= - in {uj 
if p be not zero, and gives 

2aXrt=Jn(/i)2'‘ + i 
if jt; be zero ; and therefore, whatever p may be, 

__2»‘ 1 n(/0 

^^'-n-pll{p) 2 


' %=o n-p\x) n(/>)’ 
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and therefore the second partimdar solution of BesseVs equation in the case when 
n is a qmitive integer other than zero is 

T 1 ’"V.”/ l\r + T 

log.v- - 1)--^ 

j,?o n-j>(.v) n(p)‘ 

Let the right-liaud side be denoted by ; then the primitive is given by 


/j.v. 1. Another method of obtaining a second piirticular solution is em- 
ployed by JTankel as follows. Any linear function of the particular solutions is 
also a particular solution ; hence in the general case such a solution is given by 




sin H/fTT 


which is then perfectly determinate ; while in the particular case of ?i an 
integer it takes the form 0/0 since ( - l)"e/, 4 — «/_,!. Prove that when evaluated 
this assumes the form 


'2Y‘ ^ n (a -JJ-I) 


S 

p=n 


no-) 


2/1 


0‘ rc n cUu w 6r {>«« Q -» (* +p) - » (->)} 


vjilicrc 


a 


'fO) = ;/.lognO) ; 


and identify this witli the solution already obtained. 

[^Math. Ann. i. p. 469.) 


Ex. 2. The scries for is always a converging series; but, when s is 
large, the convergence is slow and it is convenient to have a series proceeding 
in descending powers of Prove that 


. /2\4 r • (r-*-4n0(3^-4/i‘-^) . 1 / TT 7r\ 

a'‘-l)t2)(52-4n2) 


■‘"W I “ 3!(82)-‘ +...|sin^^j ^ gj, 


SO that the series terminates, if 2fi be eipial to an odd integer. 

(Lommel.) 


106. The relation between the two linearly independent in- 
tegrals and may be found tis in § 06. We have 
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[106. 


and 

and therefore 


da '^ X dx 



\d(i^ 


J , 


which gives 




rf./„ _dJ., j A 

dx (lx''’‘~X 


where A is a constant which, however, is not arbitrary since 
and are definite functions. To obtain the value of A it is 
sufficient to consider the highest terms only in the left-hand side ; 
when these are substituted, we find that 


and therefore 


^ I- j. / I \ 

r fr(n) 2-’*I[(-l0 

_ 2ii 

2 

2 sin HTT 

TT 




2 

— - sin htt. 
irx 


or, what is the same thing, 


d ( 

dx \ Jj~ 


2 sin iiir 


Ex. Obtain the corresponding equation when n is an integer. 


Relation between the equations of Legendre and Bessel. 

107. It is possible to derive Bes-sels equation from that of 
Legendre. For, differentiating the equation 

(l-.r’‘)^|-a.g + «(u+l)y = 0 

m times, and Avriting 
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0- - «“) - (2»» + 2) .« + |n (»i + 1) - m {ni + 1) 


2 = 0 . 


Let the dependent variable be changed to f where 
^ = a-xT'^; 
the e( [nation now becomes 

II - 2 +{«(«+ 1) - 1 !; ,,,.} ? = 0. 

Let the independent variable be changcul from x to <\> where 
then after slight reductions the e( [nation becomes 

[ ^ - uV d4i ‘ + V uV ^ I ^ " <^v ^ ‘ "• 

When we make ti infinite, we liave 




1 df 

j > -1- 


1 - 



0 , 


which is Bessel’s dilferential e((nation. 


When all these operations are combined, we have, as the resnlt, 
^hat the limit of 

- , , ^ • <^> H\ ^»tv '‘Vj’ 


when }i is iiifiniti?, is Besseds function of order ui, <f> being th(^ 
indepeiuUiiit variable. 

It would appear from the foregoing process that is infinite ; 
this however is avoided by making :r ap[)roach indefinitely closely 
to the value unity. The geometrical analogiuj of tijis relation be- 
tween (f> and X is that whereby any very small portion of a spherical 
(or other) surface in the neighbourhood of a [)oint is studied by 
assuming it ultimately to coincide with the tangent plane of the 
surface at that point and. to be magnified in that plane. 


Verify that the above expression become.s, in the limit, a multi[)le 
of 

In this connexion the student may consult Heine, Theorie der Kugd- 
fnnctioiien, 2nd edition, vol. i., p. 182; Lord Rayleigh, Proa. Loud. Math. Soc. 
vol. IX. p. 61. , 
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[107. 

The primitive of Bessel’s differential equation has been obtained for every 
case ; the further development of the pK)perties of the functions which occur 
in that primitive cannot be given here. The student will find the functions 
fully treated by Lomniel in liis Shidien Uber die BessteVsehe Functionm and in 
several papers by the same writer in the Mathcmatische vols. Ii. in. 

IV. IX. XIV. XVI.; in particular the [)aper in vol. xiv. deals with differential 
equations which are iiitegralde by Bessel’s functions. Reference should also 
be imicle to Neumann’s Theorie dcr BcsmVsehmi Functionen and to Heine’s 
Theorie dev Kwjo.lfwiK'tioneti^ 2nd edition, where (vol. t. p. 189) a list of 
memoirs referring to the functions is given; Todhim tor’s Functions of Laplace^ 
Lanw' (md Bessd contains many of the ]>ropertics. 

For a general proi)erty of all linear differential equations similar to those 
which have just been discussed and which give rise to functions dc])endiiig 
upon a constant parameter the student may consult, in addition to the fore- 
going, Sturm, Liouvillc^ vol. r. ; and Routh, Proc. Loud. Math. Boc. vol. x. 


llKjCATl’s Equation. 


lOS. Riccati’s differential equation is 


but it is convenient to consider lii>jt tlie more general form 
X ^ — aij + = c./”. 

I 

Ii' in the latter the independent variable be changed from x to 
z, where 5 = .r" and the dependent be changed from ?/ to u, where 
1 / = nz, the etpiation becomes 


du b 

Zh a 


C --2 

- vC. 


which is Riccati s form. 


100. Consider now the more general form. 

Firstly, ii can he integrated in finite ternis wlioi n — 2a. 
For assuming // = ux' we find on substitidion 

ax 

so that -f- hu^ = 

dx 

In the case when n = 2a this becomes 
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the variables are separable and u is cxi)rcssible in terms of cx- 
23 onential, or circular, functions according as h and c have, or have 
not, like signs. 

Secondly, it can he integrated in finite tei'ins molten (n + 2a)/2?i is 
a 2 ^ositive integer. 

Let the dependent variable be changed from y to where 

A =y and A. is a constant the value of which has yet to be 

determined. When substitution takes place and the terms are 
rearranged, the equation becomes 

- a A + hA'^ 4- {n - a + 26.1 ) ' - + 6 ‘ , - ^ j 

Ih Vx Vx 

We choos(; A so that the constant term vanishes, and thus A = 0 
or ajb. 

Taking the value a/6 for A and substituting in this new form 
we have, after a slight change, 

- {«> + ») Ih + = b.v’‘. 

Now this ecpiation is of the same form as that with which wc; 
began ; and the changes, that have taken place, are in tlie coeffi- 
cients — the original a has changed to a + and 6 and c have 
changed places. In this last O(piation we writi^ 

a + // , . 7 ;" 

//i = + ; 

c y, 

the foregohig analysis then shows that tlie efpiatioii in y,^ will be 

- (« + -«) 2 /, + = c»”. 

And the result of i sifccessive transformations will be to reduce the 
given equation either to 

* ^ (« + »') + cy,” = 6a" 


a: — (a + ni) y. + hyf = cx" 


according as i ^s odd or even. 
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Now, by the case first considered, this equation is integrable in 
finite terms, if 

n = 2 (a + in\ 
n — 2a 




that is, if 
is a positive integer. 

Taking next the value zero for A we can easily transform the 
equation into 

•'* - (» - a) y, + cy^ = bss”, 

an ecjiiatioTi which dilfcrs from the former in y, only so far as 
regards the sign of a. Adopting now for this the preceding series 
of transformations we write 

n — a of' 
y H — , 

and the e(]uation in is 

It ~ ^ 

Hence after i — 1 transformations of this series (and therefore after 
i transforniations in all) the given ecjuation is reduced either to 


or to 


jj — {in — a) y. + cy'^ = 


In either case the equation is ijitegrable in finite terms, if 

n = 2 (in — a), 


n + 2(1 
2n' 


that is, if 

is a positive integer. 

Combining then these two results we have : the equation 

1 -2 u 

^^^^-ay^-by^ = cx 

is inteyrahle in finite terms when (n ± 2a)l2n is a positive integer. 

^ In eaoh-caai^the integral is given in the form of a finite 

‘^continued fraction, Uhe last denominator of which involves either 
exponential or circular functions. 
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110. We can now obtain conditions that Riccati’s ecjuation 

shall be integrable in finite terms. From § lOS it follows that 

dti , .» 

^ + hii^ = cx 

dx 

is transformed by the substitution n = yjx into 

where 'm = n — 2. Now the latter ecpiation is so integrable when 

n ± ‘1 = 

where i is a positive intt'ger; and tlierefore Riccatis eijuation is 
integrable in finite terms if 

+ 2 ± 2 = 2i + 2). 

Taking the negative sign we have 

2fc'-n 

while the positive sign gives 

^~4o:-i) 

2/ - 1 ’ 

or what is the same thing in tln^ case of the latter 

by merely changing the integ(U’ i 

Hence Riccatis equation is inteyrahle in finite terms, if 

-4?: 

"‘=2* + i:’ 


m = — , 


i being zero or a iwsitive integer. 

Ex. Prove that the e(]uati(3ii 

dn 1 u 

• , -f- = 

d.v 

is integrable in tinitc terms, if 

m+1 -2i+l -2i-l 


i 1)0111^ an integer. 


/.+ l - 2/+1 2i-\ * 


Relation between the equations of Bessel and Riccati. 

111. The equations of § 108 in the form in which thojy have 
been discussed arc of the first order, but are not linear ; there are 
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[ 111 . 


some important transformations which render them linear of the 
second order. 

In Riccati’s etjiiation let the dependent variable be changed 
from n to v wh()re 

, 1 (h) 

b u=^- . , 

V (lx 

so that if u is expressible in finite terms, v will be so also ; the 
equation tlien becomes 

which miglit be taken as a standard form, equivalent to Riccati's 
(‘({nation. 

If b and c liav(i the same sign (in which case exponential func- 
tions occur in u) this e([uation may be Avritten 

, — (I X V = 0 ; 

(l,V“ 

while if their signs be unlike (in which ease circular functions 
occur in n.) the e(|uation is 

ilh 


(la 


, f- = 0. 


Roth of these are intcigrable in a finite form for the same value oT 
m that renders Riccati’s (‘([nation integrable. 

Change the iiidcqiendeiit variable from x to z, Avhcin^ 


f/Z = 


and 


q + 1 = - say ; 


the equation then becomes 

(t^v n — I (Iv , ^ 

- _ l,Qy = 0 . 

(lz~ z iiz 

This therefore is integrabk? in a Unite form if 

n ” ' ^ ^ 2i ± I 2t' ± i ’ 

whence it follows that n must be e(|ual to an odd integer ; and so 
if the (‘({nation be written 

(Pv 2p dv 
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the condition of integrability in a finite form is that p should be 
an integer. 

This is reducible to its normal form by the substitution 


and the ecjuation for is 


vz^ = Wj 


iPvj , /?(/) + 1) 

-y-r, - bcw = -'—z tv, 

dz' 

which is integrable in a finitci form if p be an integer. 

Lastly, let vj = zH be substituted ; the equation for t is 
dH Idt t 

the primitive of which is 

t = {^( “ -(p i-J) “ be)'-]. 

If y) + bo an integer, this ceases to be the primitive; w(i then 
have for the primitive 

^ [^{ ” bcY] + BY ft.Y\ [^( — 6c)“}. 

Hence tlio hoIuUor of Riccatis eipudion can be expressed in terms 
of Bessel’s functions ; and, in 2 >(trticnla/r, the primitim of 


H- W" = 0 


is given by 


I {zX')-{-BJ 1 

L m\-'l ui-Vt 


or . x-\ AJ 1 {zX-) + By 1 I , 

according as ni + 2 is not, or is, the reciprocal of an integer. 

This is immediately derivable from a combination of the 
preceding transformations. 

The only case of failure is that in which m + 2 is ztno, tliat is, 
when m is — 2 ; the etpiation is then 

.. d^v ^ ^ 

which can be solved by the method of § 47. 
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For further information uiioii this equation a memoir by J. W. L. Glaisher 
in the Phil. Tram. 1S81, pp. 759 — 828, should be consulted, where full 
references to authorities will be found ; and the connexion between RiOcati^s 
equation and J:lcsseVs will be found fully discussed in the book and papers of 
Lommcl to which reference has already (p. 170) been made. 

Some examples of the solution expressed by series will be found in the 
Miscellaneous Examples. 


Symbolical Solutions. 

112. In cases when the solution of a differential equation in 
series consists of a function in a finite form or wlien it consists of 
a terminating scries together with some function or functions in a 
finite form, it is sometimes po.ssible to obtain a solution of a 
symbolical nature which will, when the operations therein indicated 
are performed, ])rovc equivalent to the solution otherwise obtained. 
As an example, consider the differential equation 

the solution of which has been proved to be expressible in a finite 
form when m is an integer. When the dependent variable is 
transformed from y to a by means of the relation 

the ec| nation becomes 

Consider now the differential e(iuation 

the general integral of which is 

V = Ae"" + /ie"”", 

and change the independent variable from iv to z, where z stands 
for the equation becomes 

^ d^ v , do 2 

Let this be differentiated m + 1 times with regard to z and 
let t denote 5 f^eii we have 

2z + 3) 
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Let now the independent variable be rcchanged from ^ to x ; 
the equation then becomes 

dH ^ 2 ( ??i + 1) d^ 
dx^ X dx 

Hence we have 

u — t 


- nH = 0. 




= (I AX''"" 

\A' dx) 


(Ae^^ + 7ie’"") ; 


the primitive of the original equation in y therefore is 

(1 dy^^' 


( 1 H 


A slightly different form may be given to this, for 

- j- (Ae*-" + Be "*) = - - 

xdx X 

_ A'e”"- + ■ 

X ^ ^ 

on changing the arbitrary constants; and the primitive may be 
written in the form 

Since the differential equation remains unaltered, when for m 
is substituted — (in + 1), the primitive may be expressed in the 
additional forms 

/I 


and 


1 d + B'e"^ 




)■ 


Ex, 1. From the foregoing it can be at once deduceil that the primi- 
tive of 

dhf „ 6 

(an equation arising in investigations connected with the Figure of the Earth) 
is expressible in the form 

y = C |(l - sill (»w; + a) + ^ cos {nx + a)| . 


12 
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Ex. 2. Provo that the primitive of the differential equation 

can, in the case when q is the reciprocal of an odd integral 2i+l, be exhibited 
in the forms 

»= ^-<i(^Ae‘^ + Be 

((ilaisher.) 

Ex. 3. Prove that the primitive of the equation 
d.ry "2 « 

is given by 

where r is to lie put eipial to after the performance of the differentiations. 

(Gaskin.) 

In all these cases when the solution of the equation is thus given symboli- 
cally, it is not difliciilt to identify the solution in this form with that obtained 
in any other form, such as one in scries by the earlier methods of this chapter, 
or as one by means of definite integrals as indicated in chapter viT. The 
student who wishes for fuller information on the subject of these symbolical 
solutions and their connexion with solutions in other forms will find a full 
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 176) 
quoted. 


MISCELLANEOUS EXAMPLES. 


1. Integrate in series, and express in a finite form the integrals of, the 
equations ^ 

(i) 

' nnd integrate 
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2. Solve the equations 


•^■*2 +(^ + £i +(5-^- 30.i.-) £ + (4.,;+30)y=0; 

3--^ £-^‘ •"• £ ; 

(i v) (.>;2 + f/i.-') + + ’1 '‘^ + (^^ - <-• + 1 ) .v} £.+{(" + ') <l-» - M y = 0- 

3. Integrate in scries the difterential equation 

•« (1 - ^ - <i) A‘ - p + 1 } -/>(/>- 1 )»« ; 

and express the integral in the finite form 

yl {1 - (1 - 4., .•)*}"+ /i {1 + (1 - 4.i.')*}'’. 


(Olaisher.) 


4. Verify that a root of the equation 


satisfies 




(Spitzor.) 


5. Transform the equation 

by assuming and ?a+.t;H- na=^ ( — i^^to 

rff-i ’ 

and integrate the last equation in series. 


6. Obtain the primitive of the equation 


in the form 


^u'^u J^y 

dx^ ^ dx . 7 ; - 

0 

qxy = A {qx — + B {qx + 2)e ' 


7. Obtain the primitive (^f the equation 


in the form 


</v/; 

r /, i \ . / 3 ^ 


^ {0 "i) (2 (I + ")} • 


(Leslie Ellis.) 

12—2 
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8. Prove that the coefficient of in the expansion in ascending powers 
of a of 

is a solution of 

£{(■ -■'•J’-'j-a 

9. Prove tliat, with the notation used for the solution of Legendre’s equa- 
tion, {i^„(cos 6)y^ is a solution of the differential equation 

^ (Je 

^ 10. Prove that, with the notation of §§ 90, 91, 

(Trinity Fcllowshij) Examination, 1884.) 



(Lommel.) 
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15. Obtain the primitive of the equation 

in the form 

(71- 






where 

16. Verify that the primitive of 


(Lommel.) 




=.y 


, p-m-l 

S [2 {2 (-a,,*,-)*}], 

p~0 


where «oi j «ni-i i^he roots of the equation <1’’*=! ; ami that of 

i (^‘«» + » y 


*«' » .i... L I — 


i« J (.2a J) + (2a„vi)}, 

wlierc a(), oi,..., a2m i^ho roots of «-”»+i= - 1\ 


(Lommel.) 


17. '’riic primitive of the ecpiation 
ifhj 


IS 

and that of 

is 


y=AJ^(e)Jrli)\((s‘)-, 
!/=.e{AJ„(e-) + BY„(J‘)). 


(Lommel.) 


(Sec, for connexion between these two equations, Ex. 10, p. 127.) 
18. Prove, that, with the notation of § 101, 

irx 


ti not being an integer, and that 




(Lommel.) 


19. The differential equation 

is integi’able in finite terms, whatever function of x is denoted by Q, provided 
m be an integer. 
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20. The equation 


dht r dn /, , c\ 

T •> + - :7- = ( 

«.v- dx \ a-/ 

ia iiitegrablo in finite terms, if 

2{(l-r)2+4c}i 


Wi + 2 = 


2i + l 


(Glaisher.) 


where i is a positive integer or zero. 

(]\Ialrusten.) 

21. Prove that the coofheient of in the expansion of 

satisfies the iliirerential equation 

dht 

- = ^ ' u. 

dor .1- 

22. Shew that, if /y = .Ar be a solution of the equation 

d'hf . 

{k being a constant), tlien a solution of 

j; -I 

is given by 

Hence solve the equation 


1 dxj ^ ■ 




dx^ X dx 


(Leslie Ellis.) 


23. The equation 




'dx^ '''ilx 

is integrable in linite terms in the following cases ; 

■ 1. ~ iwi odd integer; 

2. when{(l-^J“+4^|* is Jin odd integer ; 

3. when ^ + |^1 - + 4 i.s an odd integer. 

24. Prove that the equation 

(tt + 6.1^) .v“ + (c + e-i") ^ + (f+g.^^) u = A’ 


admits of finite solution. 
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1. when any one of the four quantities a - is an even integer, 


2. * when any two of the quantities 

are odd integers ; where fq, <12 ft> ^2 roots of the respective 

quadratic equations 

^bn (a - 2 ) {na - 2ih - 2 ) + leu (a - 2 ) +,7 = 0 , 
and Jaa/3 {n^ - 2) + Icn^ + /= 0. 

(Pfaff.) 


25. Prove that the three exiirossions 

\ +(]7^'i)(/> -•;!)■ 2! 2« (/)- i) (>)- 3)0;^) 3 !2'> + •••;> 

x,.-,./] _P _P I 

r p p(p-h)-2'^ pip-h)ip-i) »'■ "V 


e«^.t 


I P Pip-h) P(p -i)(p-^)^'- ) 


are all particular solutions of the e(iuation 


and shew that, when p is not an integer, these three expressions are equal to 
one another. Obtain, in this case, a second and independent particular 
solution. 


2fj. Prove that the primitive of 

may be written in either of the forms 


^=.7; -p-'* ^ j {.?; + Be~ 


(Boole.) 


Prove that the primitive of the same equation may also be written in the 
form 


y =.rP iy (Ae«*+ 


(llonkin.) 
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MISCELLANEOUS EXAMPLES. 


27. The primitive of the equation 

^ + ’^ + (“ + /3 ) + (’>^3 + wa + 2^ = 0 


can be expressed in the form 

y=.le-“ {,.- V>“-»}+ 


Obtain that of 




in the form 






(Spitzer.) 


28. The orthogonal trajectory of the system of surfaces of revolution 
given by 7 \=ct*‘+i, where /\i is the solution of Legendre’s equeation and its 
argument x is the cosine of the vectorial angle of any point, is given by the 
equation 

^ n + 1 — ^ n-J 


29. Prove that, if the equation 


dh/ 


+y/(.«0=o 


be transformed by the relations -£(6Vf+^/)=«.v + /; and y = ?t (cvr+(/)“ so th^it n 
is the new dependent variable, the new equation is 


where 


dhi 

d^' 


+nF{z)=0 



Hence, or otherwise, solve the ctpiatioii 


(L^ " (:i7^ • 



CIIAPTEll VI. 

Hypergkometjuc Series. 


113. The series 


.1 + 


™ , «(«+!) ^(/3 + l) , 
l.y 1.2. 7(7+1) 


a(a + l)(oi + 2)^(/9 + l)(/3+2) , 

■ 1 .2.3.7T7 + i)(7 + 2) ■*' 


is called the hypergeometric scries and is usually denoted by 
F{a,/ 3 y 7, iv ) ; the four ipiantitios a, J 3 , 7, are called its elements 
and of these x alone is variable. The elements a and ^ may be 
interchanged without affecting the value of F , if either of them 
be a negative integer the series will consist of a finite number of 
terms, otherwise it will proceed to infinity. It will be assumed 
that 7 is not a negative integer, so that infinite terms may be 
excluded. 

If X be less than 1, the series is converging; but if x be greater 
than 1, the series is diverging. If x be unity, the series is con- 
verging if 7 — a — /8 be positive, and diverging if 7 — a — be zero 
or negative. 

The series is one of very great generality and includes as 
particular examples very many of the scries which occur in 
analysis. The following examples admit of easy vtiritication : 

I. (1 + (cY = F{- n, / 3 , - x), 

II. (1 + xY + (I - ^)" = 2F ( - - In H* i i, x% 

III. ^ \og(l x) =xF (1, 1, 2, -- x). 
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DIFFERENTIAL EQUATION OF THE 


[113. 


IV- logI±|=2*Fa,l,i**). 

V. e* = jP ^1, A 1» > ^vhon /3 = oo, 

VI. cosh X = F 13, * when ci= cc=ff. 

VII. cos nx = F (^n, — \n, siii'* a;). 

Ev. 1. I*r()vci tlijit m 11 the difibrcntial coctticiciiis of the .series will be 
diverging for the value .r— 1 if the scries itself be diverging for that value; ^ 
and that all the ilifferential coefficients from and after one of some order will i 
be diverging for the value .?;=! though the series be converging for that value. 

E.V. 2. Express as hypergeomctric series 

(i) sin t, the varialdc cleincnt in the series being P ; 

(ii) sin»i<, the variable element in the series being sin’^^ ; 

(iii) cos nt, the variable element in the .scries being - tan‘-^L 

Others arc given by Gauss at the beginning of his earlier memoir (referred 
to in S 134). 



114. Let the coefficient of x^'hc written A^; then the relation 
connecting coii.secntive is 


(I + ?•) (7 r) = (at + r) (/3 + r) A,. 
Consider the differential e(i[nation 




y = o. 


.(i) 


ill which ^ stands for the operator A solution of this equa- 

tion can 1)0 obtained in a series: let this series be given by 

y = + + 


Substitute this value in the differential equation, \vhich must 
be iilentically satisfied ; each separate power of x must therefore 
disappear in virtue of the cpiantity multiplying it being zero. 
Thus for the lowest power we have 

and from the vanishing of the coefficients of the higher powers the 
relation between the successive quantities B is given by 

(/I. + r + 1) (/i, + r + 7) - (/X +7* + a) (/i + r B^=0. 
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We shall assume that is not zero, because the relation 7^,, = 0 
wouUl make all the /is zero; and thus the former e(]uatiou is 
satisfied by either 

fJL = 0 

or ^ = 1 — ry. 


115 . Take first the value fM = 0 ; then the relation connecting 
the (][uantities B becomc's 


(1 + »•) (7 + J-) = ('X + r) + r) 

Now when = 1 = A„, the relntion just provinl, compared with 
that which connects the ^ s, shews tliat B^ = ; and therefore the 

series assumed for y becomes tlui hypergeomctric series. Thus 
one solution of the dilTerential (‘ipiation (i) is /3, 7, ,x). 


Let the op€irating factors in (i) bo expanded and terms of the 
same order collected ; then the equation may be written 


[(1 - w) + {7 - 1 “ ^v(a + 0 )} ^ y = 0. 

But ^ = 


IX 2 2 ^ 

^ j + 

ax 


d 

dx'^ 


when these values are inserted the above e(|uatiou, after rearrange- 
ment and division by x\\ —x), becomes 


4. +jS + 1)5 _ n 

dx^ x(i—x) dx x{l—x)'^ 
which is the differential equation satisfied by 7, x). 



Take ne*xt the value /a = 1 — 7 ; the relation connecting the 
quantities B becomes 


(1 + r) (2 — 7 4- ?•) = (a + 1 — 7 + ?’) (^ + 1 - 7 + ?•) 


Let 7 ?o = 1 ; this equation shews that the (piantities B are the 
successive coefficients in a’ hypergeometric series whose constant 
elements arc respectively a -f- 1 — 7, /8 + 1 — 7, 2-7. The scries 
assumed for y begins with x^~^ \ hence the value of y is 

F (a + 1 — 7, /8 + 1 — 7, 2 — 7, a), 

and this also is,a solution of the differential equation (1). 
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NORMAL FORM OF THE EQUATION. 


[115. 


Wc have thus two particular solutions of this differential 
equation ; and therefore any other particular solution which is 
finite for values of x less than unity may be represented by 

x) + -f 1 - 7, /3 + 1 - 7, 2 - 7, x\ 

in which A and B are constants, the values of which may be 
determined by comparing powers of x. If in this expression A 
and B denote arbitrary constants, it furnishes the primitive of (1). 


116. To reduce (1) to its normal form we must compare it 
with the general linear ecpiation of the second order. We then 
have 

a(l--.^’) (c \—x 


and therefore the invariant /, being 


4 n — o _ 

_ ^ ^ dx ^ 


becomes, after some reductions, 


^ x{x-\) ' 


\‘ = (l-7)»; = v’‘ = {ry-a-^y. 

Let this invariant be denoted either by I or y[r (x ) ; the latter 
form will be convenient when the independent variable comes to 
be changed. 

Thus equation (1), by the substitution • 


becomes 


V = ye’' 


in which yjr (x) denotes the foregoing function of x. 
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• Set of 24 particular solutions. 

117. We now proceed to find some further particular solutions 
of this differential ecpuition. It follows from the investigation 
of § 04 that the conditions, which must bii satisfied in ordt‘r tliat 
the e(]uations 

dh , , , 

and + (;}) 

should be transformable iuto one another are, firstly, 

”-'U) 

and secondly, 

Mi.'®] + (^3V.(<)-t(*) = 0 (4). 

Hence, if we consider yfr^ (t) as a given function (.>f t, the latter 
equation will give) the value of t in terms of and when this 
value is found the former will furnish the relation between 
V and z. 

m 

Now assume that the function -x/tj (t) is such as to make 
equation (S) the normal form of the ecpiation satisfied by 
a hypergeometric series with constant ehnnents a', /8\ y ; and 
suppose that we can obtain from (4) a value of t in terms of 
Then, since the value of n will be at once derivable from that of t, 
we have a solution of (2) in the form 

■ Mf*’'' (1 - F (a', j8', 7, t) ; 

and this is distinct from the value of v which we havci already had. 

118. The primitive of (4) will give ^ as a function of a, )S, y, 
a\ yS', 7 ; let us select those forms of this function which make t 
dependent on x alone, and independent of the two sets of constant 
elements. We may, to obtain these, write 
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The former of these on multiplication hy is directly inte- 
grable in the form 

and proceeding with the integration, we have 

^ ax -h b 
cx + it 


on changing the constants. This is the general value of t which 
maktis the function [t, x] vanish ; but the conditions reciuire that 


or 


(art! - hef (ax + b\ . 


and this will not be satisfied for arbitrary values of these constants, 
which must therefore be determined so as to be independent of 
the constant elements of tlie s(irics. Now 


i/r(,r) = i 


Aai‘+ lir.+ G 


where 


A = l-A 


and wo may write 


C= l-\‘; 


’/",(0=4 


Ar+m+c 

<*(1 -tf 


Hence the constants a, h, c, d must bo such as to satisfy 

' Au^ Bx + C 

- / » 7 .8 -^1' (n^’ + by + B' {ax 4- h) (cx 4- rf) 4- C" (cx 4- dy 

^[aa DC) - + 


The quantities a, /3, y (and therefore A, B, G which are functions 
of th®i[|||hre arbitrary and thus the numerator and denominator 
of the left-hand fraction can have no common factor except a 
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118.] 

constant; and similarly for the right-hand side. Hence wo may 
write 

m {Ax^ + Bx + 0) 

= (ad — hcf [A* (ax + hy + B' (ax -1- h) (cx + d) + G' (ex + rf)*], 
'tnx^ (1 - xy — (ax + by (cx + df {(c — a) x + d —6}®, 

in which m is constant. The latter of these e(]uations will deter- 
mine the values of a, b, c, d which are admissible ; the former will 
then serve to indicate the relations of a', /S', 7' to cx, /S, 7 in order 
th.at the expression at the end of § 117 may be a solution of (1). 


119. Comparing now the coeffici(mts of the different powers 
of X on the two sides of the latter equation, avo find that the 
following sets of values for the constants Avill make the equation 
identically vsatistied : 

(i) c = 0 = 6 = a — rZ ; = a^ ; * 

(ii) c = 0 = — 6 = a + & ; m = ; 

(iii) u. = 0 = rZ z^c — b; m = ; 

(iv) a = 0 = (Z — 6 = c -f rf ; m = V ' ; 

(v) b ’-=0 = c — a = c -f d ; m = ; 

(vi) d = 0 = c — a = a + b; m = b^. 


These values substituted succcssivtily in the (expression for t in 
terms of x give : 

(i) t = x \ (ii) t—\—x\ (iii) ^ ; 

(iv) * = (v) (vi) 


respectively ; and these form the complete system of values of t 
reijuired. 


120. We now transform the first of the two ecpiations by 
means of each of these in turn and obtain the necessary relations 
between a', /8', 7' and ri, /S, 7. 

Consider first the set of values (i). We have 

Acf + Bx^G=A'x^^^ Ex + C' 

so that 

A = A', B = F, C^G') 
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or, what is an equivalent set of equations, 

When expressed in terms of the constant elements, these 
relations are 

(1-7T=(1-7)“, 

(a'-y8y = («-y9r, 

( 7 '-« = 

and (remembering that an interchange of the first and second con- 
stant elements makes no change in a hypergeometric series), we 
find that these are satisfied by 


(1) 

OL = a 

= ^ 

7 =7; 

(2) 

a = 7 — a 

1 

II 

7 = 7 ; 

(3) 

a' = a — 7 + 1 .... 

^' = ^-7 + 1 .. 

7=2- 

(4) 

a'-l-a 

,8' = 1-/9 

7=2- 


dt . 


Since is unity and therefore wis unity for this value 


of t ; and the particular solutions of the v equation, which cor- 
respond to th()se four sets of values, arc respectively 


.7^ (1 - P+i) A 7 . x), 

a/'i’’ (1 - xf <“+'’+1-1') ^ + 1, ^ y + 1, 2 - 7 , *), 

(I - i'Xl - a, 1 - 2 - 7 , x). 


Now these are solutions of equation (2) ; in order to obtain the 
corresponding solutions of equation (1) we must multiply each of 
them by 

.7r*i'(l -a;)'*<“+^+^'i') ; 

and therefore four particular solutions of equation (1) arc 
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Treating now the relation t=l—x in the same way, we find 
other four particular solutions in the forms 

(V) = A “ + /9-7 + 1, 

(VI) y = — a + ;8 — 7 + 1, 1 - .r); 

(VII) y = (1 - ^*(7 - a, 7 - /9, 7 - a - /3 + 1, 1 - .t) ; 

(VIII) y = .c'-’' (1 i*’(l - a, 1 - 7 - a - ;8 + 1, 1 - a-). 

And from the relation < = - we have as one particular solution 

(V 

(IX) y = A’ a — 7 + 1, a — + 1, . 

121. All the particular solutions for the different values of t 
can be found in the above manner. Kaeh value of' t leads to four 
particular solutions, so that there are in all 24 of these. But this 
laborious method of obtaining the remainder need not now be 
adopted ; it is possible to writ(i down, from the nine foregoing, the 
following fifteen to complete the sot : 

(X) y = x-f' y3 - 7 + 1, ^ - a + 1, ; 

(X I) y = (1 - xf- 7 - a, /8 - a + 1. ]-) ; 

(XII) y = (1 - xy-'^-^ + 

. (X III) y = (1 - a;) I?* (a, 7 - a - ^ + 1, -i- J ; 

(XJ V) 2, = (1 - F (/S, 7 - a. /3 - a + 1, ^ ]_ J ; 

(XV) y = *^->(l-;r)^-»-iF(a-7+l,l-/3,a-/3+l, ) ; 

(XVI) y = .a;‘-V(i_a,)V-^-V(^-7+l,l-a./3-a+l,j|-) ; 

(XVII) 2, = (l-x)-“J?’(^«.7-y3.7,-;^J; 


13 
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RELATIONS BETWEEN THE 

(XVIII) y = {l-x)-<‘F{^,y- a. y, ; 

(XIX) y = (1 - xy-^-' F(a-y+l, 1-^,2- 7,^) ; 

(XX) y^x^-^l-xy-'‘-^F(fi-y + l,l-a,2-y,^'j ; 

(XXI) »= a;-‘ a - 7 + 1, « + - 7 1 1> 5 

(XXII) y = x-'‘F(^^,fi-y + l,ci + 0-y + l,^y, 

(XXIII) y = x'^-^ (I - xy~'^-^ F(l-a, y-a,y-oi-^+l,-'^'^ ; 
(XXIV) y=ay-\l-xy-^-^F(l-^, 7-A 7-a-/8+l, 


Relations between the particular solutions, 

122. Let all these solutions be denoted by 

.Vl> 2^2’ * y23> 2^24' 

the suffixes and the niiinbers of the foregoing equations correspond- 
ing to one another ; these ([uantities y are not independent, for, by 
the ordinary property of a linear differential eijuation of the second 
order (of which they all are solutions), there is between any three 
of them y\, y^, yv a relation of the form 

and we must find those relations for the different combinations of 
the solutions. But certain cases will arise in which either A or B 
will be zero, and therefore the corresponding solutions will differ 
from one another only by a constant factor; and these can be 
recognised by the application of the following lemma. 

If th$re be two solutions of the differential equatiqn (1) developed 
in the same ascending pmvers of x and both series be converging, then 
they differ from one another only by a constant factor. 
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For the sake of simplicity suppose one of the solutions to be 
F (a,./9, 7, x) and the other when developed in jiscending powers 
of X to be given by 

y = A Bx + Cx^ + 

Substituting this value of y in the differential equation we should, 
by a process similar to that in § 1 14, find y = AF (^, /3, 7, x), which 
proves the lemma. 

123. Let us apply this lemma to obtain the particular so- 
lutions which arc equal to y ^ ; this we shall suppose to be a con- 
verging series, so that x< \. Then y,^ is also a converging scries 
proceeding in the same ascending powers of x as y ^ ; the first term 
in each is unity; the constant factor of the lemma is therefore 
1 and we have 

yx=y-r 

The next one in the list which, ('.xpanded in ascending powers of Xy 
begins with x^ is y ^ ; if we select from 

the coefficient of a;”, we shall find it to be 

/ _ nxn g (a+l) + 1)4? (^ + 1) (/3-f a- 1) 

• 1.2 n.(a + 4? - 7 + 1) (a + — 7 + 2) (a 4- 4? — 7 + w) 

F(a + W', ^ + n, a + — 7 + w -f 1, 1). 

But in this coefficient F is converging (and so has a finite value) 
only if 

a + 7 + w -f 1 - (a + n) - (/3 + n) 

be positive (see § 113), that is, if 1— 7 — a be positive. Hence 
from and after some definite term the coefficients of the powers 
of X Avill be diverging series; and we cannot then consider the 
series F (a, a -f ^ + 1, 1 — a?) to bo converging though ex- 

pansible in ascending powers of x. Hence y^ is not e(j[ual to y,. 

Dealing with y,4, 2^17, y,8 in the same Avay it Avill be 

found that the last two alone are converging series at the same 
time as F (a, /8, 7, x ) ; and hence we have 

yi = y*=y«=y« -(i)- 

Again y, and y„ y, and y„ y„ and y„. y^ and y,, are derived 
from each otheij by exactly similar transformations of elements ; 

iC-2 
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thus to pass froni to the former is multiplied by x^~yy the new 
first and second elements being obtained by subtracting the old 
third from the old first and second and adding unity to each result, 
and the new third element by subtracting the old third element 
from 2. This process is seen to be the same for all and therefore 


y. = y. = ^10 = 2/20 (“)• 

Ex. Prove that 

Vc. (hi), 

2/7 =2/s (iv), 

?/>j =yi2=.yi3=yi6 (v), 

.yio=.yii=yi4=yi« (vi). 


124. It thus appears that the 24 solutions can be divided into 
six classes ; and the equal members of these classes we may denote 
respectively by Fj, F^, Fg, F^, F^, F^ corresponding to the above 
sets of (juantities in order. It remains to find such relations as 
there may be between these owing to the fact that they are solu- 
tions of the differential ecpiation. 

Now Fg and F^ are converging for those values of x which arc 
less than 1, while Fg and F^ are converging for those values of x 
which are greater than 1 ; as the former therefore are converging 
while the latter are diverging and vice versa, there can evidently 
be no equations connecting Fg and F^ with Fg and Fg. We there- 
fore must find the equations between any three of the set 
Fj, F^, Fg, F^; and any thr<5e of the set F^, F^, Fg, F^; and it will 
be sufficient to have those ecpiations into which F^ enters, as, by 
changes of the elements .and division by a fixetor throughout, any 
one of the quantities F could be transformed into F,. Thus 
the equations required will be those connecting the following six 
groups : — 


F F F • F F F • F F FFFFFFF- 
Let the equation for the first of thesO; groups be 


F F F 


Y, = MY^ + NY„ 

or . y* = + ^y^- 

To determine M a)id N the substitution of any two particular 
values of ic will be sufficient ; let then a;= 1 and .« = 0, and suppose 
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1 — 7 a positive quantity so that is zero when a; = 0 ; we have 
for these two cases 

F{ol, 7, l) = il»"(a-7 + l,/?-.7 + l, 2-7, 1) + 

1 = NF (a, y 8 , a + jS — 7 + 1 , 1 ). 

To evaluate M and N we must obtain the relations between 
the series for argument unity, to which we now proceed. 


Introduction of Gauss's 11 function, 

125. The coefficient of a*"* in 

F (a, 7 , x) -F{a,^,y- 1 , x) 

IS 

a (a + 1) (a 4- m — 1) )8 (y3 + 1) (^ + m - 1) L 7 + m — 1 

1 . 2 m . 7 (y 4 1) (7 4 ^ W2- — 1) I 7 — 1 

a/3 (a + 1 ) (g + 2 ) (« + m - 1) ()8 + l)...(/3 4 - m - 1 ) 

7 (7 - 1) * 1.2. :3 (m - 1) . (7 + 1)...(7 4 771 - 1) 

= coefficient of x''' in F (a + 1, ^ + 1, y + 1, x) ; 

. 7 (7 - * ) 

and the term on the left-hand side independent of x vanishes so 


P (a, % ^•) - ^ (a, yS, 7 - 

X d f V 

^ ^ da.' 

But from the differential equation satisfied by F (a, )S, 7 , a;) we 
have 

d F d*^ F 

5“{7-(“+/8 + l)a.'} = a^/’-a!(l-a;) . ' 

Let the value of F (a, /3, 7 , x) when x is made unity be denoted 
d^F 

by F^ (a, 7 ); the value of when x is made unity is finite and 

therefore • 
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F , (a, = 

«/9 




so that FAc^, ^,y-l) = K (“> A 7) 


^’.(«-A7)- 


^ ( 7 - 1 - a) (7 - 1 - ^) 

( 7 -I) (7-a-^-l) 

or, changing 7 into 7 + 1 , wcf have 

Siiniljirly 

^•, W A r + 1) - t '>-(;!<{ ! 1 ; » O. a r + 2 ) ; 

and tliorcfovii 

P ra R „\_(7-«)(7+l-a)(7-/3)(7 + l-^) iw„ o „ , o'v 

K («. 7) - 7 (7 +17(7 - a - 0 )~(y + r- a- H) 'y + ^> 

_ (7-“)(7 + 1-“)-”(7+^'-1-«)(7-^)(7+1-/9)-”(7+^’-T--/8) 

7(7+lj...(7+/.--l)(7-a-^)(7 + l-a-^)...(7 + /,;-l-a-/9) 

F ,[ a , l 3 ,y + k ). 

12G. Let 


then 




, ll(^•,7 -l)lI{Z^ 7 -a-^-l) 


(“• = n (7.; 7 - « - li n (^, 7 - 2.- 1 ; («> 7 + ^0. 

Since 

1 . 2 . 3...^•. (^,•+l)...(^• + 2) = l. 2..3...^. (^+l)(^ + 2)...(^ + i-), 

we have * 


i.2.3.a-..<(il,)(i + *)...(i + |) 

= 1 . 2 . d. . .2^ . (-S' + l)i^2 + 2). . .(* + ^’)5 
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n (k, z) = , — Jr'- ? • 'Jv • • t 

‘Fwtpi) 

on the supposition that z is an intogcr. From this transformation 
and from tho original definition alike we have 

Il(k,z+\) = U(k,z)-^-^. 

1 + ' ±1 
^ k 


The ise equations shew that for a given value of z the funetioii 
IT (A;, z) tends towards a limiting value as k approaches infinity, 
and that this limiting value is finite. As then FI (oo , z) is a function 
of z alone, let it be denoted by II {z)\ the last (Mpiation shews that 

n(^+l) = (^ + l)TT {z\ 
and the fornnjr shews that, if <2: be an integer, 

\\{z) = zl 

while in any case we have 

• n(^) = r(^+i), 

where 1 ^ {z-{-A) is the Gamma Function of Fuler. 


In the e([uation giving h\ let /; beconu* infinite; then c^very 
term of the sciric‘s h\ (ci, 7 q- x ) is zeao exce])t the first, which is 
unity. If we substitute* for II (x , 7 — 1) and the other functions 
their v^alues IT (7 — 1), we have 


(«. 7) = 


II (7 — 1 ) 11 (7 — a — — 1) 

11 (7 — a — ] ) 11 (7 — — I) ’ 


1. From tlie ox])fiiisioii of t in a series of ascending powers of sin t, 
prov(; that 

^ll(A) = i7r^ 

Ex. 2. Prove that 

II ( — n (.i — 1 ) — TT eosec ztt. 


Ex. 3. Ohtaiii the relations 

(i) (a, /3, y) Fy ( - «, (i, 7 - fi) -- 1 ; 

• (ii) y) («, “ y - / 3 ) = 1. 
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Esc. 4. Provo that 

n n {z- 

(Gauss.) 


Determination of constants in the relations of § 124. 

127. c(iiiatioiis of § 124 now become > ‘ 

JV = - ^ 

J<\ (a, « + ;8-7 + 1) 

_ ll(^-7)n(a-7) 

ll(a + /3-7)riF7)’ 

«‘ind therefore 

0(1-7) 11 (7 -g- 11 7^1 («^7) 

11 (- «) n (- 0)~ ■ + Uja + 0- 7 )TI (- 7 -) 

^O (7-l)n(7-a-/3-l) 
n( 7 -a-l)n( 7 -;S-l)’ 

from which with the use of Example 2 in the preceding .set it is 
not <liflicult to (lo(hic(‘ that 

,, II (7-I) O (a-7) 11 (/3-7) 

' ll (I - 7 ) 11 («■ -1) 11 (/8 -1) • 

These thtm are th(> value.s of the conslants in tlie etpiation 

(i) Y^ = M\\ + NY,. 

Similarly, if we write 

(ii) r, = ii/.r,+iV,r,. 

W'c find that the values of and iV, arc 

ll(7-l)ll(-a)n(-;8) 

' ' 11(1 -7)ir(7-a-l)n(7-;8-l)’ 

ir(-a)ri(-)8) • 

■" * II ( 7 -a-/3) n(- 7 )‘ 

It is easy to shew that the following arc the four etpiations 
corresponding to the other four grou^w in order : 

(iii) Y, = M,Y, + KJ„ 
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where 


, ^ n (7 - 1) n {7 - a - ^ - 1) 

* n(7-a-l)n(7-/S-l)’ 

V ^n(7^-l)Il(a + /3-7 + l) 

li(a- l)ll(;8- l) 


whore 


(iv) jr.=j/3F, + .Y,);, 

II ( 7 - 1)11 (a - 7 m (-,3) 

» 11(1 -7)11 (a- 1) II (7-/3- I)’ 

n(-) 3 ) ll(a-7) 

» n(a-y3) II ( - : 7 )- 


where 


(V) = + 

11(7- l)n(/3-7) ir(-a) 

' * 11 0 -7) 11 (;«- I) II (7-a'- T)’ 

ri(-«)lT(/3-7) 

^ ll(; 3 -a) li(-7)- 


wherii 


(vi) Y=MX + NX, 

, rT(7-l)ll(/3-a-l) 

l[(/)ZT)ir(7-a-l)’ 

,V ^rr(7-l)ll(a-;8- I) 
n(a-i)n( 7 -^-i)- 


Jt should be renuirked that the labour of dediiciiiL;' (be.se c.oii- 
staiits need not be repeabsl for eaib cijuation; (‘aitli etjiiatioii with 
its constants can bii deduced from tlu* lirst iMpiation and its con- 
stants. 


128. We now ])ass to a dilTermt s(^t of (Mpiations wh’ub connect 
any two of the particular solutions and their differential coellicient.s. 

It has been proved that, if Tjand F^be two particular solutions 
of the ec|uation • 


then 


dV, 

dx 


- 1 


. d\\ 
d.n 


= (Je 




where C has a constant value which depends upon the pair of 
particular .solutions selected. In the case when the etpiation is 
that satisfied the hypergeoinetric series we have 
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iip:i,ations between the 


[ 128 . 


„ 7 - (a + ^ + 1) a? ^ 7 7 -a-^-l 

x{\—x) if) 1—x 

and therefore 

^ (Ir. ® diV 

The value of 0 in any e([uation may bo doterinined cither by a 
comparison of coefiicients of the same power of x on the two sides 
or by tlio subslitutioi of a particular value of ./■. 


Kn'iimple 1. Let 

K, =y., (a- 74 1, ^-7 + 1, 2-7, 

A7. 

Let each side be expanded in ascending powers of x ; the term 
involving th(j lowest power of x in 


is 


i-y 

— X 

7 


. dY, 

‘ (/7 


the term involving the lowest power of in 



is — (1— 7).x' henc(* ecjuating the coefficients of the lowest 
powers we havi^ 

C;=-(l -.y) = ry_ 1, 

and therefore 


' d.v dx 


(1 - af 


Kiuinple 2. Let 

y\ = y, = F{a,0,a+^-y+l, l-.r); 

= = 7 . 

We proved before that 

Vt = 

in whicli M and W are ilelinite constants. This gives on differen- 
tiation 
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2o:i 


or 




iroin the result of the last i?xani|)le. Now from the vahu's of M 
and N wo have 


M 11 (7- 1 ) 11 r -7) 11 (a 4 - /Q - 7) 
N " 11 0 - 7)11 (a - T ) 1 1 (/t? - 1 ) • 


Ihit 11 ( I — 7) = (1 — 7) T 1 ( — 7) == - (7 — 1 ) 11 (— 7), 
and th(‘refore 

_M f 11(7- l)n(a + ^-7 ) 

a;- n (a _ 1)11 (/ 3 -d ’ 

and the oiiuation becomes 


_ IT (7 - 1 ) I I (C£ + /3 - 7) ...y . _ 


A'.*.’, l^’ovc Unit 




jur\ tLjit 


y) 1 7) , - V n _ vW - • 

r I (a - y) II (,y - y) ' ‘ ’ 


.Vio 




-^1 


zAz,’ 


II (y l)ri(/4 -zi) .,.- 7 /^ _ ,.sy n-ft-l 
lii/i l)ll(y~a I)’' ^ 


121). In all the i'ore^oin^^ investii^ations the (iiiaiitilies a, / 8 , 7 
have been*siip])osed to be indeiieiident, and the series have con- 
seriueutly retained their most <[^enm'al form ; but many important 
applications are ma^le by assigning eitheu’ one or two relations 
betwee?! the three constant elements, or by giving numerical 
values to one. or more of them. Such applications (as for instance 
to elliptic integrals) cannot V)e discussed here ; but the studemt 
who wishes for information on th(.*se points will find at the end of 
the chapter a list of the more important memoirs d(‘aling with 
liypergeoine trie series. 
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CASES OE SOLUTION 


[130. 


Special cases of integrate ni in a finite form. 


130. Wo pass now to consider some special cases when the 
hypergt?ometric series can be (‘xpressed in a finite form. 

It has been proved (§ 01) that the (piotieiit s of any two par- 
ticular solutions of the equation 


Statistics tln^ (Mpiation 


f I. 7,-0 


l [x, .''I = 


where; / is a function of x only; and it has been lurtlier sh(;wn 
that, from any particular value of .s* which satisfies this equation, 
the value of the two particular solutions of the former eijuaiion 
can lx; obtained. - In tin; (*ase of the hy|)eJ‘g(;ometric series the; 
valiu; of / is 


ri-X" + 

' _ +(.,:- If .r(,«-l) 


(A), 


p, V lK;ing delinit.e functions of the constants rx^jS and 7 ; so that 
for this serii‘s the differential eepiation which gives s may be 
written 


l*. -' t - :i I- 2 ( _ ly. + 2 y,, _ I ) 


If then a relation between .s and x can bi; found which is 
expressible in tiniti; teriiis, it follows from the formula; of § 62 that 
the hy|)ergeomet]’i(; series will be expri'ssible in linite terms. This 
cannot be expected to occur in the ca,se when the; parameters arc 
general; from the few instance's given it will be seen that the 
values of A., //,, v are definite numerical constants. 

Tlu'ie are in all fifteen separate cases, and no more ; for the 
proof of this, reference' should be made in the first place to the 
memoirs of Schwarz (see § 134) to whom the investigation, in a 
conijiletely ditferent form, is originally due. 

It is convonioiit to ivc.'i])itu].ito here tlu; j^oiioral foniiulic of transforinatioii 
of the fiiiu'tioii [x, .r) for tlio chanj'os of tlu; variables; the special examples 
given ill 3, § 0*2 arc particular cases of tlie general relations which are 
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As iRUlitional examples wo may take 


-(a . 

r j » 


{aH -fty)- f 

- (y.v+sy V 


iir + /d| 
yr+t^J 


JtM+& a' +/I) (y.l- + S)' , 

((■.■( + </’ yr + fij {ad - (iy)~ ‘ ’ ' 


(iii), 


.(iv). 


Aiiotlioi* formula, whicli will provo useful, is tliat wliieli jirisi's hy sup- 
posing s" — then wo have 


so that 


thei’ofoni 



ami 




1 

•2,1^ 


so that 



whieh may ho written in either of tlic forms 



i - 

rS ^ ) 


2.S-'* 


,(v). 


181. Case 1. 


By writing 
^\ 0 have 


X~x in (i) in the foriniihe just 


a] = [6', .v] + 



eimiiM -rated 


by a series of proper substitutions we may ])ass from this e( (nation 
to the correspo^uling edjuation for the hypergeoimitric; seru.-s. 
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CASES OF SOLUTION 


[13] 


Firstly, let 


— 1 _ . 5 " - 1 


while by (iii) 


Butcr = .5'‘; therefore 






\ (ff + 1)‘ [s, o-}. 


, r. 


and thus 


1| ^ »i2 (o’ + 1)^ 


<r 4- 1 ) 2 4cr‘‘‘ 


Secondly, let 


T= I 


so that tile relation between s .and x is 


V«’*+ iJ 




f/./V I — ic’ 


Again using (i), we have 




but in this 


= -l, 


so that we liave 


[T, .»•} = { I - .T, ./;} = 0, 
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Also, since 


= l-.7;. 


and therefore 




When these substitutions are made in the original e([uatioii 
which gave [5, x], it becomes 

This is of the sann^ foi;m as the (‘Cjiiation (A) in tin? general 
case, and is identical with it when we. write 




and then the relation between .9 and x is 




Now A,*'* = (1 -- 7)“*, fjL^ = (« — (3)\ v~ = (7 — a — remerrd)ering 
that 7 — oc—/? must b(j positive in order that tin.* s(‘ri(*s may 
converge even when the variabli*. is iMpial to unity and assuming 
that a is greater than (which is j^ermisslble), wti may take 

“ 2;i’ ^ 2 n’ ^ n 

If it be desired to have positive, Ave can chang(! the sign of n\ 
and then the elements of the hypergeometric series an; 

. 1 o I .1 

+ ^~2n’ 
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[131. 


and the relation between .s* and x is 




The latter ^^ives 


and therefore 


1 + (1 — 




while; 6-'“" = n‘‘ ( I — .r)‘‘ x" [1 + (I — x) }". 

Now tlie two particular solutions, when the eeiuation is in its 
normal Ibrm, are 

and (J^~^Sy 

and the rc;lation bcitween the dependent variable v in this case and 
the dependent variable in the ordinary diHereiitial cicpiation is 

(§ m 

y = Dx (1 —x) ‘ ^ 

which bi;comes 


y = vx (1 — X) 1 


in the special case. 


Hence; the primitive of the ditferential e(|uation 

(!J + di 1 (i + ,!)} “ L + i) 2' = ® 


is y = C/' {1 + (1 - .rfr + 0, [ I + (1 - afj”". 

]\Ioreeive‘r on cennparin^ tlu'se two particular solutions 

{1 + (1 -xf}"" and [1 + (1 - xfY 

with the set of partie*ular solutienis, we find that they correspond 
to I. and III. respecti\ely ; in tact, the relations are 
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ami 


L’ *}-2^(i+a-«)r- (I.) 

*' I 2 - S’ - i 1 ■ I' +<' -'A" (''■> 


the coirimoii factor x ” having boon rcinovod from the latter. 
These two relations arc of coiii’se etiuivaUmt to one anotlier. 

132. Case II. From what has been proved in the last case 
it follows that, when we assign the particular value 2 to n, we have 
the relatio]! 




as a solution of 




(I 


+ 1)^ 

l-i+L-’U 1-11 


r-?±i 

f (1 -ff • 


Firstly, let 


then 


+ ') = !; 


^.r(r-?+i) 

= a + + l 


and 


Secondly, let 




then 

?.!•= 

W^2> 

) L{<^. ?.} - le 


and 

{r..?.} = 


t “1 = ^ “ 1 = 
5 * ) 2|,“ 

8 

so that 

{o’. ?.} =■- 

M fc 2 1 

if bit 

+ + l 

' 1 ] 


~ ?i 1 

" + 1 ? ~ ^ ’ 


F. 


14 
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[ 182 . 


and the relation is 


Thirdly, by writing ?2 = 
we at once have [a, f,,} = ^2! ” “ ‘i 


where 


, = * 1“ -1 
^3 /‘j * 


Fourthly, lei a = s^\ then 


{s, <r} + \(T, 


SO that 


Hence 


K<r} = }.v,.v=')=;^;,; 

o-'^ (^^ 3 ’ 

l_((lo-V_ 12ff" _ 3 

“(^”+iy”l + 3 ?,^- 

{ 9^1 = LI ~ ^ 


and the relation is 


Fifthly, lot 


? 4 +l . 


{«. 1)4 {«. 


_4 27 4^, 

■ (^4 - ir ■ « ■ (^4 - 1)^ ■ ie (14* + ?:+ 1)* 
27 f 


and the relation is P* = . 

^ .v"- 2 sV 3-1 


Sixthly, let 




ll«. ^4} - & ^ 4 l]- 



132.] 


IN A FINITE FOlUl. 


211 


Honco 


. ■» 
\o t _ .S_. 1 ;• 

UL-if 


1111(1 tlio relation is = 


.v-ivV.s-L 


It therefore follows that a solnlion of 


^ r I — 1—7^'* + v“ — 1 


+(!-.<;)=+ 1)“ 


in the easii wlien X = .\ /i, v — A, 

. . - /.v' + i>.vV:{ - iv 

.«g,vc„bj “'Urj.v.-i-i)' 

From this n^lation the valiu* of .v can Ix^ ton ml (it is a some- 
what eom|jlieat(;(l fmicliou of .r) and (hence, .s'; and this will l(‘ad 
(§ 02) to the solution of tln^ (‘(|uation 

• /I \ 7 \ (hf I 

d> + U ~ (I ''7 ,ii + 4.S - *’• 


is given by 


133. Case JIT. From the two prijceding eases a new one 
ean be constructed. 

For l(‘t, in Case ll., 

Is 

(7+1)^^^’’ 


by Case i. ; and so 






f + 

'iSf J iC iX) ( I iXj J 


~?'^z{z+\r' 


14—2 
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[ 133 . 


Now change z into — z, so that 

\z _ + 2s‘ V3 - 1 . 

(z-iy~ ®“L> + 27V3 + 1/' ’ 

then {s, zj = {.s, “ ^ (i~yi 

4 JL _fi_ 

— '•» _L J«__ -I- - 

A coTMparison with the general formula shews that the last 
relation between z and s is a solution, provided 

^ = h ^ = l = 

and therefore a = — /^ = J, 7 = 3. 

Hence by means of the preceding relation we can obtain the 
yn’imitive of 



in a finite form. 


All’. 1. Shew that from Case 11 . can be derived in a finite form the 
solution of 


•r (1 - +a- = 0 . 


Air. 2. Shew tliat from Case ill. can ho derived in a finite forr i the 
solution of 




Further cases will he found in the Miscellaneous Examples at the end of 
the chapter. 

It may easily he verified that, for all the examples given, we have on 
taking positive values of A, fi, u the incijiiality 

\ + + 1 ; 

the case of X4-/x + v=l is integrablo by the simpler method of § 08. See 
Ex. 7. p. 12(5. 

134. For further information on the subject of the hypergeometric series 
the following memoirs should Ikj consulted : 

Gauss, “ Disquisitioncs generales cin^ scriem infinitam 

^ + 1.2.y(7 + l) ’ 

Ges. Werle, t. ill. pp. 123—163; 

“Determinatio scriei iKhstrai per aetiuationera diffcrentialcm sccundi 
ordinis,” id. pp. 207 — 230. 
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Kummkr, “Ueber die liypergcometrischo Reihc,’’ Crelh^ t. xv. pp. 3!) — 
83 and 127—172. 

Schwa KZ, “Ucber eiuigo Abbildungsaiifgabcn,” Crelle, t. lxx. pp. 105 — 

120 ; 

“Uebcr diejeiiigen Fiille in welclnin die 6Vt?M.vischc hypergeo- 
inotriseho Kcilio eino algcbraischc Function ihres viorten 
Eloiuentcri darstcllt,” Crello, t. i.xxv. pp. 202 — 335. 

(Lvylev, “On the Scliwarzian derivative and the Polyhedral Functions,” 
Camh. Trans, t. xiii. ; 

in the last of which references will be found to further nieiuoirs. 

There is also a inenioir l)y Oouksat which may be i^onsultcd with great 
advantage — “Sur requation difterentielle qui adniiit |)our iutegralo la seric 
hypcrgeom(5trique” {Annafes de l\k‘ole nonmde snprriearr, Ser. ii. t. x.) — in 
which by developing a method due originally to Jacobi he obtains tlip results 
of Kummer and Schwarz. 


M TS( JE I .L AXE( ) V S K X AMP L IW. 


1. Prove that, if 

+ 5- - 2id) cos </>) " ~ J „ + 2 J ^ cos </> + 2/1 cos 20 + 2 J .5 cos .30 + . . . , 
then may be written in any of the forms 


(>) 

(n - 1 - r - 

■1)! 

a -rf,ripl 

n, 

n + >*, 

d" i 7 > ) ! 



V I ( vi — 

i): 

\ 



(t-/ 


(ii) 

(a + r- 
r!(a -- 

■1)! 

1 )! 

a^'h‘' 

{(d + lrf"'' 


'v*' 

b’, o/tq- i/'+A, 

'•+ 1 ’ 

(iii) 

{n + r - 
rT(n- 

- 1 )! 

1 )! 

! d‘V' 

(a-f + 

F 


1 •*> 2 /*q- 1 , 

la + hf) ’ 

(iv) 

{ti + /• - 

/•!(a - 

■1)! 

1 )! 

7t'l/ 

F 


1 2 >’ q- 1 , 

inh \ 

{a - • /;) V * 


(Oauss.) 


2. Obtain a solution of the equation 

(.( + 7J..+ g+ (/)+ Kv) 2+^>=0, 

as a hyx)ergcometric series ; /I, 7J, C, D, E, T'^xrc supx)oscd to be constants. 

(Gauss.) 

3. A function is said to be contiguous to F («, [i, y, .?;) when it is derived 
from it by changing one and only one of the constant elements by unity. Let 
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/^(a + 1, /y, y, x) bo denoted by ; F{ii- 1, fi, y, x) by F ^__ ; and F{a, /3, y, 
by F. Then prove the following relations : 

(i) 0 = 

^ (ii) ; 

(iii) 0={y-2a-(^-«).^^/^+a(l-.^■)/;^-(y-a)/;„; 

; (iv) () = y [a - (y - ^ ay (1 - ^;) + (y - a) (y - ; 

(v) 0=--(y-a-^) /’+«(! -.v)/’^.,.--(y-/3) 

" (Gauss.) 


■l. Provo that 


• (1 -.r) A'(<., ft y, .r) ^'(1 -a, 1 -ft 1 -y, a’)- 1 

= ^^y(1-y)^^ ’^^’("’ 1-/*- 2-y. .4 

(Gimss.) 


T). ]ly changing the independent variable in the diftbrential equation verify 
the following 0 (j nations : 


(i) (l+y)‘'“/'(2a, 2a + l-y,y,y)=-7-’(„,,. + l, y, 

(Gauss.) 

(ii) (l+y)'‘“7'’(«,«+i-ft li+k,i/-^^F(a, ft 2fi, 

(Gauss.)' 

(iii) F{a, ft (i+^+ i, siii“(9)-/’’(2,,, 2ft a+3 + i »iii2 . 

(K nil liner.) 


Prove also that, by changing the variable fi-om x to -8.r{H-(l - .r)'^}~3^ 


„ /a a + 1 2« 1' 2 . A ..^aa jpfa a + 1 2a + 2 - 4 sin-^ d\ 

^2’ 6 ’ 3 = ,i '-3 . cos^^ j' 

( Ku miner.) 


(1. Shew that the functions /*„ ainl which are the independent solu- 
tions of liCgendre’s equation, may be expressed by hypergeomctric series in 
the forms 


«+l, »+l ?), 

the variable x of Legendre’s equation lieing connected with ^ by the relation 


Heine.) 
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7. Shew that, if the indcpeiideiit vfiriable in Legendre^s equation be 
restricted to be less than unity, the primitive may bo represented by 

+ h h ( - pi + p pi + 1, 

where the series, if intinite, are converging. 

(Heine.) 


8. Denoting the series 

, prove that satisfies the differential equation 


(1 +[d + 6 + l -(a+^ + y + 3).v}.r 


(IF 


+ [Be - (nj3 + + ya + n + /3 + y + 1 - a^yF— 0 ; 


and obtain two other partiimlar solutions of tlic ccpiation in the respective 
forms 


and 


,.i-0v + ^ ^+l-d, y+1 -d\ 1 

- ^tV 2-d,. + l-d 

1 _, „ r/a + l ^ + 1 -f, y+1 -€\ 1 
•' ^ \\ ^+1-,, 2-. ;»’/• 


Express the first of these three solutions in terms of the other two (see 


9. Verify that another solution of the differential equation in the last 
question is 

a+ 1- d, a+1 -eN 11 

^ |V« + l-^,«+l-y r 4’ 

and hence derive two other solutions from the results given in the last 
(question. 


10. The equation 

-(i-.^)2+(!l-2.-)J-iy=o 

has a particular solution of the form determine n and obtain the primitive. 
Hence express sin“^.f; as a hypergeometric scries. 


(doursat.) 


11. Obtain in a finite form the in imitive of 

'di- 


■^(1 -’•) 3 + :5 a -2---) ^^•S?y=0; 


also of 




(Ooursat.) 
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12. Prove that the relation 

satisfies the equation 

l 15 155 

{s, + - 

Hence obtain in a finite form the primitives of the equations 

(i) (1 + + = 

(ii) a.-(i -.V) 'S+(S- 


13. Prove that the relation 

(z -J _ («s + 14«' + 1 ):< 

■iz' “ ioa< '(.<«- ])+ 

satiMfics the equation 

Hence obtain in a finite form the primitives of the equations 

(i) -x) 2 + (S - 7 V /=0 ; 

(ii) .7.-(l -.r);g + (i- III-t;) 



CHAPTEll VIL 


SOI.UTION MY ])EFTN1TE TN'I'KOKALS. 

13o. The principal methods which load to expressions for the 
dependent variable in terms of the independent variabhi by means 
of what are ordinarily called known functions have now bc*on given; 
there is however another method which c(?rtainly leads to a solu- 
tion of some differential ecjuations though the full evaluation by 
the operations indicated may not bo enrrit'd out. This mi^thod 
consists in expressing as a definite integral the value of the de- 
peiitlcnt variable ; its chief application in ordinary ditfercMitial 
equations arises in the case of a certain general class of linear 
equations which can otherwise be solved in series, though not in 
so concise a form. The. method is however of primary inqxjrtance 
in the solution of those linear partial differential eciuations of order 
higher than the first which arisci in investigations in mathtiniatical 
physics ; in fact, in some (piostions thi'se solutioris by means of 
definite integrals constitute the only solutions hitherto obtained. 
Here, however, avc are concerned with the application to ordinjxry 
differential equations# 

136. The method applies with peculiar advantage to linear 
equations into the coefficients of which x enters only in the first 
degree and in which there is no ttirrn independent of y or of 
differential coefficients of y ; such an equation, in its most general 
form, is 
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[136. 


where the a’s and 6’s arc constants. This may be written 

where and yjr are rational integral algebraical functions of the 
order n in general, though the order of either may diminish 
through the vanishing of some of the coefficients. To solve this 
equation we assume 

where 2^ is a function of t but not of a ; ; the form of this function 
and the limits of integration (supposed independent of x) are to 
be determined by substituting this proposed value of y in the 
differential ecpiation. Since 

S 


the result of the subst itution may bo expressed in the form 

</> (t) Tilt + ir (t) Tdt = 0, 

which must be identically satisfied. The former of the terms, on 
being integrated by parts, is replaced by 

and therefore the identity becomes 

^ it) T] (0 2'i - ^ (*) = 0, 

the first term being taken between the limits of the integral, as 
yet unknown. Now this will be satisfied, if we make 

for all values of t included within the range of integration, and 

rj = () 

at the limits. The former of these equations determines 7’ as a 
function of t ; the latter will determine the limits of this assumed 
‘ integral. 
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137. To derive the value of T we write the first 0(jiiation in 
the fonn 

and therefore 

where A is an arbitrary coustaut. Hence the value of y is 

taken between limits of integration defined by the equation 

these limits being independent of x. 


138. We have now to determine the limits. Consider the 
e(|iuitiou 

where is a constant. Let be a value of t independent of m 
and satisfying the equation; let ... , be other constants and 
/Sg, ... , be corresponding values of t, all independimt o( x. 

Then if the value 

y = Aj^^ Tdt + il., f' Tdt + . . . 

be substituted in the equation and if for each of these definite 
integrals (T being assumed to have the value before obtained) 
a single iirtegration by parts be effected, as in the preceding 
analysis, then that the C(|uation may be satisfied we must have 



and when this is identically satisfied the foregoing value of y is 
a solution of the equation. 'This last identity will indicate such 
necessary relations as may subsist among the arbitrary constants^, 
and so will fix the number of independent constants ; when this 
number is the same as the order of the differential ecpiation the 
foregoing value of y is the primitive, but if it be less the 
necessary number of particular solutions to make up the primitive 
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must be otherwise determined. Examples will be given here- 
after. 


139. This is the most general method of obtaining the limits ; 
it includes as a particular set the limits obtained by taking those 
roots of the equation 

e ‘'^{0 =0 

which are independent of ; they obviously make 



and they are usually the simplest obtainable. When this equation 
indicates only two limits distinct from one another, these will 
give the only definite integral immediately derivable in such an 
example. If, however, more than two, say r-^l, limits be indi- 
cated, then r particular solutions may be constructed; in fact, 
denoting these limits by 7, ... , /3^, we derive from them 

^is the corresponding part of the primitive 


^ 1. To jq)ply tho foregoing to obtain tlic primitive of the equation 

Here wc have with the above notation 

0(O=-1, 

ylr{t) = V\; 

and therefore 

_ rn_ I 

or, changing the sign of the arbitrary constant, this is 

while, in accordance witli the general rule, the equation determining the 
limits is 


.fi 

7A~' — 

?l+l 


1 


Now this is satisfied by ^ = oo when y. is zero and by ^ = 0 when /i= - A^; 
hence wo may take as the limits of the ilefinite integral 0 and oo, which thus 
becomes 
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It must be noticed that, just as in the general c.use one of the detinite 
integrals alone was not a solution of the difterential equation, so this is not 
a solution of the O(iuation since the terms outside the integral are 


— -do 


[ 



30 

0 




0 


insteail of zero, 
equation 


This value of ^ is therefore the Particular Integral of the 






Now the quantity T docs not chaiigo, if for t wo \vi’ite at, where a i» a 
root of the ecj nation 

moreover the limits of the dehnite integral are unaltered since in the equa- 
tion determining those limits the term xt in the ex[)ouent lias ciianged into 
x<at which, so far as this equation is concerned, is the same as clianging x into 
a’o), a change which has no effect on the limits since they are independent of 
X. IIciico wo have another definite integral in the form 


A.r 

Jo 




ci (at), 


or, when the a is moved outside the sign of integration, it is 

/ « — +wa:i 

fi (It. 

Forming now these detinite integrals for all the roots of unity 

and adding them together we lind as the cxiiression for i/, wliicli has to be 
substituted, 

r'H 


?/ = d 0 I e ^ (It 1- 01^1 1 I e 
Jo Jo 


in\l 

- _ +oiXt 

llt + . 


J () 




(It. 


When this value is substituted, ;is in the general investigation, the terms 
which are under the intrf3gral sign vanish identically and that part of the 
expression taken between the limits, wJiich is furnishe<l by the integral 
involving d,., isd,.; hence the resulting equation, when this value of is 
substituted in the differential eipiation, is 

do-fdi-f- -|-d„=0. ^ 

If then this single condition be satisfied among the 'a-f-1 arbitrary con- 
stants, the above expression for y is the primitive of the differential equation 
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Ex, 2. Prove that the above expression for y is the primitive of the 
oquatioii 

provided the constants A satisfy the condition 

+ ■\-A^-=(i. 

Ex. 3. Prove that the primitive of the equation 

"•'2 ■ +. v )^ f +.‘-<# 7=0 


is, for positive values of .r?, j^ivon by 




nl f'’ +ll 


J -ao 


^ ^ (u-H) ^ ‘ dn. 


Obtain the corresponding primitive for negative values of ;v. 


(Pet/.val.'l 


Ex. 4. To solve 


(.Ihj dy .. 


whore a and q are constants. Here 

and \l^(i) = atj 




Hence one solution of the equation is 

y — ^ ~ ^ 

taken between the limits given by 

To obtain the limits, write , 

(«2_r/)i«=0, 

and suppose a positive ; then two roots of the etpiation are given by 
t= +y and t=^~q. 

y 

If now X be restricted to positive values, a third root is given by 

_ CO, 

while when x is negative a third root is given by 


«=+ao. 
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As ill either case we have three values given by the limits eiiuation we eau 
eonstruct two distinct particular solutions, and so have the primitive. Thus 
wheil X is positive the primitive ‘is 

J -q J - X 

while, when .v is negative, the i3rimitivc is 

l/ = A f‘ (<2 - ,lt + H r (t- - dl. 

J -q J q 

Ki\ 5. Verify that, when a lies between zero and 2, the [)riniitivc of the 
equation is 

y = ,sin'‘- ‘ (W+ Cj)/' -« j ' sit,' - adff, 

unless a be unity, in which case the primitive may be written 

^ { J + « log (.t- si,i2 tf); d0. 

(lloole.) 

Ah;. (). Obtain by means of definite integrals the ]>rimitive of Vessel’s 
equation. 

140. The foregoing general liiuuir diftc'reutial equation is one 
with variable coefficients which are of th(‘. first (h'gree in the 
independent variable; and tlie definite-integral solution was ob- 
tained by means of a linear ditTerential e(|nation of tlu; first order 
determining the unknown function T. It is not, liowcviir, the 
only type of differential eipiation to whhdi the assumed form of 
integral is ap[)licable ; it is, in fact, a jiarticular cixse of a more 
general process, indicated by the following proposition. 


27{e solni^ion, by meam of definite integralSy of the yeneral linear 
diferential equation of the order, whose coeficienU are not con- 
stant but f unctions of the independent variable of degree mtt higher 
than niy can be made* to depend upon the solution of a linear dif- 
ferential equation of order not higher than m, the coejjicients of 
which are variable. 


. * . 

This proposition we proceed to prove. Let the differential 
equation be denoted by 


^+x I X 


• dx' 


1-2 • 





224 GENERAL THEOREM ON [ 140 . 

where (for all values of the suffix r) is a function of x only, of 
degree not higher than m, given by 

X^ = a, + \x + 0^ + + 

while for some values of r some of the coefficients of the highest 
powers of x may vanish. Taking as the particular solution the 
same form as before, we write 

y = j^^Tdt 

with the limits as yet undetermined, and T an unknown function 
of t. Now this value of y gives 



and therefore the ecpiation, when this expression for y is substi- 
tuted in it, becomes 

■ [V'X^ + + + (Z.+ dt = 0, 

which must be identically satisfied. Rearranging the expression 

-f + + zz, + 

so that it may proceed in powers of x, and writing 

+ +«.,< + «„= u^, 

6„t" + * + + hf + &„ = ?7| , 


+ +M + ^0= 

V + + + + h = ^m> 

we transform the above equation into 

jd'T [U,+ U^x+U^a^+ + U,„.,ar-^ + dt = 0. 

Now the left-hand side is the sum of integrals of the 

form 

je^'TUydt; 
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and each of these can be integrated by parts until the variable oj 
cease,s to occur except in the exponential. Thus wo have 

je'^TUXdt = {TU,) + . 

+ (- 1)'-’ ^ (2’?/.)|] + (- l)-jV" dt, 

the part without the sign ot integration being taken between the 
limits of the integral, as yet undeterjuined. Denoting the ex- 
pression 

oT'TU^ - an {TUA +...+(- I r (TIO 

by y. for all values of r except zero (in which case no inti.‘gration 
by parts is necessary) and a|)plying the foregoing formula to each 
of the definite integrals on thi> left-Jiand side of the ecpiation, we 
change the equation into 


S V 

r=l 


+ je-{777„ - (7'f/,) + (774) - + (-1 )"‘ {TUj'^dt = 0. 

This will be identically satislied it* the unknown t'unction T lx? 
chosen so as to satisfy the e(piation 

TU, - (Tir^) + ^ (TU,) - + (- l)"‘ (TU.„) = 0 

for all values of t between the limits of intc‘gration. These limits 
must be determined by 


r=-ifi 

S F, = 0. 


Now this eijuation determining T is linear with variable co- 
efficients, and it is of the order iii but it may degenerate to one of 
lower order; when it is solved, a definibj-integral solution of the 
original etpiation is derivable. 


Hence the proposition follows as enunciated above. 

Since the e([uation which determines T is of order in, it will 
have m independent particular .solutions; these may be denoted 
by 1\, T , T„^. Corre.sponding to the.se there will be m 

■ -i - 

F. lo 
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particular solutions of the original equation obtained by sub- 
stituting for T in 

these 7n values in turn. 

141. In the case vvheii m = 2 the eciuation which determines 
T becomes 

TU.-^(TU,) + ^(TUJ.O. 

or, what is the same thing, 

The following are some of the special cases in which this 
e([uatiou can be integrated very simply. ^ 

(1) When the coeiricicnts a, 6, c are such that the equation 

df dt ^ 

is satisfied for all values of t; in this case the value of T is easily 
proved to be 


A 


}u:^ 


(2) On multiplying the equation throughout by we can 
rewrite it in the form 

diK’dt) ••dt <\di lie 

the left-hand side of which is a perfect differential if 

^ lUU)=U f- ^ _ u 

that is, if 

“ de ^ * dt • » 

If the values of a, 6, c be such as to make this an identity, then 
the value of T is given by 
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which leads to the result 
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Te = ^^" + 5. 


(3) When the equation in 2’ is reduced to its normal form by 
the substitution 

the new equation is 


where 








A solution of the equation is at once obtainable when ® 
vanishes, i.c. when 




Further, immediately intcgi’able cas(3s are i'm*uishod when ^ is 
a constant, or is of the form or of tlu^ form X((? + //)"^ 

In any case, whatever be the relations amon^ the constants in 
the functions If, the solution of the ei^uatiori determining T is of 
the form 

T=CY1\+CJ\; 

while the equation giving the limits of the definite integral is 

which is satisfied by the values of/, if any, common to 

dT 

* T = Oand ,=0. 

at 

A/c. Integrate, by means of a definite integral, the equation 


S " ^ 


where /x is a consent. 


15—2 
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142. Another set of equations to which the method of solution 
by definite integrals can bo applied is the set derived from 


dSj 

dj? 


— = 0 


for different values of 7l To solve this we assume 

y=5e^Pdp, 

where t denotes an unknown function of x alone and P an unknown 
function of p jxloiie, both of which functions, as well as the limits 
of the integral, have to be dcitorminod. Differentiating the value 
of y twice and substituting in the eipiation, we find 

h 1^'’ (S’ - H ‘‘I’ - “• 

Choose the unknown function t so that 


^dtV 

dx) 


= ; 


and suppose that X is positive and equal to c^ so that the differential 
equation is 


da? 


= c^x'^y. 


Then the equation whicli determines t is 


dl JfH 


and therefore 


t= - 

\n + 1 m 

if m denote }pi + 1. Hence we have 


1 m , 1 (Pt m (m — 1) 

* 7 — and -j j 2 a • 

t dx X t dx X 

■C' 

Let the equation involving the integrals be multiplied through- 
out by a?lmi ; it becomes, after a very slight reduction, 

m /C ( / - 1) Ptdp - (wi - 1) Ppdp = 0. 
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Integrating the first term by parts, we have 

- l)pj +m -dp— (?a - l)je~’''Fjxlp= 0. 

Now this will be identically satisfied if we make 

for all values of included between the limits of integration 
defined by 

The former equation serves to determine P as a function of ; it 
is of the first order and linear, and its solution is 

i>i+i 

A being an arbitrary constant ; and the et| nation which gives the 
limits is 

p Til— 1 — 

1) ^^■ ]=(). 

The latter equation is satisfied by = oo , and by j[> = ± I provided 
the exponent of 1 is positive; this re(|uires that m should 
eithT>r be positive and greater than unity, or be negative, and 
therefore that n should not lie between zero and — 2. Assuming 
that this condition is satisfied, we are in a position to construct two 
definite integrals ; they are 

ri 

j (// - 1) dp, 


mil 

d/j. 


and J e ' ^ (p^ — 1) 

The former of these is equal to 

-J _w+l ^0 _m+l 

e'^0/-l) dp+ dp, 

Jo • J -1 

/•I ^ __Tn+l n 

= I — dp-h €^‘(2^ — 1) 2”*^ dp, 

Jo Jo 

ri 

= + dp. 

Jo** 
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m+1 


Hence the primitive may be represented by 

A'j (e"* + e"'') (p* - 1) dp + Bj^ (/ - 1) dp ; 
substituting for t wc have 

A I Jl -p^r^-»^*cosh dp 

+ bJ e (p^-1) 


as the primitive of the ecpiation 

cPij 
dx^~~ 

for values of n not lying between 0 and — 2. 


dV a « 


Ex, Provo that the primitive of the same etpiatiou may be given in the 
form 

71 

y=A'x j"‘(I *'‘+^co.sh 

fr, ..??P.t«4l — 

provided n does not lie between —4 and —2. 

(Lobatto.) 


Application to the H yj^ergeonietric Seizes. 


143. In order to obtain a definite integral which shall satisfy 
the differential ecpiation of the hypergeometric series wc assume 

y= j(l-vxrjrdv, 

where V is an unknown function of -y^nly and m is a constant ; 
the form of F, the value of ?n, and the limits of the integral have 
to be determined. From this value of y we at once have 

j^ = _m JvV(l-vxy‘-'dv, 

= vx^-^dv ; 
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SO that, when these values are substituted in the equation 

® + {7 - ^ + 1) a-} ^ 

it becomes 


Jv(l — vxy \pn {m 


— 1) v\c (1 — ic) — mv (1 — vx) {7 — (a + /8 + 1) it’] 
— a/8 (1 — vxf] dv = 0. 


The coefficient of a-V within the brackets is of the second degree 
in m, which is as yet fin imdeterniined constant; let m be so 
chosen that this coefficient vanishes, so that vi is given by 

— m (in — 1) — m (a + /8 4- 1) — ^t/8 = 0, 


or 7/i^4-ni(a + /8)4- a/8 = 0, 

whence in may be taken equal to either — a or — /8. As the 
differential equation is unaltered when a and /8 are interchanged, 
either of thescj roots may be taken; we shall takci 


m = — a, 

and then, substituting this value, we find that the ecjuation 

J V(1 — vx)^"^~''^ + 1) v^x H- av {7 — a; (a -I- /3 4- V7 + I)] 

• — a/8 (1 — 2m)] do = 0 

must be identically satisfied. Rearranging the expression within 
the brackets under the sign of integration and dividing out by the 
factor a, we transform the ecpiatioii into 

J 1^(1 — vx)~*^~^ (a + 1) V (0 — l)xdo 

4- j F (1 — (vr^ - /8) (I — m) do = 0. 

Integrating the first term by parts we have 

— Fy (1 — i;)(l — 4- J (1 — jy (1 —v) V\ dv, 

and therefore the equation becomes 

— [ Fv (1 — 1 ;) (1 — 

+ J (1 - {v (1 -v)V}-(^- vi) f] dv = 0 . 
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Now this will be identically satisfied, if we take as the equation 
to determine V 

^f^{v(l-v)V}^(/3-vy)V 

and assign, as the limits of the proposed integral, values of v such 
that 

[Vv(l-v)(l-vw)-^~']=0. 

To solve the former C(iuation, we have 

= «(!-«) 

^ ^ ( 2 ; 1 — v) 

Hence v(l —v) V= Av^ (1 — 

where A is an arbitrary constant ; and the equation determining 
the limits is 

which, on the supposition that j8 is positive and y greater than 
/8, is satisfied by v = 0 and v = 1. It therefore follows that 
the equation of the hypei'geometric series is satisfied by 

y z= A f (1 — (1 - dv, 

J 0 

provided ^ he positive and y greater than 

It is easy to shew that, when (1 —xvy^" is expanded and the 
coefficients of different powers of x are evaluated, the resulting 
series is a constant multiple of the hypcrgeometric series, this 
constant factor being 

A f v^"^ (1 — vy~^'~^ dv. 

J 0 

144. If now we change the independent variable from x to 
1 — iP, the corresponding form of the differential equation is 
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A solution of this equation (and therefore of the original 
equation) is, from the foregoing analysis, given by 

y — sf (1 — — xvy ' dv, 

J 0 

provided yS is positive and a + 1 greater than 7. If the conditions 
of limitation of the parameters be satisfied, the primitive of the 
differential equation of the hype rgeome trie seri(\s is given by the 
sum of these two different solutions. 


Ki‘. 1. Obtain in terms of definite integrals the eoinpleto solution of the 
equation | 

(.1 + + /'-«) + Kv « 

(see A’.r. 2, p. 213). 

Kv. 2. Prove that, 

(i) if 0 be positive and a 4-1 greater tliaii y, then a solution is 

,,y= f" (I : 

y 0 

(ii) if y be greater than fi and less than a + 1, then a solution is 

yi=/i (1 - (1 ; 

(iii) if y be greater than /3 and a less than unity, then a solution is 

1 

y — j (1 - (I — dv. 

(Jaeobi.) 

Kv. 3. Obtain the primitive of the equation 

-f- 4 (.?/ - .^•) ” - y = 0 

• d.v 

(Avhere .v'H-.v=l) in the form 

ft ^ ft 

y — A I (1 -.rsin2 0)'“-(f0 + /^ (1 -a-' sin^ (/))'■ 

Jo Jo 

and of the equation 


A J d:-y 

4.r.i/ > — y 


in the form 

ft n 

y A y ^sin20(l — .rsin'^</))“^c/</) + /I sin2<^(l -.?/ sin2<^)“^(/^J, 
•r' being the same'As before. 
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Solve also 


(i) to-'g l-4i,-'2+y=0, 

(ii) live' g - 4a- =0, 

(iii) ^^■■>^g±4;|-y=o, 

(iv) 4m-' g + 4 (.v* - 3!) '^jf^ + 3y =0. 

(Olaishcr.) 


/i’f. 4. Prove that, if 7i+ 1 l)e positive, then 


y 0 




'(-r» 


I \ 


dt 


is a solution of Legendre’s eciuation; while, if a be negative, a solution is 
given by 

jv it'* (1 -<)-5('*+2>(^i -1 


145. "Phis chapter (jont/iins only a slight sketch of the method of solution 
of diflercntial ccpiatioiis by moans of dcHnitc integrals; the reader who wishes 
for fuller information on tliis part of the subject should consult two authorities 
in particular. By far the most im[)ortant is PETZVAr-, Intagration der linaaren 
DifJhrtUialghiidn^^ the parts dealing with the method are §§ 2 — 5, of 
Section ii. ; §§ 10 — 22 of Section iiT. ; §§ 10, 11 of Section v. The ouher 
authority is Kulkk, hisL Calc. Int.^ vol. ii., c. x. ; this work, however, labours 
under the disadvantage of assuming the form t)f the solution first and then of 
finding the dificrential equation satisfied by it. There are two other memoirs 
which might also with advantage be consulted ; one by Lobatto, Grclle^ t. xvii., 
p. 303; and one by Jacobi, Crelle^ t. Ivi., p. 140. 

A full discussion of the solution of linear differential ecpiations by means 
of series and of definite integrals will be found, together with numerous 
examples, in a series of separately published memoirs by Siutzer. 


MISCELLANEOUS EXAMPLES. 

1. Integrate completely the equation 

d'^y _ 

2. Prove that the primitive of the equation 
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is given by 

' !/=^ j ain xt + B cos xt) dt 

Jo 

where the upper sign is to be taken if^be i)ositive and the lower if x 
negative. 

( Pctzval.) 


3. Prove that the equation 

has a solution given by 




d-h/ 

= B f sin - rdi; ; 
Jo 


and that a solution of 


d-h/ 

x 'T'* -. + 


’ -lw“ 
is 

J 0 

the minus or plus sign being taken according as x is positive or negative. 
Obtain the primitive of each equation. 


( Petzval.) 


4. Investigate the primitive of the equation 




in the form 


TT 

/ = A f “ CO.V 

J 


cos (c. j;”* si n 0) cos </» dcf) 


n 1 

+ Bx J COS (av"^ sin (/)) cos’”</>f?<^, 
« Jo 


for values of m not included between — I and + 1. 


(Kummer, and Lobatto.) 


•5. Shew that a particular solution of 


fl+a^,,= !Lt±2)« 


be 
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and that a particular solution of 


^ = A'W + 1 I (^^2 .j,2 j - n - 1 cos av dv. 

J 0 


6. Show that tho equation 


d:ij 


is satisfied by 


f= f 

J 0 




where ^(.r) is given by 




Hence from the solution of 


deduce that of 


d:v^ y 

dhj 


7. Verify that 


is a particular integral of 




^ - 4n2 ,v-»* - '^y — .v ^ . 


8. Shew that when the coeflieients of the differential equation 

(Oa + iyi.-) + (<f, + V) + (“o + V) y = 0 

satisfy ti condition Uyb.^- ajby^ — h.^“^ the solution will be 


- y {^1 + B log L\ {a., + b.^v)} du, 

L\ = h2U^+biU+,bQ, 


the limits Ufeing^given by 




•• (Spitzer.) 
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9. Prove that equations of the form 

may be reduced to the form 

of § 136, by the substitutions jUKl;y = ^ 2 ; and shew that k is determined 

by a quadratic equation. 

(Petzval.) 

10. Prove that the particular integral of 

(a + «,) (a + <^,) (a + «„) y =/ (x), 

where ^ denotes a’ — , is 
dx 

I' P f ./m, <>„.»■)<?«■-’ 0/'^-' ,10^. 

J oJ oJ {) 


11. Prove that the definite integral 

r (1 - uf «>’' •' (I - (1 -.vut’)~“dn(/,> 

J oJ 0 

is, when B>^>0 and f>y>0, a solution of the diflcrential equation 

o 

(1 - x ) + e + 1 - (a f y + 3) .v 

+ {^e - X {afi + /3y + 7 <i + <1 + ^ + y + 1 )} — 0. 

Give in the form of definite integrals the primitive of tliis equation. 


12. The primitive of the equation 

^3 + fSK.i?>l = ix 

, r c^'du ^ ^ ,, f 

yo(it»+x)^ Joo«’+x)S yo(MHx)i ;-«(h,-'+x)‘ 

where a, /a, y are the roots of 

?t^+X=0, 

and the arbitrary constants are connected by the single relation 

1 *• ^ 

A hB+0-D=-id\~i. 


(Petzval.) 
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13. Prove that the definite integral 


.=r«- 

J 0 


m jm—m _ 

X -hz X 


satisfies the equation 




(Poisson.) 


14. Provo that 




P being Legendre’s function. 


(Cl. II. Stuart.) 


15. Show that, if {i bo positive and a less than unity, 




(1 thi 


is a solution of the differential equation of the liypergeornetric series. 

(Jacobi.) 



CHAPTER VIII. 

OuDils^AUY Equations with more than two vaueables. 

146. It has already appeared that in some cases, though the 
integration of separate terms of a differential eijuation would in- 
troduce new transcendental functions, the solution of the e(j[uation 
as a whole can be expressed in terms of purely algebraical binc- 
tions. Thus, for instance, the ecpiation 

=0 

can be integrated in terms of the transcendental functions arc sin .r, 
arc sin y\ but there is a solution of the form 

which is equivalent to the other. We are thus naturally led to 
en([uire whether other cases exist in which such an algebraical 
relation b(!tween the variables of the integrals of functions can 
be obtained when the integrals themselves cannot be evaluated 
without the introduction of nt*w functions. The case next in 
point of simplicity, which furnishes a similar example, is that 
usually known as Euler s equation^ in which the object is to 
find the integral algebraical gelation between x and y which corre- 
sponds to the equation 

X~'’‘dx+ Y-Uy = 0, 

where X = a + ba! + cs^ + ex^ 

and ,, Y = a + by-\-ctf + eif+fy\ 
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To integrate this we assume 

p = x-^ry, 
dx^ 

dt y — ixi' 


and 

so that 

and thcrefoni 




dt ^ — 

dj) _ Y^-X ^ 
dt x^y ' 

A second differentiation with regard to t gives 

d^p ^ _1_ I dYd// _ 1 dX _ y ^ - Z^ /dx _ dy 
dt‘ x — y\<2.Y^<ly dt ^x- dx dt\ {x — yYxdt dt 


{x-yf 


ydY-^ dx ( y * - z^) ( yi + z^)) 

'^(ly'^'^ilx ' ' if-x 'I 


= \l> + c{x + y) + I" {a? + f) + 2/(x^ + /) 

-h-c{x + y)-e (.** + xy + /) -/ (.*" + xhj + + 7/»)| , 

Y—'X 

the last four terms inside the bracket being the value of 

y-x 

Refirranging and collecting terms, we have 

= ^e +/(* + !/) 

= +fp. 

If wo multiply by 2 and integrate, we obtain 
or substituting the value for ^ 

^ %^xY = C' + e (® + ^) +/ (« + y)’. 
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an algebraical relation between x and y, though the separate 
integrals recpiire for their expression elliptic functions. 

E.v. 1 . Prove that another integral of the ecpiation 


1 f 


=c;t.y+ft.iy (.(.•+.'/)+« (.1;+^)'’, 


and verify the theorem of § 12 in this case hy shewing that the two primitives 
swe not independent. 


E.V. *2. Prove that an integral of 


djj _ dy 


E:k'.. 3. Express in an integral form the relation between y and .v given by 
0?^ ^ ^y 

Ex. 4. Show that the \)rimitivc of 

, + 

, {.r(l-.v)(l-X..-)!= {y(l-y)(|-Xy);J 

may be exhibited in tlic form 

{.«(l-^)(l-\y);i + {.y(l-®)(l = A (1 -X.vy), 

where A is an arbitrary constant. 


147. There is another method of proceeding, due to Cauchy; 
it is quite different from the former. 

Consider a general e({uatiou between the two variables of the 
second degree of the form 

*m = Xj/ + 2X,7/+X, 

= rx+2r,*+r,=o, 

where X^, X^, X,, Y„, F,, F,.are all of the second degree, the first 
three in x, and the second three in 1 / ; thus if 

X„ = + 2a, * + (tj, 

X, = + 26,® + 6,, 

^ , X^ = c^ + 2c,a: + c,, 

F. ’ 16 
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we should have 

3^0 = + 2 ^ 0 ^ + Co, 

Y 1 = «sy* + 2% + Cj. 

Then the ratio oidy.dx is given by 

0l{ , 0u , 

But ll = 2(Y^+Y,) 

= 2(F.»-Fo};)* 

since u = + 2 Y^x + ^ 0 ; similarly 

= 2(X.»-XoZo)^ 

and therefore 

^ , ^0 

{X,^-X,Xj‘ (F,^ - FoF,)‘ ’ 

a differential equation the primitive of which is = 0. 

4 . 

Now since Euler’s differential equation is symmetrical with 
regard to x and y, it is necessary that its primitive u = Q should 
be symmetrical with regard to x and y in order that the pre- 
ceding analysis may apply to the present case. In order that u 
may be symmetrical, we must have 

and — is then the same function of x that Y^— Y^Y^ 
is of y. In order to obtain the primitive of 

^4.^-0 

X^^Y^ ' 

where X = a + fta; + 

and Y is the same function of y, we must make X and 
X^ — X^X^ the same. The comparison of their coefficients will 
give four equations to determine the coefficients of it\ but in 
ii there are five independent constants (there, were originally 
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eight as any one can bo made unity, but three equations necessary 
for symmetry are satisfied) and therefore one remain undeter- 
mined and so aAitraiy. These equations giving the coefficients are 


W - « oCo _ (“i^o + «oCi) 

/ e 


46, t,-2(a,c,-Ha^o,) ^ 

b a 


= 4 (J>i - + tt p Cj - 2 W . 


"vjhen the values of the determined coefficients are substituted 
in u, the C(iuation u = 0 contains one arbitrary constant and is 
thus the primitive. 


Ex, 1 . Prove that the primitive of 


IS 

where 


~(A^^Dx+Cf 

+ + (.f +y) + c.^=0, 

bi? - __ ^^^0 - - ^¥’2 

B “ C • 


Ex, 2 . Verify that the primitive of 

dx dy 


(1 + (1 


=0 


is yla (x‘^+y'^)+2J:fXy=^ 

where — A,/A- cfoA ^ . 


V 


(Cauchy.) 


Chap. XIV, of Cayley^s “Elliptic Functions” may be consulted with 
advantage; 


148. If instead of a single equation between two variables, 
the relation between.which is expressible in an algebraical form, 
we have a system of n - 1 equations between n variables, we may 
without integration of each integrable expression represent in Jiii 
integral form the dependence between the n variables in the 
shape of an algebraical equation ; and as this equation is obtained 
by an integration it must contain an arbitrary constant. The 
process made use of in order to derive it in the general case will 
be seen to differ materially from that adopted in the particular 
case of 71 = 2. , , 


16^2 
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Let the differential equations be 

fyx} 


x.dx. , x.d.r , 
.V? X} 


x”-Mx, xj‘-^dx. 

-A 1 J ! 

.Y.i 




in which 


..+^.0 
+ -fi-o 


, 


1 -U -i« — 2 + _L " ‘ -’^=0 

I ^ i ^ ^ A ^ 




Xf^ = A A ^Of)^ 4- + -f ^ d" ^a, 

for all the suffixes //, in the system. Let 


f(x) = (x - ;/;J (.;; - ./;J ; 


and let /' (.z;^) denote the value of 


dfi^) 

div 


when in it, after the in- 


dicated differentiation has taken place, is substituted for x ; the 
value oi /' (jv^) will therefore bo 


(x^-x,) (x^-x^) 

the vanishing factor — being absent. Solving now the above 
system of ecpiations in order to obtain the algebraical ratios of 
the quantities dx^, dx^, , dx^^ we find 


f {x^ d^^ (ii/’g) dx^ 

~"~x[ x} 


(fn) dx, 

■ 


Let the common value of these equal fractions be denoted by 
dt, so that we have 

X/ dx^_ Z,* 
dt fix,)’ dt fixy 

and so on. 


The first of these gives 

' (dyy X, 

Kdt)-{f(cc,)r 

and therefore, after differentiation with respect to t, 

^ 0 r Z, "I d® 0 r Z, 1 d®, 

“ d< di* 0®. L{/ («^,)}*J dt + 0®, L{/ («>.)}'] , di 
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Now 

t 


d_ 

dxi^ 



2A', 0_ 


{/W}- 


But since 


/' («,) = ((«. - ®.,) (®, - ®») (®, - ®„), 

1 d -1 


4: [i7' wi-] - 7w • 


provided fju be not unity. After substitution and division by the 
cooihcient of on the left-hand side, the ecpuitioii becomes 


de 




+ 


aVx„^ 




Similarly 


d\ 


_ 0 r A', ] A^A/ 1 A/ A/ 1 

- * dx, i\f (*,)r J +f (xjf {xj X, - X, +/ Of,)/' (®.) 

X}XJ‘ I 


+ w 


f (^i)/ (’^n) ^'n 

and so for Xhe others, making n in all. Now let the n left-hand 
sides of these ecpiations be added together; the sum will be ecpial 
to that of the n right-hand sides. It will be seem that in the latter, 
* X -X ^ 1 

when ill the r"‘ expression a tenn V r/v n then 

X “A ^ ^1 

in the expression a term* v/'7 " S enters, and 

/ \^»)J \^r) ~~ 

the sum of the two is therefore zero. All the terms containing 

-I 

will for all values of s and r disappear ; and 


these fractions 

a?,- a?, 

thus we have , , 
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Wc shall afterwards denote aij + + 

the left-hand side is 2 ^ . 


+ by jt), so that 


149. We can obtain another value for the expression on the 
right-hand side. Let X denote the same function of x as of x^, 
and let 

X 

be expanded in partial fractions. Since X and {/(a?)}® are both 
of the degree 2??., there will be a term independent of a?, which 
will he A and so we may write 


X 

1/(*)F 




B. 

x — x_ 


G. 




a 


+ • 


0^ 


' {x-x,r^(x-x,r {x-xf 

K. 

Multiplying up by (x — xj^ we have 
X (x -xY 

-" 1 7 H- (a; — x^) + terms multiplied by (a? — a?,)®, 

or dividing out by the common factors in the numerator and the 
denominator on the left-hand side we have + B^(x — x^) -I- terms 

mullipUcd by (. - ,.)• - • 


If X be put ccpial to a?j, the left-hand side becomes and the 


right becomes 


{/(«>.)}’ 


I, so that 


G,= 


{/WP' 


The right-hand side of the equation in the form last written 
does not involve a?j, and its partial differential coefficient with 
regard to x^ is therefore zero ; since the two sides of the equation 
are identically equal, zero must be the value of the partial differ- 
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ential coefficient of the left-hand side with regard to and so we 
havo 

0C^ 0J5 

— -Bj + (a? — cc^ -f terms involving (a? — = 0. 

This is true for all values of a?, and therefore 


Similarly 


= 1 [--^1 

5 = r - 


with corresponding expressions for the other (quantities Hence 

r X. 1 a r x. i 
di^ a«, Ll/' (^•.)rJ ^ 9^. Uf wrJ ^ 

= B^ + Ji^ + + 

Let the equation expressing the resolution into partial fractions 
of the expression considered be multiplied throughout by ; 

and let the coefficients of a;®""' on the two sides of 

(/(.)!• 

be equated. None of the terms involving the cpiaiitities G can 
furnish terms of so high a degree, since each begins with a:®""® ; 
each of the terms involving the quantities B begins with a;®”"^ 
and the whole coefficient from this series of terms is therefore 

A + B.+ + ^n- 

Since 

/{a;) = (x - {x - cc,) {x - a;J 

= a;" — a?"'' (a;^ + a?^ -h + + lower powers of x 

= a?” + lower powers, 

the coefficient of a;®"“^ in A^^[f{x)Y is ^ 2A^^p. That on the 
left-hand side is ; and therefore 

+ 5. + 5, + + 

= - . 
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Multiplying by and integrating, wc have 
(^) = 

where E is an arbitrary constant. But 

<^2, ,*'■» 
(it dt ^ di ^ ^ (it 


■/wVk)'^' 

and therefore the integral becomes 


+ 


Y ^ 

n _ 

/W’ 


x_l 


+/>.) ■"/>„)} = ^ + 

+ -^2»-l (^’l + •*2 + +'■'*«)• 


j£! 5P. 1. Prove that an integral of the equations 

^ dy dz 

^Vl+ri + ;.i 


rd.K ydy zdz 

.v4+yi+ii 


where 


X = + bx + ex^ + 6.ii^ + -y.i;* + + a.r‘’ 

and y and ^ arc similar functions of y and s is 

P (•'■+.'/+-)+“ (•«-+y +‘)'+ y, 

where G is an arbitrary consUnt. 

(Richelot.) 

Ex, 2. Deduce a second integral of thcvse eiiuations in the form 

\ ' (•»'->/)(y-2)(2- A') " I 

= C V + bxyz {xy +y 2 + zx) ■\-a{xy ■\-yz + zxf- 

(Richelot.) 


The theory of these and kindred equations cannot here be carried out to 
the limits of its present development, as it soon ceases to belong exclusively to 
diftei'ential equations and merges into the general theory of transcendental 
functions. The reader who wishes for a fuller development on the lines of 
differeptial equations than can be given here will find a pjiper by RichelOt, 
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CrelUj t. xxiii., pp. 354 — 369, very useful ; and bo would do well to eousult the 
follo\ving papers by Jacobi, 

Crcllcj t. ix., pp. 394 — 403 ; 
t. xiii., pp. 55 — 78 ; 
t. xxiv., pp. 28 — 35 ; 
t. xxxii., pp. 220 — 226, 

all of which are contained in the second volume of his collected works. 

For the higher parts, chiefly in connexion witli the theory of transcen- 
dental functions, the memoirs of Abel should be consulted. 

« 

Total Differential Equations. 

150. Tho difforeritinl equations with which wo liavo hitherto 
had to deal have been, except in §§ i4S and 14!), siieli as ineliide 
one dependent and one independent variable ; for tlie future we 
shall consider those which include more than two variables. These 
may be divided into two classes, one in which oidy one dependent 
variable occurs, the other in which only one independent variable 
occurs. In ecpiations of the former class \sa sliall hav(^ the partial 
ditferential coetticients of the single depemhuit variable relatively 
to the independent variables; these an*- called partial differential 
equations and will afterwards be discussed. In e(j nations of the 
latter class wo shall have the diff(‘n*ntial coefficients of the scivcral 
dep®ndent variables with reference to the single independent 
variable (which may be eitlier (jxj)ressed or implied) ; these are 
usually called total differential ecpiations. 

Now if we have an integral ecpiation 

^ (•'*'*> ~ 

where C is a constant, we may suppose that y, undergo slight 
variations dy, dz, which we know will be (ionnected by the 
relation 

or, if we assume that x, y, z arc all functions of some variable ty 
then 

^ dt "" (it ^ (It 

and the foregoing equation becomes 

d<f> dx def) dy 
, « dx dt^ dy di dz dt 
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These two are equivalent forms; the form usually adopted is the 
first; if in any ease the second be given, it can at once be changed 

into that of the first. Moreover, hsive any common 

factor, the equation can bo simplified by the removal of that 
common factor ; and so we may consider the general form of such 
an equation in the three variables as represented by 

Pdx + Qdy + Rdz = 0, 

where P, Q, JR are given functions of x, y, z and are proportional* 
to the differential coefficients of <f>, 

151. But, conversely, when any equation of the form 

Pdx + Qdy + Rdz = 0 

is given, it does not necessarily lead to an equation of the form 

<f) (x, y, z) = C; 

for the existence of such an ecpiation implies that the three quanti- 
ties P, Q, R are proportional to the differential coefficients of some 
one function, and this is not satisfied while P, Q, R are quite 
general. We must therefore find out under what circumstances 
such a differential ecj nation will lead to an integral of the given 
form ; and, on the assumption that such an integral is possible, 
indicate a method of obtaining it. 

There will remain the further problem of obtaining a solution 
of the eijuation when the conditions necessary for the existence of 
such an integral as the above are not satisfied. 

152. In the first place then we assume that such an integral 
exists ; we must therefore have P, Q, R respectively proportional 
to the partial differential coefiicients of spme function </> with 
regard to x, y, 0 , so that we may write 

-«-!■ '‘*- 1 . 

in which fi is some function the value of which is unknown. From 
the first two of these equations we have 
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or 

that is, 

Similarly 

and 



Multiplying the last three eciuations respectively by iJ, P, Q 
and adding, we have 






which is the ecjuatioii giving the relation between P, Q and R ; 
and this, when identically satisfied, indicates that the proposed 
differential ecpiation leads to an integral of the form considered. 


158. We shall now assume that this relation exists and that 
the differential equation therefore has a primitive of the form 

we Have to shew how to deduce this primitive. 

If we had this primitive and proceeded to form the correspond- 
ing differential ecpiatiori with a restriction that z should not vary, 
the equation would be 

Fdx + Qdu = 0, 

which equation would not be affected by any term in the primitive 
which invo'lved z alone. 

Conversely then, if we integrate 

* Fdx + Qdi/ = 0, 

on the assumption that z docs not vary, the arbitrary constant 
of integration is a quantity independent of the variations of x and 
y and may therefore be an arbitrary function of z. Wo rciplace 
the arbitrary constant by an arbitrary ffmetion of z and so have a 
relation between x, y and z. This however will not necessarily be 
the integral required, for it may not satisfy the equation 

. Fdx -h Qdy + Rdz = 0 ; 



252 


TOTAL DIFFERENTIAL EQUATIONS. 


[153. 


we only know th«Tt it satisfies the particular form of this in the 
case when z does not vary. It is therefore desirable to form the 
differential equation corresponding to the integral in the form in 
which it now occurs; it should yield the given differential equation 
and a comparison of the two forms will lead, from the condition 
that they must be identical, to an equation which will determine 
the value of the arbitrary function of z. This last will also be a 
differential equation; when integrated it will contain the arbitrary 
constant in the determined function of z which on substitution 
furnishes the primitive. Hence we have the rule : • 

Let the equation be 

Pdx -h Qdt/ + Rdz = 0, 
and supjiose the relation 



satisfied. Integrate 

Pdx + Qdij = 0 

as if z were invariable* ^ and make the arbitrary constant of inte~ 
gration equal to <j} [z). Substitute now so as to obtain the ori- 
ginal equation and choose {z) so that the coefficient of dz is R. 
The primitive is then found. 

Ex. 1. Integrate 

(y dx + xdy) {a — z)+ xy dz — 0. 

Here P=y (a-s), Q=x{a-z), li=xy ; and the equation of condition is 
satisfied. 

On the .assumption that z is invariable the term xydz disappears and then 
a-z will divide out, so that the ecpiation becomes 

ydx+xdy=0j 

which integrated gives 

according to the rule. Differentiating this we have 
ytic + xdy — ^ dz=0, 

* If more convenient either of the other variables might be considered tem- 
porarily constant and the corresponding changes made. 
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In ortler that the two e(iuation.s may he the same we nnist have 
dz it — z a — z' 


llciicc 


\d<ti 1 _ 1 

itz a -z z — a^ 


therefore (ji (z) — C {z — a), 

where C is a constant ; and the primitive is 

.a^=^C{z-a). 


Ex. 2. Verify that for each of the followin',^ equations the condition of 
intcgrcability is satistied, aiul olitain the ]>riinitives : 

(i) (.y + + (-^ + + (•«'■ +//) dz^-K)\ 

(ii ) zydx — zxdy q- y~dz ; 

(iii) (;/ + a)‘^ dx + zdy - (y + u) c = 0 ; 

(i V) (.^• - a) dx->r{z -c)dzzv \ld - {.v - uf - (; - d;/ ^ 0 ; 

( v) (2y“ + i<iz\c^) .rdx + {.3(/ + + (;/“ + s-) 1 i/ih/ 

I- ! + + zdz=0 ; 

) L’/^ + iy’-) <('/ + 0/^ - •*','/) '/-s - 0 ; 

'# 

(vii) (,9% -//‘ -yh) dx+{,vf - .r* • - x-z) dy + (.rf^.i^y) dz=i ) ; 

( viii) {2x^ + 2xy -l- 2.rf- + 1 ) dx + dy + 2zdz — 0 ; 

(ix) {2x+y^ + 2xz) dx-h^2xydy-{-x^dz—du. 


154. Tho preceding solution has been obtained on the sup- 
position that the ecpiation of condition among the coeflicients of 
the differential ehmuints dxy dy^ dz is satisfied; it remains now to 
consider the class of ecpnxlions for wliicli tlio condition is not 
satisfied, and for whicli tliere cannot therefore be a singh; gcuKiral 
integral. 

Let us now assume any arbitrary relation between x, y, z of 
the form 

^ y> 2) = 0 \ 

this on being differeti tinted gives * 




When the form yfr is specified, these two equations will determine 
z and dz in ter^s of x, y, dx and dy (or, generally, one of the 
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variables and its differential in terms of the other two and their 
differentials) ; when they are substituted in the equation 

P dx 4" Qdy + Rdz — 0 
they make it of the form 

Mdx + Ndy = 0, 

where M and N are functions of x and ?/, the values of which will 
depend upon the form of the chosen function x/r. Now this equa- 
tion may be integrated and the integral, containing an arbitrary 
constant, will together with the relation 

constitute a solution of the differential equation. 

For it is evident from the method of derivation of the integral 
that, in combination with yfr = 0, it furnishes relations between 
X, y and z such that the differential ec[uation is satisfied. 

By giving all possible forms to every possible solution will 
be obtained. Each solution will be constituted by two equations. 


Kx. 1. Solve 

dz = aydx + h dy. 

The equation of coinlition is not satisfied ; some relation between .r, y, z 
must therefore be assumed and this may be perfectly arbitrary : let it b6 

A combination of this with the differential equation gives 
dz = af{x) dx-\- bf {x) dx, 

the integral of which is 

z = a I f (x) dx + hf{x) + (7. 

This, with/(.r)— y, forms a solution of the proposed equation. 

Ex. 2. Obtain the most general solution of the equation 

1 - )£i- = 0 

which is consistent with the relation 

~a 4" 4" “o — 1. 

a-* 

Ex. 3. Find the eqimtion which must be associated with in 

order to give an integral of 

{x (x -a)+y{y-b)}dz=(z-c) {xdx 4-y c?y\ ; 
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and that which must be associated with 

^ + zlog.v+<l>(z)=0 

zdx^xdy-\-ydz=^^. 


so as to satisfy 


Ex, 4. Prove that, if /x be a quantity such that 
^{:PdxArqdy) = dV, 

then a solution of the general C(iuation may be represented by 


This is Monge’s form. 
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Ex, 5. Obtain the general equations wliich constitute the solution of 
y dx={x - z) {dy - dz). 


155. It is not at first sight clear how the ecjnatioii of condition 
affects the above process and, in particular, why wliat has been 
given as the solution in the latter case is not the solution in the 
former case. But the relation between the two solutions can be 
seen as follows. 

The elimination of the differential element dz between the two 
equations in which it occurs leads to the equation 



and, in order that this may be reduced to the form 

Mdx + Ndy = 0, 

the variable z, which occurs in it, must be rcplaccid by its value 
derived from (./?, y, z) = 0. Now supi)ose the eciuation of con- 
dition is satisfied so that Q, U are proyjortional to the differ- 
ential coefficients with regard to x, y, z of some function ; if this 
fTinction be {x, y, z\ then we have 

Idylr ldyjr l df ^ 

B dz “ Q dy ~P dx 

and the equation involving dx and dy is identically satisfied. There 
will thus, on this supposition, be no other e(| nation necessarily asso- 
ciated with the equation = 0, or, what is equivalent for this case, 
= C ; this by itself is sufficient for the solution of the differential 
equation, and an;\j other eejuation associated with yjr = (J may be 
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perfectly arbitrary (such as = 0), for its expression will not enter 
into the differential etpiation when formed from these integral 
equations. If however the eciuation first written down be not that 
which leads to the particular properties (A), but be another such 
as ^ = 0, it will still be possible to derive the equation 'y]r = C, into 
the expression of which the form of ^ does not enter ; and we 
may therefore consider as the general solution of the differential 
equation the ecpiation 

^ = 0 ; 

■*' 

while, if we wish to determine y and z separately as functions of 
£c, we associate with this any arbitrary relation between Xy ?y, z. 

If however the etjuation of condition between the (quantities 
P, Q, R be not satisfied, there is no function ^ such that the 
relations (A) hold; and thus 

. Mdx + Ndy = 0 

is not an identity but leads to an integral, the form (jf -which is 
affected by the form of the arbitrary e(|uatioii first written down 
and which must be associated with that etquation in order to con- 
stitute the int(3gral. 

It thus appears that the ditference between the two cases is 
this; while we may consider that in both cases two ecjuations are 
necessary to give the complete solution, in the case w^hen the 
e(] nation of condition is satisfied one of these integral e(piations 
(called i/r = 0) is completely unaffected in form by the other (called 
= 0), but in the case when the ecquation of condition is not 
satisfied one of these integral ecpiations is affected in form by the 
other. 

15G. The difference between the results in the two classes 
having been indicated, it is now possible t6 adopt a method of 
integration which shews the point of separation between the 
processes applying to these classes. Let 

be any relation between Xy y and z ; then 
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We also have 

Pdx + Qdy + Rdz = 0. 

Let the former equation be multiplied by \ (a quantity to be 
determined afterwards) and added to the latter, so that 


(p + x|j)da;+(Q + X^X)rfy + (/f + x|^)d^ = 0, 

V 

or, say, P^dx + Q^dy + R^dz = 0. 

Let \ be so chosen as to make P,, proportional to the 

d^erential coefficients with regard to x, ?/, z respectively of some 
function i/r ; then the integral of the last etpiation is 

'k (*. 2 /. 2 ) = 0, 

where C is arbitrary, and the primitive of the differential equation 
is given by the two ec(uations 

X (^. y. ^) = 0 ) 

■^i.‘e,y,z) = G)' 

Now since P„Q,, P, arc proportional to differential coefficients 
with regard to x, y, z, we have 


or substituting for Pj , Qi , Pj Jiud reducing, we have 

Px PQ _^A]4.^K ’ 

^y) ^y ^ 2 ! ) dz \dy dx/ 


+ X 


+ 




If P, Q, R be themselves proportional to diiferential coefficients 
with regard to x, y, z, the first line in this equation vanishes and a 
solution of the cquatibn is \ = 0; Pj, R^ are then independent 
of and therefore (x, y, z) is independent of 


If P, Q, R be not such as to make the first line vanish, then X 
is shewn by this equation to depend upon the form of ^ aiid there- 
fore yjr also will depend upon the form of The form of -i/r will 
in this case be determined by the method given in § 154 ; but the 
foregoing investigation is useful as a means of instituting the 
analytical comparison between the methods. 

F, 
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Geometrical Interpretation. 

157. A geometrical interpretation can be given to the differ- 
ential equation and its integral, which will illustrate the differ- 
ence between the two classes of equation explained in the last 
two paragraphs. 

If as usual x, y, z represent the coordinates of a point A, 
the equation will then represent some Ioctis. Let A' be^^ a 
point on the locus adjacent to A ; then dx, dy, dz are pro- 
portional to the direction cosines of A A' and the differential 
equation implies a relation between these direction cosines ; the 
locus which it represents will therefore be some curve or h\mily 
of curves, and not a surface or family of surfaces. 


158. Consider now the two differential equations 

dx* ^dy _dz .. 

P'” ^ IV 

P', Q', R being the same functions of x\ y\ z' that ^ 

of x,y,z\ their integrals are of the form 




where and arc functions of x\ y\ z ; and as they coexist 
these integrals really represent the intersection of two surfaces 
each of which is one of a family. This intersection of any two 
particular surfaces is a curve, and we therefore have a doubly 
infinite system of curves. One curve ot‘ this system passes through 
A and is determined by those values of and obtained by 
substituting in and the coordinates of A. Let A" be the 
point on this curve which is consecutive to A ; then the direction 
cosines of A A” are proportional to dx , dy, dz or to the values of 
P', Of, R at A, that js to P, Q, R. Now the condition that AA'\ 
A A' may be perpendicular is 


Pdx -H Qdy + Rdz = 0, 

which is the given differential equation; hence it expresses 
the fact that A A' is perpendicular to that curve of (ii) which 
passes through A. The solution of the differential equation 
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must therefore include all the curves which cut the system (ii) 
orthogonally. 

If we start from A in any direction which is perpendicular to 
the tangent at A to that curve of the system (ii) which passes 
through A, we shall come at A' to an adjacent curve of this system ; 
moving from A' in any direction at right angles to this we shall 
at another consecutive point in this path reach another adjacent 
curve; and so on. The path thus obtained must bo included in 
the solution of the differential equation ; and as at each point A 
we may move in any one of an infinite number of directions (i.e. 
in any direction lying in tlie normal plane at A to the curve of the 
system) it follows that the solution of the eejuation will contain an 
arbi trary fun ction. 

Let us, then, draw through A any surface we please and limit 
our path so as to be in this surface ; starting from A at right 
angles to the curve of (ii) there will, in general, be only one 
direction possible in the surface and moving along this tlirough a 
small arc w(j shall at its extremity A' come to another curve ; at 
A' there will as before be usually only one direction possible in the 
surface and it will lead to another point A'" and so on; and we 
shall thus obtain on the arbitrary surface a single path passing 
through the points!. Had a different poiiit B on the same surface 
(but not lying in the path through ^1) been the starting point 
there would have been similarly obtained a single path through 7^ 
different from the former; and so for any point. 

We should therefore have on ant/ arhitrartj surface a singltj 
infinite series of curves, 

159. This is the exact geometrical process corresponding to 
the analytical process applying to the case when the e(piation of 
condition was not satisfied. For what was there done was to assume 
an arbitrary relation among the variables — this is the e( [nation oi 
the arbitrary surface; it was combijied with thg^differential e(|uation 
and, after integriition, another equation was obtained containing an 
arbitrary constant which with the original arbitrary relation was 
considered the solution. The new equation containing one arbi- 
trary constant represents a family of surfaces; and the combination 
of the two gives the system of curves which lorm their intersection. 
Each of these cqrYes lies on the surface first taken, and so we have 

17-2 
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an infinite series of curves on this surface. The process therefore 
gives the system of lines which lie on any surface and which 
satisfy the differential equation. 

160. Now it may happen that the complete system of curves 
(ii) can be cut orthogonally by a surface and so by a family of 
surfaces; thus if the system were a series of straight lines all 
passing through one point they would be cut orthogonally by any 
sphere which had that point for centre. In this case any curve 
drawn upon an orthogonal surface would cut the system (ii)* at 
right angles, since it is at every point perpendicular to some 
one of the system ; and such a curve would therefore be included 
in the solution. Hence the general solution must include all 
curves that can possibly be drawn upon any one of these surfaces 
and therefore, if we look upon a surface as thii aggregate of all 
the curves that can be drawn on it, we may say that the surface is 
included in the system of curves. As the surface is oiui of a family 
all the members of which possess the same property, we consider 
that the equation of this family of surfaces is the solution of the 
equation ; and what has been said shows it to be thereby implied 
that the equations of every curve that can be drawn upon one of 
the family constitute a solution. 

161. This corresponds exactly with the process applicable to 
the case for which the ecpiation of condition was satisfied; we there 
had (§ 155) an ecpiation ^|r = C and any other arbitrary eciuatioii 
^ = 0, the two representing one curve on each of the surfaces yfr=G; 
by taking all possible arbitrary equations x~^ obtained all 
possible curves on the surfiices -^ = 0 and thus ultimately the 
surfaces themselves into the expression of which the form of did 
not enter. 


162. It only remains to shew how the eipiation of condition is 
derivable from the geometrical considerations. The arguments 
are applicable on the supposition that the system of curves repre- 
sented by 

dx _ dy _ dz 

F" q “ F 

can be cut orthogonall}'. If they can be cut orthogonally, as at 
any point A, the tangent to the particular curve passing through 
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A must coincide with the normal at A to the orthogonal surface. 
Now -the direction cosines of the tangent at A are proportional to 
the values of P', Q', li' at -^1, that is, to P, Q, R ; and if 


<l> y'y z) = G 

be the orthogonal surface, the direction cosines of the normal at 

the point x, y, z (which is A) are proportional to ; since 

the direction cosines must be the same for the two lines, we must 
haye 

I I d(l> _ 1 00 
P dx Q dy li dz ‘ 

Let each of these (piaiititics be ecpial to so that 

jy n Tf 


the elimination of 0 and ya between those leads (as in § 152) to the 
equation considered, which is therefore the condition that the 
system of curves may be cut orthogonally. 


Case of n variables. 


163. In what has preceded only threcj variables have been 
supposed to occur ; but it is easy to pass to the case when there 
are more than three. In order that the ecpiation 

Xjdrj + X,j(lx.^ + X^dx^ + f X^^dx„ = 0, 

where X^y A'g, are functions of x^y x^, , should have 

a comiilete integral of the form 

^ 


the quantities X^ must be proportional to the partial differential 
coefficients ^ , so that we mav write 


V 


for all values I, 2, , a of /l 6. If now yLt, v be three different 

suffixes, we have 



0*0 __ 0 
^X^OXx, 0^'ii. 


ivXx) 
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or 


Similarly 


and 


and therefore 



If the set of equations derived from this by all possible combina- 
tions of three different suffixes from among 1, 2, 8, n be 

satisfied, then tlie differential equation has an integral of the 
proposed form. The total rnimbor of these equations of condition 
is 2) ; they are not all independent, for if there 

bo written down the four equations which involve three out of tln> 
four quantities A',,, Xp any one of tliem will be found to be 

derivable from the otlu.'r three. 

Ex. Provo that tho total iiunibcr of independent equations of condition is 

164. When these etpiations of condition or the necessarily 
independent ecpiations are identically satisfied, the primitive, which 
m\ist therefore exist, can be obtained by an extension of the method 
adopted for equations with three variables. We integrate as if all 
but two of the variables were constant and avc replace tho arbitrary 
constant by an arbitrary function of all those variables which are 
supposed constant. The equation so obtained is differentiated 
with regard to all the variables and the rcshlt is made, to agree 
with the given ecpiation ; the conditions necessary for this agree- 
ment will serve to determine the arbitrary function which was 
introduced and so to determine the J)rimitive. 

Ex. 1. It is easily verifiable that the coefficients of the differentials in 
the equation 

“p "P 2.r — X jj) (lx I ^ ^x-^x^l.V2 — x^d-x^ — 0, 

satisfy the equations of condition which arc four iii numl^er, three being inde- 
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pendent. Following the rule we assume that only two of the variables may 
change and these may be taken to be and ; the integral derived is 

where 0 is a function of and .v.,. Differentiating this we have 
( - €Lt\ - .z\d.v^ + = (i?0, 

and a comparison of this with the given equations shews that 
- c/0 = (2a*, +xj) d.i\ + '2x^xull\^. 

We thus have an equation involving tlirce ■ differentiixls d^, dx^, dx^j 
iiiijtoad of four (we should have, in the general case, an equation involving 
u - 1 differentials instead of n) ; the rule is reapplied to this anti tlie number 
again decreased by unity and so on, until we can obtain a final integral. In 
the example si^ecially consideretl the integral is easily seen to be 

where A is now an arbitrary constiint; and the primitive is 
x^^ + Xixj -- XyV .^ + = A, 

Ex, 2. Tlie following etpiations have a primitive of the form considered ; 
obtain it for each of them : 

(i) yzudx + zuxdy + uxy dz -H xyzdu — 0 ; 

(ii) (^+ z-\- v) dx + (s + n + .v) dy x+y) dz + (x +y + z) dii = 0 ; 

(iii) 5 (y + z) dx -\-z(ic- x) dy +/y (.t* - u) dz+y{y-hz) du :^0. 


Equations of a degree hig]i&i’‘ than the first 

165. Equati(Jiis may arise in which the (liffereritials of the 
variables occur in a degree higher than the first; into their 
solution it is not proposed to enter fully but only to indicate a 
method of proceeding in some cases. The general equation of 
the second degree may be taken as 

Xdx^ + Fdy^ 4 - Zdz^ + 2X'dydz + 2 Y'dzdx + 2Z'dxdy = 0 , 
in which X, F, Z, X\ V\ Z' are functions of x, ?/, and z. If the 
left-hand side can be resolved into two factors, then the ecpiation 
may be replaced by two othei's each of the form 

Pdx + Qdy + Rdz =: 0 , 

obtained by equating separately to zero the two factors. The 
solution of cither of these, obtained by previous methods, will 
be a particular ^solution of the differential equation proposed; 
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and the two general solutions taken together will constitute the 
complete solution. In the case when each of the linear equations 
is satisfied, in the sense of the preceding paragraphs, by a single 
integral of the respective forms 

. (*. y, = 0. («. y. = 0 , 

the general solution will, as in § 19, be represented by 

2/. a) - C} {f , 3^, 0) - 0} = 0 (A). 

In the case when two separate equations are needed for the 
solution each corresponding pair must be looked upon as a solution. 

Now the condition that these should be solutions is that the 
left-hand side of the original equation should be resoluble into 
factors. The left-hand side is equal to 

^^[(Zdz + Tdx + X'dyY - {( F" - XZ) rW - 2 {ZZ' - X' Y') dxdy 

+ (X-- YZ)df\], 

and in order that this may resolve into two factors we must have 
( - XZ) dx^ ~ 2 {ZZ' - X' r ) dxdy + (Z'^ - YZ) dif 

a perfect square, which will be the case if 

( F'* - XZ) - YZ) - {ZZ' - Z' F7 = 0, 

that is, if ‘ 

Z{XYZ+ 2X'Y'Z' - XX’^ - y F'« - ZZ''^) = 0 ; 
or, since Z is not zero, we must have 

Zy^-l-2Z'y'^'-ZA"'^- YY'^-ZZ’^ = 0. 


When this condition is satisfied the general solution is obtained 
in the foregoing manner. 

When this condition is not satisfied the proposed equation 
does not admit of a single primitive of the form (A) nor of a set 
of separate primitives each given by a pair of equations ; but it 
does in general admit of a solution expressed by a system of 
simultaneous equations. 

Ea\ 1. The equation 

+ y^dy^ — z^dz^ + 2xy dxdy = 0 

satisfies the condition ; and the equivalent equations are 

xdx+ydy-\-sdz=Oj xdx+ydy — zdz^O, 
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which lead to the integrals 

• 4-y^ + 2® - = 0, - a.^ =0, 

and therefore a general solution will be 

- a) - z^ - a) = 0, 

i.e. (.^2 H-y-* - a)‘^ — z', 

ill which a is an arbitrary constant. 

B.V. 2. Solve 

(i) ird.v^ + 7)wi'd^'^ + nn'dz^ + {ini' + Vm) dxdij + {In' + Vn) dxdz 

* + (filin' + ))\!n) dzdy = 0 ; 

(ii) {xdx-Vy dy ■^zdzYz, = {^ - - y')(.rAlx-\' y dy zdz)dz ; 

(iii) dxdydz=0 \ 

(iv) dx^ dy^ dz =0, where m is a constant. 

.r, y, mz 

d:Vy dyj mdz 

Ex. 3. Obtain a solution of the equation 

a (6 - c) xdydz-\-h {G-a)ydzdX’Vc {a - b) zdxdy^i) 

consistent with the equation 

ax^ + ^y^ + = 1. 

(The former is the differential equation of the lines of curvature upon the 
surface represented by the latter.) 

Ex, 4. Also of the equation 

j xklx, ykly^ zklz 1=0 
dc,^ dy^ dz 

X, y, z I 

consistent with the equation 

.ry2=l. 


Simultaneous Equations with constant coefficients. 

166. Wc have hitherta considered only single dififerential 
equations ; we proceed now to treat of systems of equations. The 
simplest and at the same time most fretpiently occurring class is 
that in which there is only one independent variable of which all 
other variables which occur are functions; for the separate and com- 
plete determination of each of these dependent variables, the number 
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• of equations in the system must be equal to the number of depen- 
dent variables. In this class are included most of the differential 
equations of dynamics; thus in the case of the chief problem of 
% physical astronomy — that of determining the motion of a system of 
material bodies under the influence of their mutual attractions — 
there is a single independent variable, the time elapsed from 
some definite epoch, while the dependent variables are the co- 
ordinates of the several bodies; these coordinates vary with the 
time and so furnish the varying positions of the bodies, and they 
are individually determinate since the number of equations* is 
equal to the total number of coordinates. All equations dealing 
with the small oscillations in a moving system of bodies are also 
includ(‘d ; in them there is the additional simplification that the 
equations arc all linear, the quantities multiplying the differential 
coefficients being constants. 

The general theory of the latter will be first considered. 

167. Let t denote the independent variable and D stand for 
djdt] taking the simplest possible general case, we shall have two 
equations involving two dependent variables denoted by x and y. 
As the equations are supposed linear, all the terms involving 
differential coefficients of x can be gathered together, and so also 
for all those involving diflerential coefficients of y ; and the equa- 
tions may therefore be written in tlie form 

/,(i))a. + <^,(7))y=rj 

where <f>.^ are rational algebraical integral functions with 
constant coefficients and 'J\ and 2\ are explicit functions of t alone, 
a constant or a zero value not being excluded. Operate on both 
the sides of the first eciuation with (f),^{JD) anef on both the sides of 
the second with (f)^ [D ) ; then they become 

{D)f, {D) X + <t>, (D) {D) y = (D) T) ‘ 

Since the functions have only constants in their coefficients 
it follows that- 


M^)i>AD)y=4,^iD)<l>,(D)y,, 
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aud therefore the above equations give 

{D)f, (D) - <!>, {D)f, {D)] x = (i>) T, - {!)) 1\ (II). 

Now let Zj, ^2, m^y bo tho indices of the highest differential 
coefficients ^2 I'ospectively ; then the index of th(i 

highest differential in {D) /] (D) is and in <f)^ (B) {D) is 

i)\ + ; of these two numbers let it denote that which is not less 
than the other, so that n is the order of the highest differential 
coefficient of x in the foregoing linear e(|uati()n di^tiirniining x. 
To solve it we adopt the method of Chapter in. applicable to an 
ordinary single e(|uatioii ; if B bo any value of x which satisfies 
the ecpiation (there called the Particular Integral), and \y X„ 
the n roots of the eipiation 

</>2 W/i M W = 0 (A). 

the complete value of x is 

X = A/'^ + A/‘‘ + + A,/’' + r, 

where , are arbitrary constants. 

Proceed in the siame way to eliininato x from the two funda- 
mental equations by 02)erating on the first with (B) and sub- 
tracting it from the second after this has been operated ujion with 
/j (B)^, we then have 

(i))/.(7)) -<#>, T, ’1\ (Ill), 

and so as before 

y = + B/‘^ + •• . . + + Q, 

where B^yB^, B,^ are arbitrary constants, and Q is the Parti- 

cular Integral of the differential equation (111). 

« 

168. We have in the exijressions for the two dependent 
variables two sets of i^onstants arising from the differential ccpiations 
TI. and III.; they are both composed of .arbitrary constants, but 
we do not know whether they are independent of one another; 
this dependence may exist and yet the constants may be arbitrary. 
Thus any one of the constants B might be a multiple of ona of 
the constants A ; the latter being arbitrary the former would 
bo so also. We therefore must determine the number of inde- 
pendent arbitrary constants. To do this let the values of x and y 
be substituted in either of the equations (I), say in the first ; then 
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the terms involving P and Q which are particular integrals give 
on the left-hand side a term Tj which will cancel with that on the 
right-hand side and the resulting equation is 

{AJ, i\) + BA (\)} (\) + (\)} e'”' + 

Since this is to bo satisfied for all values of t, wo must have the 
coefficient of each exponential zero, and therefore 

AJ,{X,) + BAi\) = 0' 

^2/1 (\) + ^2^1 ^ 

# 

so that each constant B can be derived from each constant A. 
The number of independent arbitrary constants in the complete 
solution of the simultaneous equations is therefore ??, i.e. the expo- 
nent of the highest index in the operator 

Hence the solution of the equations (I) is given by the foregoing 
values of x and y; the (quantities \ c'jccurring in the expressions are 
the roots of the equation (A), and the relations between the con- 
stants are given by ccpiations (B). 

10.9. In exactly the same way it may be proved that, if there 
be three dependent variables given by the three equations 

f,{D)x + <l>^ {D)y + ir^{]))z=T^, 

A (-D) ic + (D) y + ylr^{D)z = T^, 

f,{D)x + 4,,{D)y+ir,{D)z^T,, 

the number of independent arbitrary constants entering into the 
complete solution is the index of the highest power of D in the 
detenninant 

!/,(/)), MD), A(D) 

\MD), ■ 

' 4>,(D), fAD) 

170. If the roots of the equation (A) which give the coefficients 
of t in the exponents be real and unequal, the solution given above 
is complete. It remains to consider the cases 
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(i) when there is a pair of imaginary roots ; 

(ii) when there is a pair of equal real roots ; 

the case of equal imaginary roots will follow from a combination of 
these two. 


For the former the solution obtained remains general, but it is 
desirable to change it so that the form may be free from imaginary 
quantities. The two ihiaginary roots, say \ and may be denoted 
by a ± I3i ; hence the cori’esponding part of x is 

that is, {L^ cos sin 

on changing the arbitrary constants as in § 44; the part of y corre- 
sponding to the two imaginary roots is similarly 

(il/j cos fit -f ilfj, sin fit ) . 

Instead of making the necessary changes in the relations 
between A and By it is better to substitute again these expressions 
in one or other of the fundamental e(j nations and derive the corre- 
sponding relations as before. 


For the latter case the solution obtained ceases to be general 
because two constants, say A^ and A^y become merged into one; 
but it may bo proved, exactly as in § 44, that the part of x 
depending upon this repeated root X, is 


and the part of y is 


e^\A + A't), 
e*' {B+Et). 


Ex, 1, Prove that in the latter case the relations between the four con- 
stants reducing them to two independent constants are 

Ex. 2. If an imaginary root,a+3i reY>eatcd, write down the corre- 
sponding parts of the comx>lementary functions in x and ?/. 


171. It may happen that the question in connection with 
which the differential equations arise will afford some indication 
of the form of the result. Thus in a problem relating to small 
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oscillations we should expect the values of the dependent variables 
to be expressed in terms of purely periodic functions; and it would 
then be proper to substitute for x and y respectively functions 
of the form 

% Z/j cos 4- sin 

cos H- sin ^ty 

instead of in the e(|uations (II) and (II [). By c(|uating to zero 
the coefficients of cos and of sin in each equation after these 
values liave been substituted there will be four equations linoai' 
and homogeneous in thii (piantities L and ill; and the eliminants 
of these will furnish the values of If on the other hand the 
problem indicate a motion of unstable character the form of value 
for X adopted would be 

(ij cos sin ^t)y 

and so for y ; but if there be no external information of this 
character then tlie ordinary method should be adopted. 

Ex, I. Solve the equatioii« 

dx 

Here we have 

Z). v+ft)// -01 
— (dx + E y 0 j * 

and therefore the equation for x is 

x—0, 

so that X = 4 1 cos cat + 7i sin at. 

Similarly y = A' cos at + B' sin at. 

The relations between J, B, .1', B' are at once derived by substituting in 
the first equation : we have 

- (Oil sin at + aB cos at = - (o^F cos <o^ - aB sin at, 
or A'=-By and B--=A. 

The shortest method would have been to use the first ecpiation to give y 
in terms of .v, so that 

_ ^ * 
a dt 

= A sin at — B cos at. 


This method is however applicable only in particular c^ses. 
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E.V. 2. Solve the equations 


ihf 


+fi^.v=0 


Llhf dx 




When we collect the terms wliich belong to the separate variables, the 
e(inations are 

{iy^^y:^x-arhj--s^K\\ 
rt/J.»; + (//'* + M‘^).y=0J ' 

Hence the e<iuation for x is 

and the value of x is 

X— //j cos I- E, sin cos (ij + L^ sin 

where and are the roots of the equation 

and the value of y is 

y = Ml sin ^it - M., cos fiit -i’ JA., sin f-iJ — J/, cos 


It is easy to prove that the relation ])etween the constants is 


A, _ U 

Mi~^ M, 


A., A, 

J/, M\ 


Ex. 3. Solve 

. 1- . \ 

-^=ax-\rhy-\rc j 

They might be solved by adopting the ordinary rule ; the following is 
another method applicable to this form. 

Multiply the second equation by m and ;\«ld to the tirst; then 


^ {x + my)—x (a + ma') +y {h + ruh') + c + md 
= {a + ma’) {x + my) + c + rad, 
provided m be so chosen that 

• mb’ = m {a + ma’), 

that i.s, if m be a root of the equation 

ni^a’ + {a - //) ra — /> = (). 
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The foregoing differential equation being 

djx+my) 

(a + ma') {sc + my) + c + md ’ 

its integral is 

{a + ma') (r + my ) + c + md = A ^ . 

Let and m^ be the roots of the quadratic equation; then this is an 
integral provided m is either m^ or m.^ On substituting m=m^ we have 

{a + m^a!) {x + m^y) + c + = A 

and on substituting m=^m.^ we have 

where A^ and arc arbitrary constants. These two equations constitute the 
comiilete solution of the given pair of simultaneous equations. 

Ex. 4. Solve in the same way as the last example the equations 

g=cM;+% I 

g=a'a,-+%J 

Ex. 5. Solve the following equations : 

(i) J+7^-.y=0, J+2.f+5y=0; 

(iii) 4j + i)J| + 44.«+49y=«, 3*^ + 7 ‘^^+34.(.-+38y = e- ; 

+ 3rfI’+^'|+*^*^+24y=e“; 

M 4’+»1; + 2..+31.y 3j + 7'| + ..+24,,=3; 

(vi) ^v + »s* 2 ^= 0 ,- 

Simultaneous Equations with variable coefficients. 

172. It will be assumed as before that there is only one 
independent variable and that therefore the coexistence of m 
simultaneous equations will suffice to determine the relations be- 
tween the m dependent variables and that of which each is a 
function. 
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Further it will be sufficient to consider systems of simultaneous 
equations which are only of the first order, for to these any other 
system can be reduced. Thus if into any one of a given system 


a differential coefficient of the 

d^y 


order should enter, such as 


dx^ 


, we could obtain an equivalent series of equations of the first 


order by making the substitutions 




dy 
dx ' 




which are all of the order stated; and the corresponding sub- 
stitutions for all differential coefficients of order higher than 
unity will transform any system of simultaneous eipiations of 
any order into an equivalent system of equations of the first order. 
If there be m dependent variables, we must have in this system 
7)1 equations each of the form 






> Vniy 


dy, 
dx ' 




173. The solution of this system of equations can be made to 
depend upon the solution of a single differential etpiation of the 
'w‘'‘ order connecting one of the dependent variables with the 
independent variable. ^ 

For let the in equations be solved so as to give the m dif- 
ferential coefficients as explicit functions of the variables, and 
suppose these relations to be 



•••. y,.X 



■■■> yJ’ 

j 

•••■ yJ- 


Let the first of these be differentiated m — 1 times in succession 
with regard to x, and after each differentiation and before the next 

lot the values of , be substituted from the last 

^dx dx 


F. 


18 
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m — 1 of these equations. There will thus be obtained, including 
the first equation, m equations connecting 

dx' da?’ ’ dxr ’ 


with the variables from these m equations let 

the m — 1 variables t/^, , be eliminated, and there will 

result a single equation which may be represented by 



dx ' 


<y. 

da?’ 


’ dx"') 


= 0 . 


This equation being of the m* order hiis (§ 8) m independent 
first integrals each involving one arbitrary constant, all the m 
constants being mutually indepcmlent ; and these integrals we. 
may represent by the equations 


F (j, y c\-0 

'V dx’ ’ da?’-'’ 

F ( v V 'lli C^-O 

^V’^^dx ’da?’-” V 

F (r V C V 0 I 

V'’ dx ’ ^"7 “ ^ j 


y 


in which the constants G arc iiidepoiidcnt. But from the pre- 
ceding c(|uations we know the values of the differential coefficients 
of ?/, in terms of all the variables ; when these are substituted in 
the sot of equations Fy the' latter take the form 


Vv 2/2* » y^y ^i) ^ 

^2 Viy > y»i> ^2) ^ . 

(‘^> 2 / i > 2 / 2 » yVynyGj=o} 

which are sufficient to determine each of the variables y as a 
function of x; they are an integral system and contain m arbitrary 
constants. 


Hence we have as the general result : 

The complete solution of a system of m differential equations of 
the first 07'der between m + 1 variables depen^ on that of an 
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ordinary differential equation of the order and consists of m 
equcCtions, connecting the m + 1 variables and containing m in- 
dependent arbitrary constants. 

174. The foregoing is the general theory; but in particular 
cases simplifications arise enabling much of the labour indicated 
ill the general theory to be dispensed with. Thus, if the equations 
consist of a set each of which is linear, it may happen that an 
integral of each equation of the form 

Pdx + l\dy^ + P.fly^ + + P,y.ly^ = 0 

can be obtained in the form 

<f> (•*'•> !/„ v-i, yj = o, 

and the long process would not need to be gone through. Again, 
instead of detcirinining the m independent first integrals it 
would be sufficient to determine tJie primitive of the ordinary 
ecjuation of the order, for from it could be derived other 
m — 1 equations in which the values of the diilerential coefficients 
could be substituted, and an 0 (pu valent result would be so derived. 
Again, in the case when the e(|uations are all linear we can solve 
them to obtain the ratios of the m H- 1 differentials in the form 


dx_dy^_dy^_ _dy,^ 

A' ~ K, F. F.; ’ 


which might be called the symmetrical form ; the mode of treat- 
ment for these will sormitimes (depending upon the form of the 
denominators in these fractions) difter very materially from, and 
be much more convenient than, the gcmeral process. Examples 
illustrative of this will be found appended. 

E.v. 1. The genoraf method can he avoi<lcd, if integrals of all but one 
eijuation can be obtained and, d fortiori^ if all the integrals can bo obtained. 
Thus the equations 

ld:c + Qndtj + tidz — 0 , 
xdx-^-ydy + zdz = 0 , 

lead at once to the integrals 

lx + my + m =,c ^ ; + y^ + , 

which determine y "^nd z in terms of x. 


18—2 
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Ex, 2. Solve 


Ex. 3. 


Solve 


dx 

~X 


(i) 

(ii) 


\tdx= 

\tdij= 


= 207 ) di, 

(tx +t^-\-2x — t) dt. 

(Px _ d/n 
f -^2+2 ^+^07=0, 

dt^ at 

dy 2 dx 
~dt'^V'^~"dt * 


dy dz , 

Z' 'vhere 


X—ax-\-by + cz + d \ ^ 

] a' X + h'y + dz -\-d' |- . 

Z--=a'\v+h'^y + c"z + d"] 

In equations of this form it is convenient to introduce some new inde- 
pendent variable and make all those variables, which already occur in the 
equations given, functions of this now variable. Calling the latter t we may 
assume, as an advantageous form. 


dt dx _ dy _ dz 

t ^'~x~'y '' z 


__ idx -H mdy + ndz 
lX-\-mY-\- nZ 

__ Idx + mdy 4- ndz 
~~ X (lx + my + nz) + r ’ 

provided I, n, X bo so chosen that 

al + a'm + (Yn^\l j 
hi + b'm + b”n^\m ,1- ; 
cl -4- dm -f c'0^=X w j 

the value of r is 

ld-\-md' -{-nd". 


Eliminating /, wi, n between ti\oso three equations, we have 


a — X, 


= 0 , 


&, //-X, 6" 

Cj o'j d* — X 


a cubic equation determining X; let its- roots be X,, Xg, X,. When Xi is sub- 
stituted in any two of the foregoing eej nations the ratios of I : m : n can be 
derived; let them be denoted by : m^ : jq and supi^ose the corresponding 
value of r to bo i\ ; with similar expressions for the other values of A. Then 
for the value Xj we have 

dt _ l^dx -f m ^dy -\- nydz 
« “ X, (?i.r + wqy + ’ 

the integral of which is 
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. -1 

Similarly “ , 

• . -1 
and ''V = fc*'’+^%y+»^ 3 S+r 3 X 3 "i) ^ . 

Ill order to obtain the gcnenil solution of the system of equations as given 
wo must eliminate t betivoen these equations; wlien wo write c^—Ac^=Bc^ 
where A and B are arbitrary constants, the general integral as required is 
given by the equations 

. -1 . -1 
“h "h j A. ” 1 " ^^^ 2 ^ ”h ^* 2^2 * 

. -I 

= B {l.^v + 7)1^/ + 7l.^S + ^ 3 X 3 -* ) ® . 

4. Solve in this manner the equations 

-dx- 

Shj+4z 2 ^ + 5 .-- 

jfi'.r. 5. This method may also be applied to solve certain systems of 
equations in which the variables do not occur so simply as in B:i\ 3. Thus 
let us consider 

J+r(«.r+fty)=r, 

'^^+T(ft’x+h'i/)=T.. 

whore Tj are functions of L Xlultiplying tlie second equation by I and 

adding it to the first, we liave 

'^■^{■v + l>/)+\T(x+l^)==T+lT,, 

provided I and X are determined to satisfy the equations 

«+/<//— X, 

so that the values of X are X, and X^, the two roots of 
(rt — X) (// — X) - a’h = 0. 

The integral of the foregoing equation being 

(.r+?y)c*^™‘=yl +J(r, + /!7’a) 

the complete solution of ihe original equations is given by 
(x + «,y) 1 + J( T’l + T.,) <h. 

Ex. 6. Solve the systems of ccpiations 

. (a) S + ^..-y) = l) 

|' + J(^+5y)=<J 

I 
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03 ) U'^=inn{y-z)'^ 


(y) 


dx > 


dy j 
-¥:= Iz —nx 

dt 


dz 

dt 


— mx-ly 


A fecial system of equations in Dynamics. 

175, There are two classes of simultaneous equations which 
are extremely important; one is the class already considered in 
§§ 148, 149 as the generalisation of Euler s equations leading to 
the higher transcendental functions ordinarily called Abelian 
functions ; the other is the system of equations which determine 
the motion of a particle attracted to a centre of force which acts 
according to the gravitational law. The latter may be represented 
by the simultaneous equations 

d^x _^dli d^y _dR d^z ^dR ... 

Je “ dx ’ df “ % ’ rf? ■" dz 

ill which R is a rational algebraical function of r or {x^ + 
the distance of the point x, y, z from the origin. To express the 
complete integral three independent equations (or their equivalent) 
will be necessary. Since each equation may be replaced by two 
of the form 

_ dx dx^ dR 

giving in all six equations to determine the six quantities, the 
investigation of § 173 shews that we must have six arbitrary 
constants in the solution. 
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doo dAJ dz 

If we multiply the equations (i) V respectively, add 

and integrate, we have 

in which B is an arbitrary constant. 


= R + B, 


Another form may be given to the equations (i). Since i2 is a 
function of r wo have 

dli _ dR dr __ x dR 
dx dr dx r dr * 

and so for the others ; and thus (i) becomes 

dPx__xdR d^y^ydR d?z dR 
df r dr ’ df r dr ’ df ~~ r dr ' 


Therefore 


d^y d^x ^ 


dt 
d^z 


dt' 

dd dd 


= 0 , 


d'x dz ^ 

Z ~ j,,y ~~ X --j-y U, 


dd 


dd 


of which two only are independent ; the integrals of these are 
respectively 

^ dt y dt~^'’ 


-n 


dz 

' dt “ dt 


dx dz ^ 
^dt-\it=^^- 


Squaring and adding these we have 

{(S’-(iy- («)] - 

= C* + C,^ + C,^ = A\ 
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where A is an arbitrary constant ; this is equivalent to 


that is, to 


and therefore 




{2t^iR + B)-A^ 


{2r^{R+ Ii)-AJ 

From the equation just obtained we have 


and therefore 


that is 


^ (IR dr _ ^ dr ^ dr d^r 

^ dr r^~ dt'^^dt df^ 


dli^^A^ d\ 

dr r* ^ df ‘ 


When this value is substituted in the modified form of the 
original equations, the first of them is 

d^x d^r . 2 ^ 


i ( dx dr\ .^x ^ 


dn. dt\r 


d(l)=A 


A dr 

' r{2i^{R + B)-A^}*’ 


then the foregoing equation for - is 


d* fx\ X ^ 
7.l+-=0. 


ot^* \»7 r 
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and therefore 

= aj cos ^ -f^a^ sin <f> (iii). 

The second and third equations similarly treated lead to 
V 

cos <f> + sin (f> (iv), 

^ = Cj cos + sin </> (v) ; 


and in these the constants a, 6, c are arbitrary. But they are not 
independent ; for we have always 

+ = 

whatever be the value of 0, and therefore 

(cfcj* + + Cj®) cos‘^ 0 + 2 + c^c^) cos 0 sin 0 

+ (u,/ + + c./) sin** 0 = 1= cos® 0 + sill** 0 

is satisfied for all values of 0, so that 

(tj* + + Cj** = 1 

a/ + 5/ + c./ = 1 • (vi). 

+ bj),^ + = 0 , 

The six constants are equivalent to three independent constants. 
Further, we may put (iii) into the form 

”=/>,C'w(<^ + /9,), 

Avhere and /Sj are arbitrary constants, and there is thus associated 
with 0 an arbitrary constant and one will not require to be added 
in the equation 

We have now sufficient equations to determine the general 
integral. By means of (vii) ,0 is given as a- function of r, and 
therefore by (ii) as a function of t ; hence (iii), (iv), (v) give a?, y, z 
as functions of t Morecjver we have six independent arbitrary 
constants, viz., By a and the six quantities a^, a^y 6^, 
connected by the three relations (vi). These therefore constitute 
the general integral of the differential equations. 
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Ex. Solve in this way 

Also solve by transforming to polar coordinates. 


MISCELLANEOUS EXAMPLES. 

1. Provo that, if 

d6 {m — n cos </>)^ = dcf) {m — n cos 

then 2?/i - 7i ^ ^ ^ cos ^ ^ ^ “ cos ^ = 0, 

c being an arbitrary constant. 

2. Let E(x) denote the integral 

P dx 

./o{(l - 0*^(1 

prove that the algebraical relation e([ui valent to 

is 4(1- Xi^) ( 1 - x/) ( 1 - - (2 - .r-i2 - 

3. Let E (x) denote tlic integral 



verify that 

A + E (.v.j^ + A (.ij) = l!“XiX.j,v^ , 

where x^, x^ are related as in the previous examijle. 

4. Verify that 

1 ;=0 
•**2j y-jf ^ 

•^'3> ^3* ^ i 

is an integral of 

^■t ’l ^ 

(l-av’)5 (l-.^•33)* 

y being given by the relation .t-3+y3=l. 

Interpret the result geometrically. 


(Cayley.) 
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5. Prove that the integral of 

’ -0 

(l+a'3)^ (l+y’)^ 

may be exhibited in the form 

(1 +.^•3)(l +y’)(l + a3) = (l + xyaf, 

where a is an arbitrary constant; and that of 

^ _ d;j 

{4.x^-lx+.r)i {4f-Iy + J)i 

may bo exhibited in the form 

^(4^3 - Ix + J) (4vy3 - 1// + J) (4a3 - /a + J) = {4.vi/a - ’ / (x + + a) + J}\ 
where I and J are definite constants and a is an arbitrary constant. 
Shew that the general integral of 

where A'=(/’, /, 1)^, 

l'=(^, l, m, nil/, I)’ 

is A' =[1+1 (.V +y + i:) + j/i (.VI/ + yz + zx) + iuvyz}\ 

where wi, n\zy 1)-S 

and z is an arbitrary constant. 

* (Mac Mahon and Russell.) 


0. Provo that integral relations equivalent to 

Ad Ac/) A^ I 


where 


are 


and 


sin'-*dG?d sin‘^ </)(/(/> siii-\/rc/^ [ 

Ad Ac/) A^ / 

= {(1 - « sin’* X) (1 - ^ sin’* x) (1 - »* sin“ x)}*> 

sin yfr sin </> cos d Ad ^ sin d sin yjr cos </> A<^ 


(sin‘^ d - sin-^ (p) (siii*'^ d - sin* yjr) (sin*-* (p - sin-* d) (sin*-* <p - sin*-* yp) 

sin (p sill d cos \p Aip 


cos \p cos <p sin 0 Ad 


^ (sin*-* i/f — si d) (sin*-* yp — sin^ <p) ^ ’ 

cos d cos ypHm<p Ac/) 


(sin^ d - sin*-* <p) (sin*-* d — sin^ yp) (sin*-* c/) - sin*-* d) (sin*-* 0 - sin^ 0) 

cos 0 cos d sin ypAyp _ ^ 
(sin® 0 — sin® d) (sin® yp — sin® 0) 

Determine A and B from the conditions that 0=a and 0=i3 when d=0. 

I 
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7. Find the primitives of the equations 

(i) {ay - h^dx+{ez — iui!)dy+{hx — cy)dz=0’, 

da;(j/+z-2x) dy{z +.v- 2y) dz{x+y-2z) 

^ ^ "(y-xjlz-x) {z-y){x-y) {x-z){y-z) ’ 

. *^(iii) {^^+yz+z^)d.v+{z^+zx+x?)dy + {3fl+ xy +y^ tfe= 0 . 

8 . Obtain the primitive of the equation 

d.v + zdz (y — j?) = z^dy — - aP) 

in the form 

f e-^du+C=e-«^ , 

J 

where ,v=uz. 

(Euler. 


9. Solve the simultaneous equations 

b%={c-a)zx 
c~ = {a-b)xy 

expressing each of the quantities .r, z as elliptic functions. 

10 . Integrate the system <jf ccpiations 

+ c/a; + by cos nt + hz sin nt = 0, 


aay “ ^ — % sbi nt + hz cos nt = 0 , 
Ixa cos 7U + bx' sin nt “ ^ 

dz 

b(o sin 7U - b.v cos nt + ~ 


1 1 . Integrate the simultaneous equations 
d'hi. 

- 35 W+®7)} =0. 

^^ 2 +»M»-3ij («g+w/)} =0, 

where f is written for cos {at + b) and 17 for sin {at+b), 

(Liouville.) 
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12. Solve the simultfincous equations 


(1*1/ 

d.v* 


<Pz ^ 


clv^ 


4-cy = 0, 


dx* 




(dh 

c/.f2 


+ c:r 


0. 


13. Shew that any system of lines dcscvil)t3d on the surface of the sphere 

satisfying the ecpiation 

(1 + 2/ii) xdx-\-y (1 - ;?•) dy + zdz = 0 
would be projected on the plane of xy into [uirabolas. 

Find the equation of the projections of the same systcni of curv’^es on the 
plane of yz. 

14. Shew that Monge’s method (Ex. 4, § 154) wouM, if wo integrate first 
with respect to x and present the solution of the equation in the preceding 
example in the form 

(1 + 2»i) + z^^<t) (j/), 2y (1 - x) = - 0' (y). 

Apply this to solve the problem of the preceding example and identify the 
results. 


15. Integrate the simultaneous equations 
(PXi _ dit d^X^ 

• dt^ 0.^1 * di'^ 0.t2 ’ dC‘^ ’ 

where R is a function of + 


(Ih'iict.) 



CHAPTER rX. 


Partial Differential Equations of the First Order. 


17G. Hitherto wc have been considering for the most part 
differential ecpiations in which the dependent variable or, in the 
case of a set of simultaneous equations, variables are supposed to 
be functions of only a single independent variable ; wo now proceed 
to consider equations in which the number of independent variables 
is greater than unity, and shall suppose that there is only a single 
dependent variable. I'he latter is usually denoted hy z\ if it bo a 
function of only two variables these are usually denoted by x and 
y ; if be a function of more than two, say of n, then it is con- 
venient to denote the latter by x^, , .r„. The first 

, dz 

partial differential coefficicTits in the former case, viz., ^ and 
(iz 

, are represented by p and q respectively ; in the latter case the 

partial differential coefficients , ^ are Represented 

respectively by p,, p^, , /)„• 


An equation in partial differential coefficients is a relation 
between the independent variables, the dependent variable (which 
is an unknown function of those variables) and its partial differen- 
tial coefficients with regard to them ; it is of the first order 
when the partial differential coefficients which occur arc all of order 
not higher than unity, of the second order when the partial 
differential coefficients of highest ordeJkwhich occur are of order 
two ; and so on. In this chapter we shall consider only equations 
of the first order. 
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It may happen that we have more than a single differential 
equation relating to the same set of variables; for instanoc we 
might have two equations between z, x, y, p, q. In this case the 
two equations could be solved and from them values of p and q in 
terms of x, y and z could b('. deduced ; these could bo substituted 
in the equation 

ilz pdx 4 - qdy, 

and wo should thus obtain a total differential equation. Similarly 
in the case of n independent variables n e(| nations would bo suffi- 
cient and necessary to determine p^; these n eipiations 

would then be considered as furnishing a total differential ecpiation. 
When the number of etpuitions is less than the number of partial 
differential cocdhcienfcs and therefore of course less than the 
number of independent variables, we are not able to deduce from 
them a total differential ecjuation ; usually we have only a single 
equation given and we then call it a partial differential equation. 

As in the case of ordinary differential etpiations, the integration 
of the ecjuation is the derivation of all the values of 5 * which when 
substituted in the differential e([uation render it an identity. 


Glassification of Integrals. 

177. Before indicating methods of integration and giving such 
classes of equations as are easily integrable, it is necessary to 
classify the different kinds of integrals of a partial difi'erential 
equation and to prove that the classes include all possible integrfHs 
of the equation. For perfect generality the propositions should 
be proved for an equation involving n variables, but the proofs arc 
given for an equation involving only three variables ; this limita- 
tion has the advantage of shortening the equations and of lessening 
their number, while the slightest consideration will shew that it 
is possible to pass to the general case without any essential 
difficulties of analysis. 

178. Suppose that we have between z^ x^y x^y x^ a relation of 

the form ■ 

^ f ^2» ^3* ®2» ^ 3 ) ~ 


( 1 ), 
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in which a^, are arbitrary constants and which contains no dif- 
ferential coefficients z. To obtain Pa ’^ve have the equations 


dz P' ^ Sar, 



0/ df 

J. + .L = 


dz^ 


= 0 


dz dx, ® 


( 2 ). 


Between equations (1) and (2) the three arbitrary constants 
can be eliminated; if in (1) there were more than three arbitrary 
constants those equations would not be sufficient for the elimina- 
tion, while if there were fewer than three there would be more 
than sufficient equations. Let the result of iJie eliminaftion in 
the present case be denoted by 


■ ^ (Pv A- P«> A-., = 0 (A), 

which will be the partial differential equation corresponding to the 
integral relation (1). 


Conversely, this integral relation (1) is a solution of (A), and it 
contains three arbitrary constants. We cannot expect more than 
thrtio arbitrary constants in a solution of (A) ; for, on passing from 
such a solution to the differential equation by the method in which 
(A) has been obtained from (1), only throe constants could be 
eliminated. Hence (1) contains the greatest number of arbitrary 
constants that we can expect in a solution of (A). 


The name Complete Integral of fin equation is given to a 
relation between the variables which includes as many arbitrary 
constants as there are independent variables. 


179. The supposition has been made that Uj, are con- 
stants and we have deduced equation (A) from (1) and (2). But 
we may suppose that Uj, are functions of the independent 
variables; if they be such as to .leave unaltered the forms of 
Vv the differential equation obtained by the elimination 

of these functions will be the same as in the case when the quah- ' 
titles a were arbitrary constants, for mere algebraical elimination 
will take no cognisance of the value of the (quantity eliminated 
but only of its form. Now with the new supposition that- the 
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quantities a functions of the variables x^, the values of 

the partial differential coefficients are given by the equations 

jL Pf 4. 4. ‘1^. 0 

dz dx^ da^ cix^ da^ dx^ da^ dx^ 

dz dx^ da^ dx^ da^ dx^ ^ da^ dx^ 

If „ 4. y 4. 4. 4. = 0 

dz dx^ da^ dx^ da^ dx^ da^ dx^ 

m 

But the forms of Pg are to bo the same as before when 

they were given by equations (2) ; in order that this may be the 
case we must have 

^ if 4- PL^h+ pf Pb =0' 

oaj dx^ di\ dx^ da^ dx^ 


^.“1 4. ¥ 4 . if ?ii» 0 

da^ dx,^ ^ da.^ dx^ da^ dx,^ | 

if 4 . if = 0 

da^ dx^ da^ dx^ da^ dx^ 

Let jR denote the value of the determinant 


da. 

da. 

da. 

dx, * 

9x,’ 

dx^ 

da. 

da. 

9a, 

dx,^ 

dx,’ 

9x, 

da. 

da. 

da. 

dx,’ 

dx,’ 

dx. 


80 that the.foregoing equations are equivalent to 

-“.l-O’ ^‘^-0 (*)■ 

Now if R do not vanish these can only be satisfied by 

-f = 0 5^ = 0 = n (TK) 

da, da, da, 

and these are three equations which determine the values of 
«!, a,, a, in terms of the variables. The relation (1) is still a 
solution with the change in the quantities a; when the values 
F. . 19 . 
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just found are substituted for them we have a solution of (A) 
which contains no arbitrary constant. This solution moreover will 
obviously differ from a solution containing no arbitrary constant 
but derived from (1) by assigning particular constant values to 
^3 in (1) ; thus the result of .eliminating the aAitrary con- 
stants between (1) and (B) gives a new solution. 

This solution is called a Singular Integral ; it is a relation 
between the variables involving no arbitrary constant, but it is 
not a particular case of the Complete Integral. 


180. The equations (4) will all be satisfied if i2 = 0; and as 
we are now assuming that a^y a^ are not arbitrary constants but 
functions of the variables, this equation will be satisfied by a 
functional relation between (q, a^y a^; this functional relation 
may be arbitrary, so that wo may write 

= (Q. 

in which 0 denotes an arbitrary function. Multiplying now the 
equations (3) by dx^y dx.^ respectively and adding, we obtain 


But from equation (C) we have 




* (If, + 


Since a^ and are independent, their variations da, and da.^ are 
also independent ; in order that this equation may be satisfied we 
must therefore have 


0a, 0 a 3 0a, 

da^ da^ da^ j 


These equations (C) are sufficient to determine a,, a^, in 
terms of the variables and the expressions so obtained will involve 
the arbitrary function 0 ; when they are substituted in (A), the 
solution takes a new form which is different from both of the other 
two. 
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This solution is called the Gen eral Integral; it is a relation 
between the variables involving two (or, in the case of n variables, 
— 1) independent functions of those variables together with an 
arbitrary function of those two (or n — 1) functions. 

The ecpiation R — 0 could also be satisfied by making an 
arbitrary function of a,^ alone or of a^ alone, so that we should thus 
arrive at different classes of (Jeneral Integrals; but these are all 
less general than the former, in which only a single arbitrary 
relation between all the quan titles a occurs. This is easily seen 
fron? the consideration that if, in equation (0), be expanded in 
powers of rq the coelHcients are arbitrary functions of while 
if («,j), an arbitrary fund ion of tq, be expanded in powers of 
ttj the coefficients are mc'rely arbitrary constants; and the latter is 
obviously included in the former. 


181. It is thus manifest that we have three fundamentally 
distinct classes of solutions of partial differential equations; it 
remains to shew that there are no others, and this will be done 
by proving the following theorem : 

Every solution of the differential equation is included in one or ^ 
other of the three classes of solutions of the equation which are i 
constituted by the Gomplete Integralj the Singular Integral^ and the \ 
General Integral. 

Let (A) represent the differential e(piation, and (1) the Com- 
plete Integral of this cq\uition; then the equations (B) and (C) 
will give the Singular and General Integrals ; let any other solu- 
tion of the equation be represented by 


{z, a:,, X,) = 0 (4). 

As it is convenient to speak of z as explicitly (jxpressed in « 
terms of the independent variables, we .shall use Z to represent the 
value of the dependoiit variable derived from (1) and f to represent 
the value derived from (4). This last equation gives 

c)ylr dyfr _ 
dz ^ dx, 
dyjr 


= 0 




da;. 
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If now we make these values of the differential coefficients 
agree with those given by equations (2), we have the three 
equations 


dx^ dz dx^ dz 

y ^ f 9/^ A 

0^2 dz dz 
df dyjr dyjr df_ ^ 

dx^ dz dx^ dz 


( 5 ); 


and these determine the values of a^, in terms of a;,, x^, x^ 
and the dependent variable. 


Now since (4) is a solution of the difterential equation, we 
have 

^ (P,> lh< 1\> ® 1 . *») = 0 ■. 

and since (1) is a solution, we have 

iPiy Pv P^> * 1 . *») = 0 

satisfied, when the quantities a are arbitrary. The last equation 
is also satisfied when the (juantities a, instead of being arbitrary 
constants, become functions of the variables, provided these functions 
are such as to leave the forms of p^y p^ unaltered ; and v'e may 
therefore replace them by the functions of x^y x^y x^ obtained as 
their values from the equations (5), provided the necessary con- 
ditions be satisfied. When this is the case the values of p^y p^yp^ 
arc the same for the two forms of the equation (A) ; and we then 
have from a comparison of these two forms the necessary equation 

where in Z the constants a^, are replaced by the values that 
have been derived for them. 

Ill order that the forms of p^ for the new values of the 

quantities a should be unchanged, the three eejuations of the 
form 

dfd-dr dfdylr 

= (' 4 . y ^ ^ 

dz ^ da^ dx^ ^ da^ dx^ ^ 0ag dxj 
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must be satisfied at the same time as (o); and therefore the values 
of ctg are such as to satisfy the equations 

+ = 0 
^ da^ dx^ ^ da.^ dx^ 

¥ ^3 4 . ¥ , ¥ ^3 = 0 

da^ dx^ da^ dx^ da^ dx^ 

¥^ 3 +¥'. ¥* + ¥ ?3 = 0 

da^ dx^ da^ dx^ da^ dx^ 

But these are of the form of the equations (8) which enable us to 
pass from the Complete Integral to the other two Integrals; hence 
the values of a are included among those which give either the 
Complete, the Singular, or the Ceneral Integral of the ecpiation. 
And as the necessary conditions have been satisfied, we have 

r=^, 

or the value of z derived from the given solution coincides with 
the value derived from one or other of tlie three principal integrals. 

This proves the theorem and shews that the three classes 
adopted include all possible solutions. 

If on solving the equations (5) the quantities a be found to 
be all constant, then the given solution will be a particular case of 
the Complete Integral ; if th(jy be found to be functions of the 
variables and there exist a functional relation between tliem of 
the form 

a,), 

then the given solution will be a particular case of the General 
Integral; jf they be found to b(i functions of the variables and 
there be no such functional relation between them, then the given 
solution is the Singular Integral. 

Ex. 1. Assuming that the Complete Integral o£ is 

investigate the nature of the solution 

42 - 2xy = sec „ + _ ^ 2 ) tan a. 

Ex. 2. Assuming that the Complete Integral of z=^px+q^ is 
log 2 =alog.r+(I -«)logy + 6, 
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investigate the nature of the solution 




Ex. 3. Assuming that the Complete Integral of z=p.v-\-qy-\'pq is 


investigate the nature of the solution 




s+.^'^ = 0. 


182. Ill the case wlien there are two indopeiiderit variables 
and one dependent, the three may be taken as the coordinates of 
a point in space ; and the relations between the separate integrals 
can be interpreted geometrically. 

The Complete Integral, being a relation between x, y and -s:, is 
the eqnixtion of a surface and this equation includes two arbitrary 
parameters; so that the Complete Integral belongs to a doubly 
infinite system of surfaces, or to a singly infinite system of families 
of surfaces. This integral is of the form 

<#> y, «, b) = 0. 


In order to obtain the General Integral we make one of the 
parameters an arbitrary function of the other, say 6 = 0 (a\, and 
eliminate a between 


<f> {if'y y, 2, a, b) = 0] 
b = 0 {a) 

d<f> N .. 


This operation is really equivalent to selecting from the system 
of families of surfaces a representative family and finding its enve- 
lope. If a particular family be taken (which occurs when b is made 
a definite function of a instead of an arbitrary function), then the 
equation of its envelope is a particular case of the General Integral. 
The foregoing equations as they stand represent a curve drawn on 
the surface of the family whose parameter is a, while the equation 
resulting from the elimination of a between them is the envelope 
of the family ; hence the envelope touches the surface represented 
by the first two equations along the curve represented by the three 
equations. This curve is called the characteristic of the envelope ; 
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and the General Integral thus represents the envelope of a family 
of surfaces, considered as composed of its characteristics. 

In order to obtain the Singular Integral, we eliminate the 
parameters between the equations 

0 {x, y, z, a, 6) = 0 j 


This operation is the same as finding the envelope of all the 
surfaces included in the Complete Intiigral ; the three foregoing 
equations give the point of contact of the particular surface 
represented by the first of them witli the general envelope. The 
Singular Integral thus represents the general envelope of all the 
surfaces included in the Complete Integral. 

But when the elimination has taken place so as to leave a 
relation between x, y, and Zy it is nt^iessary to ensure that the 
resulting etpiation is that of the envelope and not that of any of 
the loci which are incluchid in the same ecpiations. Such loci 
are, for instance, the locus of conical points and the locus of 
doubk lines, neither of which satisfies the differential equation. 
It is thcreh)re desirabhi to substitute the riisult (when it cjxnnot at 
once be recognised as the etpiation of an envelope) in the differ- 
ential equation ; it is to be retained only when it is a solution. 

It may happen that the entire system of surfaces does not 
admit of this general envelope ; in such a case the Singular Integral 
will not e.vist for the corresponding differential equation, and its 
non-existence will be indicated by the equations ordinarily used to 
obtain it. Examples of this will hereafter occur. 

As an example to illustrate the prccicfliiig discussion of the geometrical 
relations between the integrals, consider the equation 

0.^7 + Ay + + 1 (i), 

which contains two indci>eudciit constants. It is easy to prove that the 
corresponding differential equation is 

(:Vp +yq - zy^ = l +p^ + q^ (A), 

and that the general envelope of all the planes contained in (i) is the sphere 

+ (ii). 
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Henco (ii) is the Singular Integral of (A), and the sphere represented by 
(ii) touches each of the planes represented by (i) in a point. 

To obtain the General Integral we eliminate a between 


ax-)ryf{a) + z[\ = 

,^+yf („) f 


in which f{a) is an arbitrary function. This is clearly the envelope of a 
family of planes the equation of which contains only one parameter ; and it 
is therefore a developable surface. The eciuation of any developable surface, 
which envelopes the sphere, is thus included in the above General Intfcgral. 
The process of making b a function of a is equivalent to drawing on the 
sphere some definite curve ; and the developable surface is the envelope of the 
tangent planes to the sphere at points which lie on this lino. 


183. The explanation of § 179 shews how the Singular 
Integral may be derived from the Complete Integral ; it is, how- 
ever, possible to derive it directly from the differential equation, 
as is the case in ordinary differential ecpiations. 

For the sake of brevity, suppose that there arc only two 
independent variables. Let the equation be 

2/, P, (?) = 0, 

of which the Complete Integral is 

F (a;, y, 5, a, b) = 0, 

where a and 6 are arbitrary constants; the Singular Integral is 
obtained by combining the eciuation F=() with 

dF 

W- 

Since ^*=0 is the integral of the differential equation the values 
of z, jo, q derived from the integral will render i/r = 0 an identity ; 
and the substitution of the values of p and q (but not that of z) 
derived from F=0 will in general render = 0 equivalent to the 
integral equation. Let this latter substitution be made*, so that 
p and q are replaced by functions of a;, y, z, a, h ; then in order to 
find the Singular Integral we must form the equations analogous 
to (A), which equations are 

dyfr dp dyfrdq 

dp da ^ dq da * 

dyir dp dyfr 9<? ^ 

dp dh dq dh 
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These equations may bo satisfied in two ways : firstly, by writing 

dp dq ’ 

secondly, if and do not vanish, then 
da dh dh da 

The latter equation implies a relation of the form 

(f> (p, q) = 0, 

which does not involve either a or 6, but may involve (piantities 
multiplying a and h in the expressions for p and q\ that is, 
quantities depending on x, ?y, and z. If both the arbitrary con- 
stants occur in p and q (which does not always happen) the 
equation <^ = 0 would imply that they are effectively only one, or 
that one of them is a function of the other ; the eiiuations used 
then give the General Intcigral, with wliieh we are not now 
concerned. 


We thus return to 

o; 

dp dq 

the elimination of p and q between these and yjr = 0 will furiiisli a 
relation between x, y, which is indepcjndent «.)f any arbitrary 
constant. If this relation satisfy the differential equiitiuiiy it is the 
Singular Integral ; and when the relation .is found by this method 
it is necessary to see whether the difterential e(juation is satisfied. 


The reason that this precaution is necessary is similar to that 
which renders the corresponding precaution necessary in the case 
of ordinary differential equations ; when the surfaces represented 
have an envelope, tTiis envelope will be given by the equations 


^ = 0 ; 



®/ = 0 . 

dq 


But these same equations will be satisfied by the coordinates of 
any pinch-point on one of the surfaces represented by the complete 
integral ; the locus of these pinch-points, however, is easily seen 
not to be a solution of the equation. The equations will also be 
satisfied by the coordinates of any point P at which two different 
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surfaces of the system touch, and therefore by the equation of the 
surface which is the locus of these points. But this surface has 
not necessarily for its tangent plane at P that tangent plane which 
is common to the two surfaces, and therefore the values of p and q 
(which give the direction-cosines of the tangent plane) derived 
from this new locus are not the values of p and q which satisfy 
the given equation = 0. Such a locus corresponds to what was 
before called the tac-locus (§28): and, while it may not be the only 
locus (other than the envclop(i) which is introduced, the possibility 
of its prcisence renders necessary an enquiry whether the equation 
between x, y, z satisfies the differential equation. 


Ex. 1. The differential equation 

{I + p- + q^) = /(.r + pzy^ + ( -I- qzy^} 

has for its complete intei^ral 

(.r - a cos rt)- -{-{]/ -a sill a)‘-^ + 

X being supposed a determinate constant. Forming the envelope of this sphere 
by taking 

(.»; - a cos a)^ + (.y - « sin a)- 4- - X^a-* = 0, 



dF 


da 


we easily find it to Ih) 




Now taking 

and following thd rule for deriving the Singular Integral from the differential 
equation, wo have 

|^=2/):2-2X%(.f+;K)=0, 

+ ?*) = *’• , 

The last two equations arc satisfied by ^ = 0, which though free from p and q 
is not a solution of the differential equation. In fact liy drawing a figure it is 
e.asily seen that 5=0 is a tac-bicus, being the plane which contains the points 
of contact of the different nou-consecutive spheres with one another obtained 
by giving all possible values to a and a. 


E.v. 2. Consider the system of cones 


(.r - a cos a sin 0 )^ = 
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ill which m, 6 are arbitrary constants ; the corresponding differential cipiatioii 

is easily obtained. The equations, which give the envelope, arc 
% 

sin Q {x - a cos &) - cos 6{jf-a sin 6) — 0, 



These are all satisfied by 


X — a cos B. y — a sin B, z— - , 


which give 
but i is arbitrary. 


The equations are also satisfied by 


2f// 

m * 


.v;.sin cos 


and the corresponding eliminant is 



The last equation represents the envolojio ; the doubly infinite system of 
cones is generated by the revolution, round the directrix of a yiarabola, of all 
the right circular cones whose veiticos lie on the tangent at the vertex to the 
parabola, and one slant side of any one of whicli coincides with the tangent to 
the parabola drawn through the vertex of the cone. The equation 




is thaW)f the cylinder on whicli lie all the (singul.ir) circles which are the loci 
of the vertices of the cones in the revolution round tlu^ directrix. 


For fuller information on the subject of the Singular Integrals of partial 
difibrential equations of the first order a nionioir by Daiuioux, Memnres da 
Ulmtiiiii de France^ t. xxvii. (1880), should bo consulted. 


Lagrange s Linear Kquatioiu 

184. Wc have seen that ainoiig th<i integrals of a differential 
e(|uation there is one — the General Integral — into the (ixpression 
of which an arbitrary function enters; tlie deduction of the 
differential equation from the integral implies the elimination of 
this arbitrary function. The simplest form possible for an integral 
of this nature, when there arc two independent variables, is the 
equation 

(f> {a, v) = 0 (i), 

in which 0 is an arbitrary functional symbol and u and v are 
definite functions of x, y and z. In order to eliminate we 
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differentiate with respect to each of the independent variables 
and have 


dd> fd u d iC 

diXdx^^dz 


^z) 


dv' 


dd> /dv 
dv \0iC ^ dz, 




dd) /du du\ diji (dv dv\ 


and therefore 



0y\ _ /dll 
dz) \d/j 




0iA /dv 
dz) \0iz; 


+ p 


0V\ 

dz)'^ 


which, on rearrangement, gives 

Pp + Qq = R 

where 


•P Q __ R 


ThT 

du 


du 

du 


du 

du 

S'/’ 

dz 



dx 


dx * 


dv 

dv 


di) 

dv 


dv 

dv 

%’ 

dz 


dz’ 

dx 


do)’ 

dy 


or, what are the equivalents of these, 

^ dll ^ dll „ du 
R =0 

dx dy dz 


, dv 


, dv 


dv 




•(ii). 


(iii). 


Hence, Avhen we have a differential equation of the form (ii), 
into which the differential coefficients enter linearly Avhile the 
quantities multiplying tliese may be any functions of x, y, z, we have 
a corresponding integral given by (i), provided we can obtain u and 
V in order to insert them in that integral equation. A differential 
equation of this form is said to be linear; the difficulty in the 
solution is the derivation of the functions u and v. 


185. Now let us consider the equations u = a and v = h, where 
a and h are arbitrary constants, and let us form the differential 
equations corresponding to them. We have 


du , du , du , ^ 
dv j dv j dv ^ ^ 
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or 


dx 


dy 


dz 

du 

dn 


du 

du 


du dll 

dy * dz 


dz’ 

dx 


dx * dy 

dv 

dv 


dv 

dv 


dv dv 

dy * dz 

! 

dz’ 

dx 


dx ’ dy 


^ d(v __ dy _ dz 

jP ~ R 


(iv). 


These are the differential equations which have for their 
integrals u = a and v = b; they can be formed at once from the 
coefficients in the differential equation. We thus have the follow- 
ing rule*: 


To obtain an integral of the linear equation 
Pp -\-Qq = R 

write down the siibsiduwy equations 

dx _dy _dz 
P “ ~q “ R ^ 

and obtain two independent integrals of the latter; let these be 
u — a and v = b. 


Then an integral of the partial differential equation is given by 

(f) (w, v) = 0, 

where ^ denotes an arbitrary function. 

An arbitrary functional relation between n and v of any form 
will be satisfactory ; thus we might have 

. u = ylr (v), 

where yjr is an arbitrary function. 


186. This rule* enables us to obtain an integral involving an 
arbitrary function; it will now be shewn that it is the most general 
integral possible, in that it includes all solutions of the differential 
equation. Let 

^ (a?, y,z) = 0 

* The theory of linear partial differential equations was first given by Lagrange, 
as well as the classification of the integrals of equations of the first order. The 
subsidiary equations (iv) are sometimes called Lagrange’s equations. 
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be a solution of the equation 

Pp + Qq = R. 

and let the solution of this equation obtained by the foregoing rule 
be (u, v) = 0 ', then fi-oin equations (iii) we have 

ax ay dz 
dv j. dv ^ 

Since yfr (x, y, z) = 0, we have 

dyjr dyjr _ d\fr f)>lr 

the substitution of these values of jt; and q in the differential 
equations gives 

i*y' + e^+/iS.o. 

ax ay az 


We have thus three equations linear in P, Q and Ii\ when 
these quantities are eliminated we have 

d'yfr dyjr dyfr = 0. 
dx * dy * dz 

du du du 
dx' dy* dz 

dv dv dv 
dx* dy' dz 

Hence there is some definite functional relation between y/r, u, v; 
let it be 


yfr = F(tc,v), 

where F is a definite function. The solution yjr {x, y^ z) = 0 is 
‘therefore the same as 

F (tt, v) = 0 ; 

and, since P is a definite while <^ is an arbitrary function, this 
solution is included in 


</> (w, v) = 0, 

that is, is included in the solution obtained by the method given 
in the rule. 
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This latter solution is thus the most general solution possible of 
this form ; it evidently corresponds to the General Integral. 


187. Corollary. The equations w — a = 0 and — 6 = 0 are 
integrals of the differential equation. For the general solution may 
be written 

u = ^ (v), 

where yjr is an arbitrary function. Take then yjr(v) = av°y wherii 
a is an arbitrary constant ; the e(] nation then bc*comes u — a = 0, 
whi^ is the first of the stated integrals. Similarly for the second. 

These results can be obtained independently. The foregoing 
article shews that, in ord(ir that yjf Qv, y, z) — t) may be an integral 
we must have 




dx 




()Z 


But the equations 


r,du jydu 

^ dv dv „ dv 

are actually satisfied ; hence — a = 0 and w — 6 = 0 are integrals. 


188. We thus see that, whi*.u there is a single arbitrary function 
entering simply (that is, without any derivatives) into an integral 
equation, the corresponding ditfereutial e((uation is necessarily linear; 
and that the linear differential e([uation has for its most general 
integral a relation into which an arbitrary function enters. We 
therefore ihfer that, in the case of a differential equation which is 
not linear, the arbitrary function which is essential to the Gtineral 
Primitive cannot enter in a manner similar to that in which the 
arbitrary function enters in the foregoing equation ; in fact, with it 
will be associated in the General Primitive its first difftirontial 
coefficient. 

189. In the foregoing we have limited ourselves to the case 
of two independent variables; the proof of the method when 
there are n independent variables follows the former on exactly the 
same lines, and the corresponding rule is : 
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To obtain the most general integral of the linear equation ■ . 

PlVx + + + PnPn = -K i 

write down the subsidiary/ equations 

dx^ _ dx^ _ _ dXn _ dz 



and obtain n indepeiident integrals of these ; let them be 
= = u^ = ctn' 

Connect these quantities u by an arbitrary functional relation . 

^(«i. % M») = 0; 

this equation is the integral required. 

The proof of this, as well as that of the corresponding corollaries, 

viz. that u,^ = a,, Wg = a^, are integrals of the 

equation^ is not difficult. 

Ex. 1. Solve the equation xp-^-yq^z, 

Lagrango^s subsidiary ei^uations are 

dx ^dy dz 
X ~~ y ^ z"^ 

of which two integrals arc z — ay,z — hx\ hence the solution of the equation is 



It can be exhibited in the forms 



which three are easily seen to be equivalent to one another. 

Ex. 2. Solve the equation 

{mz - ny) p + {nx — lz)q — ly - inx„ 
Lagrange’s subsidiary equations ara 
dx __ 

mz - ny ”* nx -lz'~ ly- mx * 

Hence xdx’\‘ydy-\-zdz=0y whence x^’\‘y’^-^z^=a\ 

and Idx + mdy + ndz = 0, whence + my + 712 = 6 ; 

and the integral of the equation is 

lx + my + 712 = (a?® +y ® + 2 ^). 
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3^ Solve the equations 

(i) x^p~xyq^ry^^^\ 

(ii) xzp+yzq^xy\ 

(iii) +z^ — a^)p~- 2 xyq + ^.vz = 0 ; 


(iv) z — xp—yq = a{x^+y^+z^'^\ 

(v) {a-x)p-]r{b-y)q=c-zi 

(vi) {y^x - 2.^•4) jt) + (2y - x^) q=^9z (x^-y ^) ; 

(vii) ^tan A‘ + 5tany = tan2; 

(viii) (1 la; -Gy + ^z)p — (6a? - 10^ + 42)^ = 2a; — 4y + 6 j ; 
(ix) x^'p^ + {s+x.^) p2 + (^ + x'^)p ^ = + ■*^■3 • 
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Ex. 4. Solve the equation 

(a;^ + 2 ) Px + + x\ + z) p. 2 + (a\ + x.^ + 5)^3= Xi + a-g + 0:3 

Lagrange’s subsidiary equations are 

(jLi\ _ dx2 dx^ __ dz 

0/2 "I" *^3 4 ” 3 a;3 “f* a;^ *1" 5 a;j~Ha;2"f“<s a;^ 4 * a 2 4 “ 0^*3 

Each of these equal fractions 

dz •“ dxy dz “ dx^ dz ~~ dx^ dz 4” dx^ *i" dxo 4" dx^ 
- -"(j-'i-J - -(z-xn) ~ '^(s+.vi+.v^x^ 

The integrals of these are 


z — Xi 2 — X2 2 — X2 

and therefore the integral of the equation is 

^ {(s - a;i) /S*, (z- X 2 ) S ^ (s - x.^ ^ = 0, 
where iS^ stands for s4-:Vi4-.^;2+‘^3- 


Ex. 5. Provo that in the last question, if, when s=0, the variables be 
connected by the relation 

a:i 34 -a; 234 .a; 3 ^=l, 

then the integral is 

{(^1 - 4- (a;2 - 2)® 4- (x^ - 2 )^}* (^1 4- a;2 4- 073 4- 2)® = (x^ +X 2 +X 3 - 3z)\ 

(Mansion.) 


Ex. 6. Solve the equations 

(i) p^Xi ■{■p.^V 2 -^p^^ = nz ; 

(ii) PiXi+p^ 2 +P:^=az+^^^^ 

(ili) X^^Py^ 4- X^^ZP 2 4- XyX.pp^^XyX.p!^. 

» 


F. 


20 
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Standard Forms. 

190. Before proceeding to indicate a method of integration 
which is applicable to the most general equation of the first order, 
it is advisable to notice a foAv standard forms of differential 
equations which admit of integration by very short processes and 
to one or other of which many e(]uations can b(i reduced ; as the 
general method is usually much longer than that which is effoctive 
for any of thcvse standard forms, it is advantag(Jous to see whether 
the e(|uation is included under one of them. 

191. Standard I : Equations in which the variables do not 
explicitly occur ; such ecjuations may be written in the form 

'k {p> ?) = 0. 

A solution of this is evidently 

z = ax by + c, 

provided a and b are such *as to satisfy 

yfr (a, b) = 0 . 

If then the value of b derived from this equation be b= /(a), 
the Complete Integral of the equation is 

z = ax + yf (a) + c. 

The General Integral and the Singular Integral must in the 
case of every ecpiation be indicated as well as the Complete Integral, 
or the equation is not considered to be fully solved. 

Ecpiations which do not explicitly come under this standard 
can often be included by changes of the variables ; thus for instance 
functions of x which occur in the equation might admit of associ- 
ation with the p and functions of y with the q. But the changes 
needed for any ecpiation can be determined only for the particular 
circumstances of the equation ; there is no general rule, since an 
equation cannot always be reduced to this form. 

Ex. 1. Solve pq=k. 

The foregoing shews that 

z — a.v-\-by-^c 
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. ah—k ; 

the Complete Integral therefore is 

k 

Z — UiV + U + Cm 

a 

The General Integral is obtained by eliminating a between the equations 
z=iix+^^!/+4>{a) 

. + </>'(«) 
where </> is arbitrary. 

Tlie Singular Integral, if it exist, is dctermiiieil !)y the equations 

k X 

s — ax + - y + c 
0= 

0= 1 ’ 

the last equation shews that the Singular Integral docs not exist. 

Ex, 2. Solve pq—x'^^if'zK 

This can bo put into the form 

Let <IZ—s~'‘^((s, so that (1 — 

,7| = x'Mx, (wi + 1 ) $ = a"‘ * 

dr, (<i + l)>?=y*^'7 

and the equation becomes 

H <>n - ’ 

which is included under the hist example. 

Ex. .3. Solve the cipiations : 

(i) * ; 

, (ii) a(/j + y)=5; 

(iii) 

fm 

(i v) sec-*’" X + cosce-" y — .s'"’ ” ” ; 

(v) p^-{-q^ = npqi , 

(vi) + 

(vii) 


20—2 
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192. The differential equations included under the form 

■<^ip,q) = 0 

have an important interpretation when viewed geometrically. We 
know that the equation of the tangent plane to the surface 


z = F{x, y) 


at the point f is 


and the surface is the envelope of the tangent planes. Now if 

between ^ and there be a relation 
of 07 ! 


’ ih,) 


df)) 

(^F 

all the quantities f, 77 , arc functions of a single quantity, 

and therefore there is only a single parameter in the equation of 
the tangent plane. The envelope* of a plane whose equation is 
of this form is a developable surface, and hence the surface con- 
sidered is a developable surface. 


It therefore follows that 


^( p > ?)=0 

is the general differential equation of a family of developjible 
surfaces; and the equivalent General Integral is the integral 
equation of the family. 


193. Standard II. 

In attempting to reduce an equation to the preceding standard 
we may find it possible to remove from the equation thfe indepen- 
dent variables, so that they no longer occur explicitly ; but it 
may not be possible to remove the dependent variable, and the 
equation will then be of the form 

We assume as a tentative solution 

z=/(x + ay)=/W 
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(f being written instead of re + ay), in which a is an arbitrary con- 
stant We then have 

_^dz ^dz I 

^~d^dx~dij 

_dzd^ _ dz 
'^~d^di/~^df’ 

and the substitution of these in the equation gives 


/ dz dz\ f. 

4 ’ “ 4 /“®' 


This is no longer a partial differential equation, as there is now 
only one independent variable. This independent variable does 
not explicitly occur, and thus the equation comes under Standard 
IV. (§ 18) of ordinary differential equations of the first order. 
dz 

Solving for ^ we have an equation of the form 


the solution of which is 


dz 


= 4> («, tt), 


or a; + ay + b= F(z, a). 

This is the Complete Integral ; the General and the Singular 
Integrals may be found by the ordinary method. 


i?a7. 1. Sol VO the equation 

9 (p^z + (/^) = 4. 

If we make the substitutions as in the standard case, the equation becomes 

or ^2 (a* + z)^ = df , 

the integral of which is 

(s+a2)t = g + c; 

the Complete Integra of the equation therefore is 
(2+a*)3=(^+ay + c)2 
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The General l|itegral is obtained by the elimination of a between 

{z + a2)3 =:{x-\ray + 6{a)Y \ 

and 3a {z + a2)2 = + ay + ^ (a)} {y + ff (a)} J 

where d is an arbitrary function. 

It is not difficult to prove that there is no Singular Integral. 

Kv, 2. Solve the equations : 

(i) ^2^s2(l ; 

(ii) qY==z(z-j7x); 

(hi) p(l+(f) = q(s-a); 

(iv) 1 ^r%\pY 5 

194. The relation between the integral and the differential 
equation admits of a geometrical interpretation. The first step in 
the process of solution is writing f for x-\- ay, which is equivalent 
to turning the axes in the plane of xy through an angle equal to 
tan“* a and magiiitying the coordinates in that plane in the ratio 
of (1 + a®)“ : 1. It is then assumed that is a function of f 
but is independent of the coordinate parallel to the new axis 
of y. Now 

represents a cylinder whose axis is parallel to the new axis of y ; 
and therefore the equation gives the cylinders satisfying this con- 
dition. But now, returning to our original axes, since a is an 
arbitrary constant, the axis of f is an arbitrary line in the plane, 
and therefore also is the line taken for the transformed axis of y. 
It thus follows that what we find by our process of integration will 
be all the cylindrical surfaces with axes in the plane of xy which 
satisfy the given differential equation. 

195. Standard III. 

In attempting to reduce a given equation to the first standard, 
it may happen that z may be removed from explicit occurrence in 
the equation, but that x and y remain, and that then the functions 
of p and X may be associated with one another, and likewise the 
functions of q and y ; the equation will then take the form 

<l>0e,p) = ir(;i/, q); 
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We assume, as a trial solution, each of these d^ual quantities 
to be equal to an arbitrary constant a ; from the first of the two 
equations so obtained wc have 

p = (x, a), 

and from the second 

= «)• 

Integrating both of these we find that, by the first, 

^ ^ a) + a quantity independent of x, 

and that, by the second, 

z =f^ (y, a) + a ({uantity independent of y. 

These are evidently included in, and are ecpiivalent to, the 
equation 

^ =/, («, «) +/s Cy, a) + ^ 

where 6 is an arbitrary constant. This is a solution of the original 
equation; as it contains two arbitrary constants it is the Complete 
Integral. 

The General Integral and the Singular Integral, if it exist, are 
to be deduced from this in the usual way. 

^^*1. Solve the equation 

Tho equation rearranged in the form 

P'‘-.v= 

comes under the standard, and wc therefore write 

- X =y - ff- — u. 

Hence ^> = (.r+c«)-, 

and therefore * 

= iS ^ + ii (y ~ ^ 

which is the Complete Integral. , 

The General Integral is given by the elimination of a between 

2 = s + «)* + E (y - «)* + X («)\ 

O=(a; + a)*-(y-a)*+j('(o) J 

where x is an arbitrary function ; and there is no Singular Integral. 
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Ex. 2. Solve the equations : 

(i) 2*(/)*+g'*)=«®+y*; 

■ (ii) q^xp+p^-, 

(iii) p={qy+zf-, 

(iv) y^ + g'^ = 2r; 

(v) i^-fq=(i?-f. 

Ex. 3. Shew that this method can be applied to the solution of equations 
of the form 

/l (^’l . «l) +fi (i>2. +/) (?>9. •%) = 0. 

Thus solve fully the equation 

Pi + P2 + Pz = + ^2 + ^2- 

196. Standard IV, 

In this class are included those equations involving partial 
differential coefficients, which are analogous to the equations 
included under Clairaut*s form (§ 20) in ordinary differential 
equations. For two independent variables they are represented by 

+ + q\ 

where ^ is a definite function. 

A solution of this is 

a = cw? + (a, 6), 

which admits of immediate verification. As it contains two arbitrary 
constants it is the Complete Integral ; the General Integral is to 
be obtained in the usual way, and there is usually a Singular 
Integral. 

Ex. 1. Solve the equations : 

(i) z=px+qy+pq\ 

(ii) z=px+qy’\‘{l’]rp^ + q^)^ \ 

(iii) z=px-\-qy + {ap^-\r^q^-\-y)^ \ , 

(iv) z=px +qy+ 3/? V ; 

obtaining in each cace the Singular Integral as well as the Complete Integral. 

Ex. 2. Solve the equations : 

(i) Pz) ; 

(ii) s = + (w + 1) . .;»,)"■*■* ; 

fi^n 

and obtain the Singular Integral in each case. 
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Principle of Duality. 

197. There exists in partial differential equations a remarkable 
duality in virtue of which each equation is connected with some 
other equation of the same order by relations of a perfectly re- 
ciprocal character. We shall consider here only equations of the 
first order. 


Considering the case of two independent variables only, we 
write as our new dependent variable 

Z= 2JX + qy -"Zy 

and therefore 


dZ = xdp + ydq. 

We take as our new independent variables p and q, which we write 
X and Y for symmetry, so that 

X =^p and Y=q\ 

and then we have 


dZ dZ o 

dZ dZ ^ 

y~dq~dY~^'^ 


then z = PX + QV-Z, 

so that the relations between the variables are, as stated above, 
reciprocal. 

If now we have an equation of the form 
, yfr (x, y, z, q) = 0, 


the above relations transform it into 


^(P, Q,PX+QF-^,X, F) = 0. 

The integral of either of these being known, that of the other is 
deducible by a process of algebraical elimination. Thus let a 
solution of the second be given; or be derivable, in the form 

<f>{z,Xy y) = o. 


p 00 ^ 

^dZ^dX 




d<^ 

^dY’ 


Then we have 
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that is, 


and 


d<l> 

dZ^dX ' 


^dZ^dY 


= 0 ; 


dZ~ dZ 


+ A^ 


dX 


+ 


^ 97* 


The elimination of X, 7, Z between these four equations will 
leave an equation in cc, ?/, Zy which will be a solution of 

I 

y, P> ff) = 0- 


E:i\ 1. The simplest example of an equation which can be treated by this 
method is that which comes under Standard IV. (§ 196); the equation being 

z= 2 >‘V-{-< 2 ^/Jirf{py q), 

the transformed cipiation is not difterential, but algebraical, being in fact 

-z=/(x, n 

Thus in particular consider 
the transformed equation is 

-.2r=A'2+r2 

TT » a I o V 

Hence .,= -2A and -21, 

< 

• where 2 = ,V *' nf-- Z= - ( JTH l'^). 

<)A c) I ' 

Hence, eliminating the quantities A"', Z, we have 

-4.-=.r2+.y2, 

which is easily seen to be the Singular Integral of 
z=px+q^+p"- + ql 


Ex. 2. Solve the equations : 

(i) {xp+yq){z-p.v-qy)+pq=0-, 

(ii) r+l-ir(.r+/;)-yCy + ?)=f': 

(iii) p^ {a?- x) + tpqxy + q^ (y^-y) — ^pxz — 2qyz + 2 ® = 0 ; 

(iv) (px+qy-z){p^x + q^yi‘=pq. 

9 

Ex. 3. Prove ^^t the equations 

(i) xfi (2 -px - qy, p, q) ■Vyf.i {z rP-c - qy, p, q) =h (.^-px- qV, P, ?). 

(ii) F{z-px-qy,:^y)=0, 

are reducible, by the foregoing substitutions, to standard forms. 
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Ex. 4. Prove that the equation 

is reducible to Lagrange’s form by changing the variables so tliat p and y are 
the new independent variables and -px the new dependent variable. 

Hence solve the equation 

Cy - (.V + 1 ). 

Ex. 5. Solve {z -p^ gy)- 1 + gir + q-. 

m 

198. The process of clorivaiioii of one dififerciitial equation 
from another as exhibited in tlie ])reeeding article is ri*ally a trans- 
lation into analysis of the geometrical principle of duality between 
surfaces. When we take a fixed (juadric, which we may dcMiote by 
S, then Avith every suriaccj S there is associated anotlie)* suifaco aS', 
called its polar reciprocal, which is the; envelopes of tlie polar planes 
with regard to S of points on the surface S ; and the surfacij aV is 
the polar reciprocal of being the env(dope of the polar planes 
with regard to 2 of j)oints on 

Th(j polar reciprocal of a surface dejHaids on the subsidiary 
(|uadric, 2, and is different for different (piadrics ; the ([uadric 
most commonly chosen (on account of the geometrical simplicity) 
is a sphere with its centre at the origin of n'ciprocatiun. 

Let us consider as the subsidiary (juadric not a sjdicre but a 
paraboloid of revolution whose iM|uaf.ion is 

+ f = 

i 

To the tangent plane at a point on the surface H corresponds 
a point jC on the surface S ' ; and to the p(.)int A (corresponds the 
tangent plane at A' to S'. Let x, ?y, z, y?, q bo the quantities 
associated with A ;^and Z, i^ Q the correesponding (juantitics 
associated with A'. 

The tangent plane at x, ijy z to the given surface S is 

« 

jES* 

(?> Vi ? being current coordinates) ; and the polair plane of Z, F, Z 
with regard to the quadric is ^ 

Zf+ Yrj-^-Z^O. 
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But, because the two surfaces S and 8' are polar reciprocals, these 
two planes are the same ; a comparison of their equations gives 

X = p\ Y = qi Z = px-\-qy-z. 

Similarly, taking a tangent plane at X, F, Z to the surface S' 
and noticing that it must be the polar plane of x, y, z with regard 
to the quadric, we should obtain the equations 

= y = Q- z = PX^-QY-Z, 

These are the two sets of relations used in the preceding method. 

Other relations could be obtained by taking other subsidiary 
quadrics in reference to which reciprocation should take place; but 
the preceding seem the simplest that can be found. 

199. The General Integi’al of a differential equation involves 
an arbitrary function. It may be necessary to obtain an inte- 
gral satisfying certain conditions ; the latter will then be ob- 
tained if the arbitrary function be rightly determined. The 
process is e(]uivalent to that which 'occurs in ordinary differential 
equations, where the arbitrary constants are determined by some 
particular relation or relations between special values of the 
variables. In every particular problem the arbitrary function is 
determined by means of the specified conditions. 

t 

. Ex, 1. We know that the equation 

ap + bq=\ 

implies that the normal to the surfoce represented by the integral equation is 
periHjndicular to a given line whose direction cosines are proportional to a, ft, 1 ; 
this is the property of a cylindrical surface whoso axis is parallel to that line. 
The integral obtained either by Lagrange’s method or by the method applied 
to Standard I. is 

where 0 is arbitrary. Suppose that the equation of a cylinder having its 
axis parallel to the line (te, ft, 1) and passing through the curve \ in 

the plane of xy is desired. The section of the above surface by the plane of 
xy is obtained by writing ^=0 therein, and thus it is 

x = <ti(y). 

According to the assigned conditions it should bo 
A comparison of these equations shews that 
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and therefore also 

Hence the equation required is 

x -az = {\ + {^ -hzf'i, 

or, freed from radicals, is 

Ex, 2. Prove that the equation 

p (.V -a)-{-q(j/-b)=z-c 

represents a family of cones having the fixed point («, b, c) for vertex. Shew 
that the member of the family, which passes through the circle 

in the plane of has for its efjuation 

(az - €.vy^ + {bz - cyY -{z~ c)-. 

Ex, 3. Obtain the integral of the equation 

p {ny - mz) -i- </ {Iz - ?u*) = mx -ly^ 

so that the section, by the plane of xy^ of the represented surface is a conic 
section of eccentricity e with its centre on the line 

H- ( 1 - (?) {lx + my) = 0. 


Gemral Method of Solution. 

200. Wc now proceed to consider a more general method due 
partly to Lagrange and partly to Charpit ; it applies to the general- 
equation, which may be denoted by 

y. 2 ;, p, ry) = 0, 

and its silccess depends, as will be seen, upon the integration of 
some ordinary differential equations. 

If in addition to, the foregoing relation we have another between 
the variables and the differential coefficients, the two can be 
considered as a pair of simultaneous equations which, when solved, 
will give p and q as explicit functions of a?, y and z. The values so 
derived, when substituted in the equation 

dz = pdx + qdy, 

will render it either immediately integrable or integrable on 
multiplication by some factor ; and the integral will be a solution 



318 


charpit’s general 


[ 200 . 

of the original equation, since the values of and q derived from 
it have in the inverse process been obtained from that equation. 
Let then another relation between the quantities be denoted by 

4> {x, y, z, p, 7) = 0 ; 

if wo can find the form of we shall be in a position to use this 
method of solution. 


201. Now the integral of the equation gives z (and therefore 
also p and q) Jis functions of x and y ; whatever these functions 
may be, tliey will, if substituted in the ecpiations F =0 and <t> = 0, 
render them both identities. Let then the values of z, q (as 
yet unknown) be supposed substituted ; then the partial differential 
coefficients of the left-hand members of both equations with regard 
to X and y will all vanish, and therefore 


dx dz ^ dp dx dq dx ^ 

dx ^ dz ^ dp dx dq dx ' 

dF dF dFdp dFdq_ 

dy dz dp dy ^ dq dy ' 

d^ 00 dp 00 dq 

dy dz dp dy 0f/ dy 

dp t 

Eliminating ^ between the first pair of these equations, we have 


'0^^ 00^^^ 0i^00\ /0^00 dFd^lA d(j /dFd^P 

,0a; d^^ dp dx)~^^\dz dp dp dz) dx \dq dp dp. dq) " ’ 




and eliminating between the second pair, wo have 


^dF 00 _ dF 00\ /0F00 _ dF 00\ dp (dF 00 dF 00\ _ 

,0y 0^ dq dy)^^^\dz dq dq dz) dy\dp dq dq dp) 


dq __ d'^z 0^ 
0a7 dxdy dy ^ 


so that from the last two equations, when added together as they 
stand, the terms involving these quantities disappear; and the 
result may be rearranged and \vritten*^in the form 
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dF \ d<i? /dF dF\ / 
dz ) dp~^ \0y dz ) dq~^ \ 


P 


dF_ 0^\9<D 
dp ^ dq) dz 


( 9/A9(l> / 

V 'dp) dx ^ V dq) dy ~~ * 
which we may look noon -as a linear ditferential etinatioii of the 
first order to dcterminCTl^ The method applicable to this equa- 
tion is therefore the one used in the case of Lagrange’s ocpiation ; 
we write down the equations (§ 189) 


dp dq dz d.x dy d^ 

dF~dl)' J dF _ dF~ _dF~~yF~ "0 ' 

3 ® ^ dz dy'^ dz dy dq dp dq 

and obtain integrals of these. Now in order that these equations 
may hold we must have 


or 


' cl> = ^, 


an arbitrary constant. If another integral can be obtained by 
e([uating any two of the first five fractions, it may be written in 
the foigm 



® . . . . 

By the corollary in § 189, u = B is a solution of the differential 

equation determining Now = 0 is the relation we arc 
seeking between x, y, z, p, q; and the simpler this relation is, the . 
easier will bo the deduction of p and q from = 0 and F= 0. We 
may therefore take as the relation recpiired the ejpiation 


ii = By 


that is, we may take any one integral whatever of the foregoing 
system of ordinary differential e(piations, |)rovidcd either q or 
both occur in it; when this integral has been obtained, we combine 
it with F=0 and carry out the process indicated in the pre- 
ceding article. 


202. The following proposition is an immediate corollary from 
the process of the preceding article, or it may be consi<lered merely 
as a re- enunciation of the result there obtained : 

When two equations of the first order represented by 
F {Xy y, -gr, 7 ?, q) = 0, 

^ 2 :, p, q) = 0, 
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are such that they satisfy identically the relation 

dFd^^dFd^ dFd^^dFd^ 

dx dp dp dx dy dq dq dy 

^ ^ V02: dp dp dz ) ^ ^ V 3 « dq dq dz ) ’ 

and are considered as two simultaneous equations giving p and q 
as functions of x, y, and z, then the values of p and q derived from 
them and substituted in the equation 

dz = pdx + qdy 
render it an exact differential. 


Another form may be given to the relation. 


F = 


dF dF 
dx dz ’ 


Let 


fJ^. 


dF 
® dz ’ 


and similarly for d> ; then the equation is easily transformed into 
„ d€> . dF „ a<I> ,dF „ 


1. Solve the equation 

_|_ ^2 _ + 2xy = 0 . 

I Writing down the subsidiary equations we have among others 

dp _ dq _ dx __ dy 
2y — 2p'~ %c — 2q ~ — 2/> + kv -2,q + 2y' 

Hence dp+dq^dx+dy^ 

so that p — x+q~y=a. 

Combining this with the original equation, which may be written 
(p -«)*+(?- y)® =(.« -y)®, 

we find 2 (y — a:) = a+ {2 (a:-y)* — a®}^, 

2 (! 2 '-y)=a- {2 («-y)®-«*}*. 

Hence dz=pdx-^qdy 

gives 2rfa=(2.r+a)£iv+(2y+a) rfy+(<jte-rfy) {2(.v-y)*-a*}*, 

the integral of which is 


22 - 6 ^ ^ay + '^-~ {2 {x -y)® - a®} * 

2 ^ 


Qi 


l()g[2i(.f-y)+ {2(^-y)*-oq*], 
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which is the Complete Integral. The General Integi-al is dcduciblo in the 
ordinary way ; there is no Singular Integral. 

The above equation may, however, bo solved without having recourse to 
this method; but some transformations find substitutions are necessary. 
Taking the equation in the form 

ip - + (9 - i/f =r (.« - 


wo write 

1 

% 

I 

II 

so that 

dZ , dZ 

- =p — .V and = V - y. 
c\v ^ 

Lot the independent variiibles bo changed by the equations 

a 

and .f;+y=:2^l"; 

then 

cU* 


dZ_ 



find therefore 


The ecpiation becomes 



and is thus of the form of Standard III. ; when tlie integral is obtained and 
the new'*variables are replaced by the old, it will be found to agree witli the 
above. 

Kv. 2. Solve the e(piations 

(i) + (f - +1=0; 

(ii) 2(jt?j+/f^ + </.r) + -^+:y2-=^>; 
by Chaiq)it’ji method. 

Also reduce both of them to one or other of the Standard Forms and so 
integrate them, shewing that the integrals obtained by the two methods agree. 


203. In these particular examples Charpit s method is less 
laborious than the other; but this is by no means always the ease. 
It often happens that an erpiation which furnishes an easy example 
of this rule is integrable still more easily because included in some 
one or other of the foregoing Standard forms ; and this causes the 
method to be less used than would otherwise be the case. But it 
is more general than any of them, and etjuations integrable by any 
.F. • 21 
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of the other methods are integrable by this method ; it is more- 
over important in the general theory as indicating a method of 
obtaining a solution of the differential equation without any 
restrictions on its form. ^ 

The limitations to success in practice are connected with the 
integration of the subsidiary equations. Now these particular 
limitations are just such as give rise to the methods adopted for 
the different Standards and really indicate the classification therein 
adopted ; in fact all the Standards are included in GharpHs form 
and integration is possible by this one general method whenever it is 
possible by any of the special methods. 

204. Thus consider first Lagrange’s form, which is 

R-Pp — Q(2 = 0, 

in which P, Q, R are functions of a*, y, z alone and do not involve 
p ox g. In this case 

F=R-Pp^Qq, 

so that ^ = (J, 

dp dq 

dP dF „ . ^ „ 

thus two of Charpit’s equations are 

dx _dy _dz 

P~ Q ^ R^ 

the eciuations on which the integration of Lagrange’s form de- 
pends. But it should be noticed that this is not a proof of 
Lagrange’s method for linear differential equations ; the result has 
already been assumed in the derivation of Charpit’s equations. 

205. Now consider the typical equation of the first Standard, 
which is 

yjr {p, q\ = 0, 

so that ^ = 

in which a?, y, z do not explicitly occur ; then 
dF ^ dF ^ dF . 
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The subsidiary equations now are 

dp _dq _ dm _ 

■q “ 0 “ 

0 ^) * 

SO that we have p=a and q = b, both arbitrary constants ap- 
parently. But according to the rule wo must combine any one 
integral with the original equation, and so we have 

(a, rjf) = 0; 

and tlierefore, if q = b, we have 

yjr (a, b) = 0. 

Then dz = + qdy 

== adx 4- bdy^ 

of which the integral is 

z = ax ^by^ c, 

with the limitation between a and b. 


206. Proceeding now to the typical equation of the Second 
Standard, which is 

q) = o, 

an ecpi&itioii into which oj and y do not explicitly enter, wo have 

F = ^ [z,2h q), 

and therefore 


dF 

dx 


= 0, and 


dF 


= 0 . 


The equation derived from the first pair of Charpit's fractions 
gives 


i)F dF'^ 

Vdz n-z 


and therefore p = mq. Combining this with ^|r = 0 wc can find both 
p and q in terms of z ; let the talues be /(z) for p and therefore 
ni/ (z) for q. Substituting in 

dz = pdx + qdy, 
dz 

wc have = da; + mdy, 


21—2 



324 


charpit's method. 


[206. 


or jy^^^+G=a) + nif/, 

which agrees with the former result. 


207. Passing now to the Third Standard in which the equa- 
tion is 

F = 4>(x,p)-‘>fr(ij,q)=0, 

, dF dF 0<A _ 

SO that j ^ ^ ~ > f 

ox ox dp dp 

dF^_aylr dF__dylr^ ^=0- 
dy dy ’ dq dq ’ dz ’ 

we have from the subsidiary cejuations 

dp dx 
d<f) d^' 

dx dp 


or 




dx 

that is, (it?, p) = a\ 

and therefore from the original equation 


Solving these respectively for p and q we have 
p = e^{x,a)-, q=e^{y,a)-, 
and following the rule we have 

dz = 0^ {x, a) dx + 0^ (y, a) dy, 
the integral of which is 

2 + c= j 0^ {x, a)dx + j 0^ {y, a) dy. 


h\v. 3. Derive by Cliarpit’s methed the integral of the differential 
equation of the form analogous to Clairaiit’s form for ordinary equations. 

Ex. 4. Obtain by Cliarpit’s method a solution of the equation 
px-\-p=f(p, q), 

where /(p, q) is a homogeneous function of^ and q of the degree 7i. 

Solve also ,vp^ + yq"^ = 2pq. 
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Jacobi’s. Method for the General Equation with any 
NUMBER of independent VARIABLES. 

208. It has been indicated in § 189 that the method used 
for the linear partial differential eipiation in Lagrange’s form can 
be applied* to the case when the number of variables is n ; we now 
proceed to indicate the method, due to Jacobi, of solving the 
general partial differential ecpiation when there are n independent 
variables. This general ecpiation ma^^ bo represented by 

‘I* {z, , , .tJ = 0, 

where x^y , are the independent variables and the j^’s 

are the partial differential coefficients of 2 with respect to the xs. 


209. We will prove that if in this ecpiation the dependent 
variable explicitly occur (wliich will usually be the case since the 
equation is perfectly general), then the (‘([nation <1> = 0 can be 
replaced by anotlier with a new deq^endent variable, in which that 
dependent variable docs not explicitly occur and the number of 
independent variables is increased by unity. 

The^ differential ecpiation = 0 has some S(dution ; let it be 
represented by 

n , xj = 0, 

where /is as yet an unknown function ; then we have 


dll 

dx,. ^ 



for all values of the suffix from ?’ = 1 to r = ii. Let these values 
of j) be substituted in the original cijuation, which therefore 
becomes 

du dll da 

dx^ dx^ 

, — x.y a?o, 

()a • ciifc * ^ 

dz dz 




and may be written in the form 


dll da 


du 0«\ _ - 

’0T’ 0i;“ 
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This is a partial differential equation of the first order; the 
dependent variable ii does not explicitly occur and there arc ?i + 1 

independent variables x^. Hence the proposition 

is proved. 

The integral of this leads to the integral of the original 
equation; it will be proved to be possible to obtain the integral of 
^ = 0 in the form 


M =/(®l. »»> ®1> “»> “«)• 

in which a^, are arbitrary constants. 

When this integral is known, the complete integral of the 
equation = 0 is given by 

/(a;,. a, «„) = 0. 

in which z is now sthc dependent variable and there are the 
original n independent variables. 

For 24 =/ is the integral of = 0 and is a modified form of 
^ = 0, so that the latter is satisfied by = /, and therefore 



But since /= 0 we have 


and therefore 


dx. 




¥ 



dz 



= 0 . 



which is satisfied for all the suffixes r from ?* = 1 to r = n; hence 
we obtain 

Pl> Pt> Pn> «») = 0 . 

the original differential equation. . 


210. It is thus sufficient to consider differential equations 
from which the dependent variable is explicitly absent. If it 
explicitly occur in any given equation, it can be removed in 
the manner indicated; and a transformed differential equation 
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^ = 0 can be obtained, the integral of which will lead to the 
required integral. We may therefore write the general ditferential 
equation in the form 

.«») = o. 

If, in addition to = 0, we have .other n — 1 equations of the 
form 

^ 1 =^ 1 * » = ««-!> 

wherg , F^^_^ are functions ,p^^ (or of some 

of them) and it may bo, and usually will be, of , and 

where a^, are arbitrary constants, tlicii from these n 

equations we can obtain values of p^i p^, , as functions of 

the x^ and the as. Let these values be substituted in 

dz =-p,dx^ + ; 

then, if they be such as to render this an exact differential, the 
integfral of it will be the complete integral of ^=0. For it will 

be an integral, since the values of Pjj, />„ are derived from 

n equations, one of which is F=0\ and it will in its expression 

involve n arbitrary constants, viz. the constants 

and the constant of integration. Moreover the integral is of the 
forhi 

^ = X (®.> “l. »n-,) + <*». 

which gives the dependent variable explicitly, and therefore 
justifies the jissumption made as to the h>rm of the integral of 

V = 0 . 

The n — 1 functions F must be such that the values of the 
quantities p will render the forcjgoing an exact differential equa- 
tion ; and the necessary conditions, which are 

^Pr ^ ^Pj, 

dx^ dx^ 

for all values of r and s, will serve to determine these functions. 

211. Suppose that the n equations 

F=0, -P’, = a„ F^ = a^, = 

• 

are ‘Solved so as to give the values of p^, 2\i tPn^ functions 

of the variables x; these values will, when substituted, make each 
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equation an identity. When this substitution takes place in any 
two such equations as F, = a, and F* = a*, wc have 


(di\dF,d^dKdp 

dx^ dp^ 0.«j dp^ dx^ 

dF,.dp„_ 

■■■■^dp„dx,-^’ 

dj\ dl\ dp^ dF\ (j^ 
dp^ dx^ dp^ dx^ 

dp^dx, 

+ Wj: ^Pi + . 

dx^ 0*, 0*J 

0i; dp„ _ 



^ ^ < + 

,dx^ dp, Ox^ dj), dx^ 

dF, dp,, _ 
'^dp.,dx,-^’ 


giving altogether n pairs of equations ; each pair is made up of 
the differential coefficients, with regard to the same independent 
variable, of and when in these the values of the p’s are 

substituted. Between the first pair let the value of be elimi- 
nated ; the resulting equation is 

. pv, K'\ dp, \F^\-\ dp,, ^ 

U’l.pJ LP.^Pijdx^ \jP>nPAd^, 

•where f . 

|_ u, V J vu- dv dv Oil 

rF,„ q ^ _ p;, FJ ^ r F„ fj 

L V, u J L ^ J L J ’ 

Similarly the elimination of from the second pair gives 

+ r«i ^ p^:P;i + + p;p: i ^Pn ^ ^ 

1^2* P 2 A Ipn.pj dcv, ’ 

and so on, each pair leading to an equation of this forin. 

Now let all the left-hand members of these equations be 
added together. The coefficient of ^which is equal to 
will consist of the sum of two terms, viz. the term 
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from the equation, and the term 



from the C(iuation ; the sum of these two is zero, and thus the 
dv • * 

term in disappears, whatever be -the values of r and s\ The 
resulting equation is therefore 



Lot the left-hand side be denoted b}^ 


then the equation is 


i:,); 



= 0. 


and this must be satisfied, whatever the suffixes r and s may be. 
Hence the aggregate of the eciuations wliieh tliese functions must 
satisfy may be reprcisented in the form 

0 = F) = (F^, FJ == yg = = (/<;., 

for all values of tlio index ^ from i — 1 to i = vi — 1, 


212. Those conditions, which are necessary for the iiitegra- 
bility of the equation dz = Upda^y must now be ])roved sufHcient 
this will be proved by shewing that, when the functions A’ satisfy 
the foregoing ecpiations, we have 


for all values of r and s. 


OiCff 


The n equations derived from the n pairs of e(piations con- 
nected with any two given functions and still hold ; when 
they arc all added together we have 


{F^,F.) + ^^ 


X, -/'.I _ 9M ^ y 


the double summation extending to all integral values of r and 
s' from 1 to n but not including pairs of ccpial values sitice for 
every such pair of values the term vanishes. l?ut by the necessary 
conditions satisfied by the functions we have 

iF„F.)'=0, 
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and therefore 22 


r (dp^ _ dpj\ ^ 

^L2V,i>JU^v dxj 


which holds for all the values of r and s given by the different 
functions ; and every combination of the functions will give such 
an equation. The total number of these combinations is (?i — 1); 
and therefore the number of such equations is \n (n - 1). 


Now each equation is linear in the quantities 
dp^ _ 9iV 

which are in number ^ n (w — 1) in all, that is, the same as the 
number of the equations. Since each right-hand side is zero it 
follows either that each of these quantities 

V _ 

0.XV 

is zero, or that the determinant formed by the coefficients of these 
(juantities is zero. 


That tliis cannot be the case appears as follows. Let A denote 
the determinant 


dF 

dF 

dF 

dp,’ 


'^Pn 

dF, 

dF, 


dp,’ 

’ 

^Pn 


’ ^P-2 ’ ’ 

iressions 

.P--^ pA 

is the complement of a second minor of A and there arc in all 
(?i — 1)* of them ; let 0 denote the determinant formed by 
them so that © is the determinant which is zero by hypothesis. 
Let 0' be the determinant formed by the complements in A 
of the constituents in 0 ; then we have, on multiplying 0 and 0' 
together, 
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Now is not infinite ; hence if 0 vanish we must have 

= 

But this wouUl imply that among the n equations of the type 
F = 0 the n quantities could be eliminated, that is, that these 
equations would not suffice to determine the quantities p as 
functions of the independent variables. This is contrary to 
what has been assumed as to the independence of tlae functions 
F ; hence 0 is not zero. 

It follows that each of the 1 n (a — 1) (plan titles 
div„’ duy 

is zero, and therefore that the assigned conditions are sufficient to 
ensure that 

dz = jfvfe, + J) + A. 

is a perfect differential. 

213. We may therefore sum up our results, so far obtained, 
as follows : 

To obtain the Complete Integral of an g given equation F=0 we 
first determine an integral F^ = a^ of the e(piation , 

{F,,F) = K), 

then we obtain a common integral F^ = of the e(piations 
(F,, F) = (F,,F,) = 0; 

then a common integral F^ = a^ of the equations 

a7id so on, thus obtaining in all n — 1 new equations each con- 
taining an arbitrary constant The n equations which involve the 
n quantities p are then solved so as to furnish the values of the ps 
as functions of the independent variables and the arbitrary con- 
stants y and these values are substituted in 

dz = + I\dic^ + + p„dx^. 

This when integrated gives the Complete Integral of the eqiuition 

F=h. 
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Each of the equations determining any one of the functions 
is linear in the partial differential coefficients of ; we have 
therefore to investigate a method of obtaining the common integral 
of a set of simultaneous linear partial differential equations. 

I 

Ex. Prove that if the equations 

y*! (a'i, P‘2i •••y 

'^29 •••» Pa P'li •••9 Pn)~^i 


‘t’ai •••» ‘^n, ^ 9 pl 9 P 29 •••» Pn) = 0, 

be solved so as to give 2 hi P-i 9 9 Pn functions of .Vj, X2, Xn, * the 

necessary and suflicient con<litioiis in order that 

ds = p^dx^ +p^/lx2 + + Pn<ix‘n 

should bo an exact diffcrontiMl arc that the aggregate of equations 


J {3,P) \ \ ) \ z,p )’ 

(F„ K\ ^ rF^’fi ^ r/;, ^ 

\‘>’, pj L'’l>i*>lJ L^'a. iWiJ ■ Un>l>HJ’ 


where 


- 

should be satislied for all values of the index i from i = 2 to i — 7 i. 


214. It is convenient to prove here an important Lemma 
Nvhich will bo of use when the integration of the simultaneous 
equations is being considered. 

If vl, F, (? be any three functions of 2n independent variables 

Pa» »i>„» if the function (B, G) be denoted 

by a, and the function (^1, a) by 

[^1, W G)l 

then the e(|uation 

[^1, {B, G)] + [B, (a, A)] + [C, {A, B)] = 0 

will be identically satisfied. 

Consider the left-hand member of this equation; it consists 
of the sum of a number of terms all of the same form, each of 
which is the product of two first differential coefficients of two of 
the (|uantities A, By G and a second differential coefficient of the 
third of them. It moreover is a cyclically symmetrical function 
of .^1, JB and G and therefore, if the terms involving the second 
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differential coefficient of any one function, such as C, disap- 
pear, all the terms will disappear and thus the ctpiation will be 
satisfied. 

Let the quantity 

‘w f)C _ 35 dG_ 
diV,. dp^ dp^ d.v^ 

be denoted by so that A,, may be considered as a symbolical 

operator ; we may write 

(5,0 = (A, + A, + + A„)5C'. 

the operators being obviously subject to the distributive law 
(A, + A,) no = A^BC f A,BG. 

Then in accord.auce with this notation, 

[A, (B, (7)] = (Aj -h Ag + + AJ A (Aji+ A^ -h + AJ BG, 

and therefore [A^ (7?, G)\ is the sum of a series of pairs of terms 
A,AAJiG^A,AA,BG 

for all the values of r and 5 from 1 to n inclusive ; in the case 
when r and s have the same value only a single term occurs for 

consideration. 

* 

Expanding the functions thus symbolically re])r(jsented, we* 
find that the terms depending upon the second differential co- 
efficients of G are 

dAdBJ^G _dAdB d^G _dAdB o^G_ dAdB W 
dx^ dx^ dp/)p^ dx^ dp^ dpjdx^ dp,, dx^ dp^^x,. dp,, dp^ dx,dx„ 

from the .first of the foregoing pair, and 

dAdB W _dAdB d^G _dAdB d%^ MdB IfG 
dx„ dxy dp/)p„ dx„ dp,, dpjdx,. dx,. dp,x)x„ dp„ dp,, dxjdx^ 

from the second. 


Selecting in the same way from [2?, (G, A )] the c()rres[)onding 
pair of symbolical terms and considering in them the terms which 
involve second differential coefficients of C, we find them to be 
respectively 


dBdA d^G 


dBdA drj 


dBdA d^G 

m 


dJidA 
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and 

WdA d^G dy dBdA yc dBdA 0*C 

do!, dp^ dx, dx^ dp^ dp^ dxfix^ dp, dx^ dpjdx , ' 

The expression [/7, (^, ii)] will not contain any second dif- 
ferential coefficients of G. 


Hence in < 

(5,C')] + [^,(C,^)] + [a,(^, B)] 

d^G 

the coefficient of the term which involves ^ is the sum of 

dp^p, 

those in the foregoing, and is therefore zero ; so also are the co- 
efficients of those which involve ^ ^ ^ ^ ^ ^ 


dp fix, ’ dpfix^ ’ dxfix, ‘ 

k If r and s be the same we need only to consider the first and 
third of the above lines of terms when in them we write 5 = r ; it 

d^G 9 * C d^G 

will be seen immediately that the terms in ^ ^ all 

dp^ dp fix/ dx/ 

vanish. 

Since this is true whatever r and s may be, it follows that all 
the terms involving second differentials of G vanish; and therefore, 
,by the symmetry, the whole expression vanishes. 


Solution of the Suhsidiary E(piations. 

215. Wo now proceed to obtain the values of , 

from the various differential equations which they must satisfy. 
To determine we have 

or, what is the same thing, 

dF df\ _ dF dj\ dF dF^ _ dF dF^ dF dF,_ dF_ dF^^ 

0a?, 0/>, 0^, 0a?, 0 a ?3 dp^ dp^ 0a?, • • * • • 0 0^^ 0p^ 0.,.^ 

Since this is linear in the differential coefficients of F^ we may 
obtain an integral of it by using as subsidiary equations (§ 189) 
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the generalised form of Lagrange’s equations. Let any integral 
of the system 


(fa, dx^ 

0F” _dF~ 

dp^ . dp„ 



dp, * dp^ 

= % 

$ 

dF 

dF 

dF 

be dcaioted by 

dx. 


dx„ 

/t («,.«», ••• 


P,) 

= «,, 


where a, is an arbitrary constant ; tlieii =71 = integral 

of the original cciiiation (F, = 0. 


216. We have now to find a function such as will satisfy; 
the equations 

{F,F,)=()-, i';)=o. 

The former of these being an equation to determine F^ is identical 
in form with that vvhicli determines F^y and tlierefore we sliall 
have the same suKsidiary equations ; let 

^ (^ 1 , , i\y , /;J = constant 

be an integral of the equations (A) different from /, = tq ; then 
(F,c#>) = 0. 

If <f> be such a function as to satisfy 

(/,.0)=o. 

then we u\ay take 

F, = if> = a^ 

as the common integral of the two equations which determine F^. 

If (j) do not satisfy the equation, then we shall have 

the substitution of may be repeated and so on indefinitely, so 
that we shall have a series of functions 0 given by 

= <#>.; (/..<#>.)= <^> 3 ; ; 
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Now all these functions <f> satisfy the equation 

when substituted for F^. In the identity 

[A, {B, f7)] + [/?, (G, A)] + [G, {A, B)] = 0 
let F be substituted for A and /, for B ; then 

[G,{A,B)\ = [G,{F,m = {O,0)^Q, ‘ 

and therefore 

\.F,{f„G)] = [f,,{F,G)\ 

whatever G may be. 

First let 0 = \ then this e(|uation becomes • 

</>)]= (/.,0) = 0; 

SO that 

is a solution of 

(F,^;)=o. 

Next let G=(l>^; then we have 
so that 

(/,.<#•.) = 

is also a solution of 

and so on with the whole series of functions each of which is a 
solution of the first of the two equations which determine and 
is therefore, when equated to a constant, also a solution of the 
subsidiary equations (A). 

Now these subsidiary equations have only 2?i- 1 independent 
integrals at the utmost; the functions 0. which arise from the 
indefinitely repeated substitution in (/j, <^._J cannot all be in- 
dependent of one another ; and therefore if the series of functions 
do not cease we must ultimately come to some one which is 
expressible in terms of those already found. * 

217. There are thus three ’alternatives to be considered : 

(1), some function <f>^ of the series may be identically zero ; 
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(2) , some function <|)^ of the series is variable but expressible in 
terms of the preceding functions of the series ; 

(3) , some function of the series may be a determinate 
constant c, 

» 

Wc will consider these in turn. , 

218. (1), let <^. = 0; then desired 

integral ; for it is one of the series of functions and is therefore a 
solution of {F, = 0 ; also 

=<^. = 0 , 

and it is therefore a solution of (jF\, F^) = 0. Hence it is a 
common integral of the two equations which determine and 
therefore gives the second of the equations desired, viz. 

4>i.i 


219. (2), let bo expressible i» terms of the preceding 

functions of the series ; suppose 

= ^ 4>iy ^2^ 

where 6 is a definite functional symbol. Proceeding now to form 
we fiave 

-if.. + (/,. +(/.. + 

when the value of is substituted. But 

since is a solution of the equations; and (/i, /,) vanishes 
identically, so that this equation becomes 

But each of the differential coefficients of 0 is a function of the 
previously obtained (quantities <}> ; hence is so also. 

It follows therefore that <l>i and all the functions of the series 
after 0, are’ expressible in terms of fhose which precede <|>^. 

•F. • 22 
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Let us then seek to obtain some function of these quantities 
which shall satisfy the equations 

{F, = 0 and {F,. F,) = (/„ F.)=0; 

let it be given by 




When this value is substituted the former equation becomes 

0 . (F. F) %+ (Ff.) I + W « + + « ^ . 

which is satisfied identically since ijvery function is a solution of 


and the second equation becomes as before 


+ <!>> 


dyjr 


The last equation is thus the only one which must be satisfied 
as no dilferential coefficients with regard to F or 
/[ occur in it we may consider them as replaced by their respective 
values 0 and a^, Any integral of the system 


A A A A 


d " 


of the form = a.^ will be a solution of* tlie equation in y/r ; and 
therefore we may write 

and so we shall have the required common integral of the two 
c( [nations which determine F^. 


220. (3), let <f)f be some determinate constant c which will 

merely depend upon the coefficients of the original differential 
eijuation; the series of functions thus terminates as there is no 
further function to substitute. We then proceed as in the 
last case to find some function of the preceding quantities <f> which 
will be a common solution of the two equations ; let 

A A 
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When this is substituted in {F, = 0 the equation is identically 

satisfied; when it is substituted in (/,,^ 2^=0 the resulting 
cciuation is, just as before, 

in which we may replace </>^ by c. An integral of this is given by 

cr v'* 

which when integrated gives 

. - 2c(f>i_^ = constant ; 

and therefore we may as in tlie last case write 

as the common integral desired. 

This solution is satisfiictory ])rovide(l ^ > 1. 

Now i cannot bo zero since (fy is determined as a function of 
the variables; the only exception therefore to be (ionsidered is the 
case 2 = 1 , when 

so that ^ is independent of (p. Now 

-^2 = X (^>/|> •/>)> 

and jPand /, are replaceable by 0 and a, risspectively; if then ^ be 
independent of 0, it ceases to be a function of the variables and 
there is thus no solution common to the two ecpiations to be 
derived from these functions. 

Should this be the case, we return to the subsidiary ex illa- 
tions (A) and determine a new integral distinct from those already 
obtained, whicli are 


F^=f^= <f> = constant ; 


let this be 


(a;,, , Pp Pa, pj = constant. 

• 22—2 
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Next we perform with the function ^ all the operations which 
have been performed with the function then the desired 
common integral 

will be obtained, except in the single (5ase when we have 

c 

where c is a determinate constant. 

From a combination of these respective exceptional cases, 
which are the only ones in each of which the common integral 
has not been obtained, we can construct a common integral 
For let 

be substituted in (F, ^^ 2 ) 5 these equations 

become 

Now the former eejuation is satisfied identically since ^ and 
^ are both integrals of the subsidiary equations (A) ; whije since 

(/l. <^) = ^, = C 

and (/,, ^) =^, = c', 

the latter equation becomes 

dt}>^ 

This is satisfied by 

and therefore F^ = 0 (c ^ — c^) = a^, 

where 0 is any arbitrary functional symbol (which may at will be 
chosen of a simple form), is the desired integral. 

Hence m every case the common integral of the equations 
which determine F^ has been found; for convenience we may 
denote it by 

^V=/,=«.- 
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221. We now proceed to obtain F^; it must be a common 
integral of the equations 

(F,F,)=0 = a,F,) = {f„F,). 

To obtain one wo find, Jby the preceding method, an integral 
common to the two equations , 

which is dilferent from ; this we may denote by 

\ (iPj, ajj, 2\, l\y , iO = constant. 

We then form as before the series of functions 

Cy*2> \ j (^2* \) ~ \ » j (A* \ > 

then all the functions X of this series are common integrals of 
the first two of the equations which determine \. For in the 
identity 

[A, {B, (7)] + [«, (0, A)] + [C, (.1, R)] = 0, 
let -4 = and B =^; then since {F, f^) = 0, we have 

And, substituting in the same identity A=f^ and B and re- 
membering that (/^ = 0, we have 

[/p(/..Q]=[/..(/.,o]. 

These two equations are satisfied whatever 0 may be. Now let 
C = X\ then 




or 


and 

[/..(/..^)]=[/.. (/..m 

or 

(/p \) = (/..0) = 0. 


Thus is a common integral of the equations 

{F,F,) = 0 = {f„F,). 

Similarly the substitution of \* for G would shew that X^ is a 
common integral of these equations; and so on through all the 
series of functions. 

• 

As in the former case, the number of common integrals being 
limited, we shall in the series come to some integral X^ which is 
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expressible, as well as those that follow it, in terms of those which 
precede it, viz., , The same three alter- 

natives are presented and the value of the common integral in 
each is determined as before ; either the single case of failure is 
avoided by the choice of a new integral different from or in 
the case of failure of the .latter these two cases of failure are 
combined so as to furnish a common integral. Thus we obtain 
our third common integral, which may be represented fcy 

^»=/3 = «>- 

222. The remaining functions F^, , maybe derived 

in the same way as the above; and thus with ^=0 we shall have 
n equations to determine the values of the ;>’s in terms of the 
independent variables and n — 1 arbitrary constants, which, when 
substituted in 

dz = + + pjix^ , 

will render it integrable; its integral is the complete integral 
of the original differential equation. 

The associated integrals are derivable from the results of 

§§ 179 , 180 . 

223. The foregoing is an oxpopsition of Jacobi’s method of integration in 
its simplest form ; tliere arc, however, developments and simplifications and, 
arising ont of these, methods of avoiding the exceptional cases which c:innot 
be dealt with here. For these and for the whole theory of partial diflerential 
equations of the fir.st order reference should be made to the chief authori- 
ties, which are Jacodi, “Vorlesungen iiber Dynainik” (Ges. IFerXre, Suppl. Bd. 
pp. 248 — 260); Jacoui, “Nova raethodus...intograndi” {CreUc, t. lx, pp. 1 — 
181); a very valuable memoir by Imschenetsky, GnmerVs Archie der Mathe- 
matik und Physik^ t. li. pp. 278 — 474; a memoir by Guaindougk, M6noires 
de la Soci^t^ Roy ale des Sciences de LleyCy 1 1 '"“ s6rie, t. v. ; and a treatise by 
Mansion, Thdorie des dquations aiuv denvees partielleSy will prove of great use ; 
full references to original fiuthorities will be found in the last. 

The equations (A) are, when each fraction is equated to dty of the form 
dt ’ dt ' 

these are the canonical equations of motion of a system of rigid bodies ; 
further discussion of them will be found in Imschenetsky. (See also Routh’s 
Riyid Dynamics.) 

We now proceed to consider some examples. 
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Ex. 1. To solve the equation 

—tPfi), 

where /does not explicitly involve the indepoiidont variables. We must tirat 
transform the equation so that the dependent variable does not explicitly 
occur ; let the solution of the equation be 


yjr (Xi , a’g , . . . , .1%^ ^ s) — 0, 




where the f(h*m of t/r has yet to be determined. Denoting ^ by and 
^byA+i> wchavo 


^’r+^’» + i;>r=0: 


and thus the equation is 


y I /> > /> » /» ) > 

in which the dependent variable docs not occur. Hence we hav'e for our 
general formula 

^ J \ p > 7 > > > /> / * 

and the subsidiary ccpiatioiis give 

0 "" 0 0 "" -1 * 

From these we have 

P I~aij , 

which give ?i integrals; and then from the equation E=0 we have 

«i_ __ «2 _ «H \ 

" / I p » /> » p / ■ 

Solving this for Pn + i should have 

where ;( involves the n constants a; and therefore 

dyjr = 4- J\(lv., + + + i(h 

— rt,<c/.r, 4- a.,fL\^ 4- 4- +X (^) 

The integral of this is 

^|r + a= Oi^i 4- + 4- OnX^ 4- Jx (*) '"^2, 

where a is arbitrary and may be assumed to be absorbed in the yj/. Ihit the 
integral of the given differential equation is ylr = (); hence the integral of 

is ajA-, + + + a,x„ =jx(ji) dz. 
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where x is given by the equation 



x’ 



£ 3 S. 2. The case when / is a homogeneous function of order ft in the 
is readily reduced to one of the forms already considered in § 191. For 
we may change the dependent variable from 2 to f , where 





and the equation is then 

^ —fiiif ^2* fn)» 

0 £ 

where . The integral of this is ^ 

^ ^ = S = c + + + C^n^n» 

provided /(«! , i = i • 

£x. 3. Solve 

(i) + = 

(ii) z+2p,^^(pi+p.^^; 

(iii) (pi - z) (^>2 - z) ipti “ ^) =Pi P 2 P^ • 

Ex. 4. Solve 

F={x^i +Xtp^) x^+apj (pt - /Jo) - 1 = 0. 

The subsidiary equations are 

— —tlv^ __ — (/.V3 _ dp^ dp>i dp^ 

*•>3 + ap-i ~ ^-3 - ap^ ~ a ( p^^) ~ “ x^p^ ~ .rjpi+.r.pj ’ 

From the equality of the 1st, 2nd, 4th and .'jth fractions we have 

_ dp<^-\-dp2 

~ 'K+Ti).r 3 “ (/>! +p.^ X3 ’ 

which when integrated leads to 

(Pl+/’2)(-*-'l+^2)=«l- 

We therefore (adopting the notation of the previous articles) take 
'^i=(/'i+i’2)(fi+^2): 

and we have to determine a solution of the subsidiary equations F^=a^ which 
shall satisfy 

(/’„ ^ 3 )= 0 . 

From the equality of the 4th and 5th fractious we have 

Pidpi=p^p^, 
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and therefore we may write 

tf> — constant. 


Now (^i , 0) = (/>i +i>a) 2ii>, + (Pi +i> 2 ) ( - ip. 2 ) 

= 2<^=<^, ; 

the continued substitution in tlie ucpation 

(■^11 0<-l) = 0J 

would thus not lead to fi function such jus is required. We therefore return 
to the original subsidiary eciuations to obtain an integral difierent from 
and <^ = constant ; such an one is derivable from the equality of the 
3rd, 4th and 5th fractions, which give 
dp^ — (lp2 _ 

. ■V3(px-Pi)~"^(pl-P-^' 

and therefore we write 

ylr = a (pi —P 2 ) - = constant. 

Now ,^)=‘(Pi +P 2 ) a+(pi +/>a) ( - rt) = 0, 

and yjf therefore satisfies the two equations ; we thus have 

F.i=a (pi - p.^) - ia'3* = (( 3 . 


We now solve the equations 

>’=(), /',=aj, F.i=a.^, 

to find the values of^j, ^ 2 » which are 

rtj . «2 , 1 •> 

» ih ~ ^ 2a 4a * 




1 


.Vj+j 72 2a 4a‘‘’ 

D - j_ Jl f _ ... ^ . 


hence 


dz = \a^d Iqg (jr, + “ ^-^2) + (-^’i “ -^2) + 


2 - a, .Vo , 

^ •* (U\ 


--2/ • v-l ■ 2a2 + ^3*-* ■** ’ 


so that the complete integral of the difterential equation is 
s + d = Jtti log {xi + 0 : 2 ) 4- (.I’l - X 2 ) {( 1 . 2 + iv.^) - idy log {^-^ + 2 ^ 2 ) 


in which are the arbitrary Constants. 


(Imschenetsky.) 


Ex, 5. Integrate the equations : 

(i) PlX^^=p^?+ap^^ 

(ii) XlP^^^■XiP^^+X3p^^=p^PiPF, 
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(iii) +p,^ + p ^ = + x^x^ + x.pc ^ + ; 

(iv) Pi + ^p^? + /W's ^ ; 

(v) ^^’l+ W+^2i^iP;j+‘W^2=o ; 

(vi) 

It has already been indicated (in §§ 189 — 19fij) that several of the forms in 
two independent variables which cO^lmit of immediate integration without the 
use of Charpit’s subsidiary equations can be generalised so as to include the 
cases where the number of independent variables is greater than tWo. 


Ex, 6. In the case when a given diflerential equation can be written in 
the form 

fi (‘^n Pii P'l^ C^r + ij I Xfif Pp^ If p,i)f 

the complete intcgriil is the common integral of the equations ^ 

where a is arbitrary. For tlie subsidiary equations are 



from the former we have 


and therefore 


3/« 


c^a’j + 


9/i. 


<^Pi+ 


by the given equation. 


+ 

/l = « 


As an example of this we may take 

+ U>i 0'4 +'’:i) = 1- 

Here we may write 

where a is an arbitrary constant. The integral of the former equation is 


z + x.fV^ - ■ ^ x^ 4- Cj 


where A and C are carbitrary constants. The integral of the latter is obtainable 
by Charpit’s method ; the subsidiary equations are 

— dxi _ - dx.) _ __ dp., 

.fco + a”.Vi-a” p., ~ Pi ■ 

From those we have 

dpi + dpi ^ dxi + dx., __ ^ 

Pi-^p., •.ti+.r. “ ’ 

and therefore • 
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Hence, by combining with the equation the integral of which is sought, we 
have 

(.V.2 + a) P1+P2 (-^i - a) = 1 , 

(.t’l - a) 2 h + P‘2 (-<2 + a) = Ai; 


and these give 


Pi {('’i - «)“ - (•*'2 + «)‘^} = A , (.r, - rt) - (.V.J + a), 
P'l {(’’i ~ “ (*^2 + —o.-A^ (.r.j + a). 


dz=p^dxy^ 


= A^d log {(.Vj - - (.i-^ + + hd log 


j^.r, + a 
.V, - a 


and therefore 


(.Vi “a) + (.r.^ + a)_ 


.=Aiog{(.t^-ay^-(.v.+4^}+iiog-'_-:--^,;+c, 


The complete integral of the original ccpiation is therefore 


.1^ log {(X-, -„)2+ (..,+„y^> + 7i + i log 
where Aj JJ, a are arbitrary constants. 

E:i\ 7. Integrate 

* Pd •>-■ 3 +ft (7'i -pd {pi^ + ( /'3 + •*• 4 ) ( /'5 + •’■(>) 7'«} = «• 

(Inischenetsky.) ■ 


Simultaneous Partial Differential Dt/uaiions*. 

224. Instead of there being given only a single efiuation to 
determine the dependent variable there may be given a number 
of siinnltaneous ecpiations; if the dependent variable explieitly 
occur in any of them they can all bo transformed, as in § 20.9, 
so that it shall disappear. The e(|iiations may then be taken 
of the form 


■f’l («,. ••• 

•••» '/'ny Pxy 


»j. •••• 

•••> P 2 * ••• 


Pfll y ^2 > • • * 


d 

11 


This theory is due to Bour; see authorities cited in § 223, p. 842. 
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If in be greater than n the equations cannot be independent ; for 
the first n of the equations may be solved algebraically so as to 
give values of the p*s in terms of the variables x and these, when 
substituted in the remaining m - n, must rcdiice them to identities 
since there would otherwise be relations J^etween the independent 
variables. Thus in effect theye may be given at most n simul- 
taneous equations ; and we may therefore take in either equal to 
n, or less than n, 

225. I. Let m = n. We have thus n equations giving' the 
values of the n quantities in terms of the variables ; these values, 
substituted in 

t 

dz =p^dx^ + p^dx^ + + , 

must make it a perfect differential if the given system have a 
common solution. The conditions for this are that 

dx^ dx^ 

for all pairs of indices; and these, as in § 211, lead to ecpiations of 
the form 

Hence the given functions must satisfy all the equations Vor all 
possible combinations of the suffixes ; and then the common 
complete integral is obtained by the integration of 

dz = i\dx^ + p^dx,^ -f + 

and it therefore contains one arbitrary constant. 

It may happen however that the functions F are not indepen- 
dent of one another ; in this case the determinant A 



dF, 



w - 





dp, ’ 

dp , ' •• 



is zero, and there will then be an 'identical relation of the form 
, xj = 0 . 
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But for the purposes of integration = 0 ; and 

this therefore becomes 

= 

If this be not an identity, tliere is a relation implied between the 
independent variables, fvrhich is of course impossible ; it then 
follows that the given e(|uations aVe inconsistent and that there 
is no common integral. If it be an identity, the number of given 
equations independent of one another is less than tlie number of 
the /quantities which therefore cannot be determined from the 
given equations alone ; wo must therefore have recourse to the 
method Avhich applies when m is less than n. 

^hus, if there be four independent variables and four equa- 
tions F^ = 0 = F^ = F^ = F^ be given, there can bo no common 
integral in a case wlien there is a relation of the form 

F^ (•'*'1 •^o) -^1 "h F^ + 

where there is a relation of the form 

^ 1 = (^’l ” *^’3) h (''‘j “ ^’l) -^54 » 

there are only thi'ec inde|)endent equations. 

22(i. II. Let m be less than a. We may sup])ose the ecquations 
reduct5d to such a number m that they are independent of one 
another, even though tliey were not so in the form in which they 
were first given. It will be jissuined that there is a common in- 
tegral so far as the algebraic reflations which give the de})endent 
functions in terms of the others indicate ; this will be tlie case if 
these relations become identically-null e(| nations when in them we 
make use of the expiations = 0, F^^^ = 0. 

First Case. The i unctions F^ = 0= = Ji^ay satisfy the 

equations 

(F..F,) = 0 

for all values 1, 2, of r and .s* ; they are therefore simul- 

taneously intcgrable. To determine the values of the quantities 
j), other n — m equations must be obtaiiujd by Jacobi s method ; 
these will involve n — m arbitrary constants. From these (^juations 
and the given m equations the vjalues of p must be derived and be 
substituted in , 

dz = + p^dx^ + + pAx „ ; 
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the integral of which is the common complete integral of the 
original equations and contains n — 7/1 4- 1 arbitrary constants. 

Second Case. It may luippen that for one or for several com- 
binations of the indices in the series 1, 2, , m we find F^) 

a function of the independent variables** only , or [F,., FJ) a deter- 
minate constant. In neitho;* case can {F^, F„) be zero; the 
conditions that the equations should be simultaneously integrable 
are not satisfied and there is no common integral of the proposed 
equations. 

Tliird Case. It may happen that, for one or for several com- 
binations of the indices in the series 1, 2, , m, we find results 

of the form 

{Ff^i i y , , 7 ;^, 2^2^ 

where f does not become identically zero on combination with the 
given e(] nations ; let there be I such combinations, so that ni 4- 1 
must not be greater than n ; then for combinations other than 
these I the equations 

are satisfied. We now tfike 

0 = =/;. 0 = =/„ 0 = F„.^ =/,; 

and substitute in the functions 1 . 

(F,, F,) 

where either r or s at least must be greater than ?n. 

If then these functions all vanish, we have m 4- I ecpiations 
which are simultaneously in tegrable ; and we determine by Jacobis 
method the n — vi — I remaining ecpiations necessary to give the 
complete integral, which will therefore contain a — 7 H — I + 1 
arbitrary constants. 

If for any combination (F^^_.yf^) or for one (fijfj,) the function 
be a determinate constant or a function of the independent vari- 
ables only, then the functions are not simultaneously integrable 
and there is no common integral. 

If for any combination (^’„>-(./a) for one (/„/,) we obtain a 

function (.f^, » » Pj 'vhich docs not vanish 

in virtue of the ei|uations already obtained, we proceed with the 
functions <f) as we did before with* the functions f. Ultimately we 
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shall arrive at a finite number, not greater than of independent 
etiuations which are simultaneously integrable, and then, in the 
ordinary way, obtain the common integral; or we shall obtain 
a result indicating impossibility of simultaneous integration, in 
which case there will be no common integral. 


1. Obtain a common integral (if it exist) of tlie simultaneous ei]ua- 
tions « 

P:\P\ - V*'2 = Oj ■ 

We have 

where* the right-hand side will not vani.sh in virtue of P\ = 0~ we there- 
fore write 

=^- 

Thus {t\, /^y-0; 

also . (/'",, 

tlie three C(iuatioiis are therefore compatihJo. Lot be the otlier fniietion 
required, so that it will be determined as a common integral of the equations 

considering it as an integral of 

we write down the equations 

(h\ (i.v.^ <tp^ (Ip., (Ip.^ (Ipy 

.t’l ,v.^ .r, pi />.j /)j 

one integral of these is 

P^=((X^y 

where a is arbitrary ; wo therefore tentatively write 


We then find 


and 


-«3 


Now on solving the equations 


^i = aa?3, Pi = a^^2y 


we find 
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and therefore , 

so that {F ^ , ^ 2 ) = 

Hence we have the common solution in the form 

To obtain the complete common integral We have 

• 1 

dz=a {x^dx^ 4 - Xydx.^ + - - {x^dx.^ + x^^dx^, 

a f. 

and therefore the common integral is 

1 / V 

z = fix^x^ + - + 0 , 

where a and h are arbitrary constants. 

Ex, 2 . Obtain other integrals of the preceding equations in the form 

(i) + 

(ii) s = 2 (xfy - a)}i + ft ; 

(iii) 3=2 {.lyfa - a)}* + ft. 

Ex, 3. Obtain common complete integrals of the simultaneous equations: 

I. + (.I3 + ■h‘^’4 ~ 3 .i’|) ^3 = 01 ^ 

Vi + (•W‘'4 + ••<^3 - Ih + (• V 1 - ^ 2 ) PzM’ 

II. 2.i;5Pj+.v,>5=0\ 

+ (.Vx, - = Oj • . 

(Imschenetsky and Qraindorgc.) 


MISCELLANEOUS EXAMPLES. 

1 . Integrate the equations : 

(i) {m {x+y) - n {x ■{•z)]p-\r{n{y-\rz)-l{y+ x)} g = l(s+ x) - m (z+y); 
/ (ii) p{z+e*) + (2{z+cy)=z^-t^^!f] 

(iii) .^2 (y - s)^? +y2 ( - _ .*;) ^ = .2 ( . 4 . 

2 . Form the diftcrential equation whoso complete integral is 

.^2 +^ 2 ^- 2 == 2ax + 2/3y + 2ys, 

where d^+ff^+y^=d^, a being a given coustiint and a, j 8 , y otherwise arbitrary. 
From the differential equation form the singular integral. 

Illustrate the connection of the complete, general and singular integrals 
by a geometrical interpretation of each. 
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3. Integrate 

and find the equation of the cone of tlie second degree which satisfies this 
equation and passes through the point (1, 2, 3). 


4. Integrate the equation 

£+(■'■ “ £="> 

where A', Y, 'X are the same quadratic functions of .r, z respectively. 

Integrate also when they are cpiartic functions ; also when they are sextic 
functions. 

(Iticlielot.) 


5. Prove that if 


then 

and hence that 


■ e.rj> (/••<“), 


Shew also that 

' ‘ ( /- L;) • 

Similarly prove that 




f:x^- 


(i+4/,xy 


0 . Solve the equation 

(.r, - .x\ x^p^ + (X,, - x^x.,) />., = 1 , 

whei-e i-*i+‘V, 2 '^a+'V. :i- 

(Hesse ;) 

and integrate the eipiation 

«, (x.jP 3 - .V3p.,y + «2 (. 1 . 3 /), - + «, (.v,p^ - X.^p, )2 = ] . 

(Schliifli.) 

7. Solve the equations : 

(i) p^+r/^ = J7^ + j:^+y-^ ; 

(ii) M=P^v + qy; 

(iii) Pi=inj+q.v, 

(i V) PlP.iP^+x^x.p;.^ {x^p^ +x.ip.i, + x.ip^)=x.p;^p.,p.^ + .vpt pjp, + .v,.v.iP, p^ . 

8 . Find the equation of a sxirface vhich belongs at once to surfaces of 
revolution defined bj the equation p?/ — q.v=0, and to conical surfaces defined 
by the equation pJ^ + (jf/ = z, 

.F. 


23 
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9. If z=f{a)y y) be any solution of the equation 
-<r + = <'^ ( I + , 


then the curves represented by the equation 



dy 


(l.V ^ 


- 1=0 


are an orthogonal system such ’that the product of the curvatures at any 
point is constant. r 

If /(.v, //) do not contain y, tlie form of the function is determined by 

f{;v) = tan ^ (2 + tan- B) ‘ 

where cx= 2^ E (2^ sin .1 S) - 2“ sin 5^), 

/^and being the iirst and second elliptic integrals and the modulus ^n each 
case being 2“-- 


10. Fiml the surface which cuts at right angles all th(j si)heres which 
pass through a given point and have their centres on a given line passing 
through that ])oint. 


11. Find the surface in which the coordinates of the [)oint where tlio 
normal meets the ])lane of :ry are pro[)ortional to the corresponding coordi- 
nates of the surface. 


12. Find the system of surfaces orthogonal to the curves 

cosh.<* : cosliy : cosh^ = « : h : c. 

13. Prove that a solution of the diffeniiitial equation 

Tilt dv . vio 
^ 

d.r dy dz 

is « = </>i > 0.c!, 0.,, : , 

where aiul ^ are arbitrary functions of .v, y and z. 

Prove also that this is the general solution. 


14. Shew that, if the simultaneous equations 

r<f ,.0« 

A ^ 4- 1 -{-E ^ =0, 

dt? 0// dz 


Y, f ^ 


CM 


c.u Cfy • Cz 

have a solution diilcrent from ?/.= constant, then 


(VE'-- rz) dj; + (ZX' - Z'X) dy -h (A' Y' - A"' ) dz = 0 

is roilucible to an exact equation, from the integral of ivhich such common 
solution may be derived. 
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Have the equations 

cu , me . du 
(^y ^dz 

(y~z) + (c — .r) - + Lv - y) ^ - 

a common solution other than^<=constf^nt \ 


= 0 , 
= 0 , 


15. Solve by Jacobi’s method the equation 


+ (3x. + + (4.ra + 5 , 1 . 3 ) /)., + 1 . 1 : 4 + .V, (p.j -p:,)} 2h + Pi? = l>. 

* (Imscheiiotsky.) 


Shew that by generalisation of the formulio, whieli in the ease of two 
independent variables are the analytical expression of the princi])le of duality, 
this equation can be transformed into one whicli is linear in tlie partial 
differential coeftieients of tlie new variable ; and lienee integrate the above 
cipiation. 


1 (J. Solve by Jacobi’s inetliod 

.f/Vi + <‘2*7^2 “ ^ ^<^0 V'l + “'^’i = 

(Ampere, and (Jraindorge ;) 

also solve the equation 

{P\+P-^ + -'hth + 

(linsehcnetsky.) 

17. \Jbtain the complete common integral of the .siniultaneous equations : 

2 , V 4 V 1 + = O'! 


2,tvWi + - -V = O'! 

l-Oh- 


(Collet.) 


18. Obtain the comiilete common integral of 

• (.r,j^ — .1 ('^2^3 “■ , 

+ (.'»V<:, - .<-i>’4)/>.3 + “ '^ 4 ) P\ = ’ 

and that of 

.fi/q - 3/>3 " = 

■^1 + <4/^2 “ - •«'’2/>4 = ^J ’ 

(Collet.) 


23—2 



CHAPTER X. 

r 

Pautial Dikkkuential Equations of the Second and 
II TGI TER Orders. 

227. It will bo assumed through practically the whole of this 
chapter that there ari) only two independent variables; the notation 
already used for the partial differential coefficients of the first 
order will be retained, and it will be convenient to introduce similar 
symbols r, s, t to represent those of the second order, which are 
thus defined : 

__d^z _ d^z 

’’ fV’ * dad;/’ ^'"dir 

An equation is said to be of the second order when it includes 
one at least of these differential coi^fficients /•, s, t but none of 
a higher order; the quantities p and q may also enter into the 
equation, the general form of which will therefore be 

^ Vy 2 , /J, 7, 6’, 0 = 0. 

The complete inter/ral of the e(juation is the most general 
relation possible between x, y, z such that, when the value of z 
derived from it and the associated differential (loefficients thence 
formed arc substituted in the differential equation, the latter be- 
comes an identity. No condition is annexed to the definition in 
regard to the form of the complete integral, which may involve in its 
expression either arbitrary constants or arbitrary functions or both- 

An intermediary integral is a relation in the form of a partial 
differential equation of the first order such that the given differ- 
ential equation can be deduced from it. It does not necessarily exist 
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as one distinct from, and derivable immediately by mere differen- 
tiation of, the complete integral ; when such an integral, liowever, 
has been obtained the application of the method of the preceding 
chapter will give an integral which may actually be, or may only 
be a particular case of, thc^complete integral. 

• 

228. Hitherto it has been possible only in particular cases to 
integrate the general ecpiation. The most im})ortant of these 
cases is that in which the differential coefficients of the second 
order occur only in the first degree, so that the etpiation is line«ar ; 
its most general form is then 

, Rr + Ss-\-Tt= F, 

in which R, S, T, V are functions of .r, y, p and y. This 
equation will now be discuissed ; but before giving the methods 
which have beiui used for its integration it is desirable to consider 
some special forms which are simple and can bo solved immediately; 
it will then be possible to exclude these cases afterwards from thci 
gencrcal discussion. 

(3ne of the simplest cases is 

so that , = I /(.'C) dx + ^ (y), 

where is an arbitrary function ; another integration gives 

^ = Jj f{^) + •«■<#> (y) + ^ 

^vhere both 0 and ^ are arbitrary. 

Ex. lilt emirate .? = constant. 

Similarly we may integrate 

r-\’Mp — N, 

where M and N are functions of x and of y respectively ; it may 
be written 

y being constant for purposes of differentiation and integration 
with regard to x ; and thus . 
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where <f> is an arbitrary function ; and therefore 

z=jdx e-'f"''* 1 ^ [ Ndx + if> (y)] + (y), 

^|r being an arbitrary function. i 

Ex. Integrate 

(i) s^Mp^N^ 

(ii) R+Mq=J\\ 


Monges method of integration of the equation 
Rr + Ss + Tt^V. 

229. Monges method consists in a certain process for the 
discovery of either one or two intermediary integrals of the form 

n =/W 

where u and v are functions of x, y, z, j), </, and f is some arbitrary 
functional symbol ; there is thus implied in the method a tacit 
assumption that the differential ecpuition admits of such an 
integral. It is therefore in the first place proper to enquire 
whether this assumption is justifiable in the general case and, if 
^it should prove not to be so, to indicate how the general equation 
must be limited so that the assumption may bo fairly made; for this 
purpose it will be sufticient to pi'oceed from the supposed inter- 
mediary integral and obtain the corresponding differential ccpia- 
tion. 


280. Since n =f{v) and u and v are functions of .r, y, Zy p, 
we have 


and 


du du dn Bn df fdv 
Bu 


' Bz ^ ' Bp^ Bq dv ^ Bz^ ^ Bp 


Bu 

+ g — + s 


Bu Bu df (Bv Bv Bv 


dv\ 

%)’ 

)■ 


By ^ Bz Bp Bq dv \By ^ Bz Bp Bq 

df, 


Eliminating the quantity between these two equations we find, 

as the equivalent differential equation freed from the arbitrary 
function, • 

vR, -h sS, + tT^ + L\ (r« - O = • • . (1)> 
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where ii,, <S,. T^, U^, F, are given by the relations 


<1' 


,1 1 , /w, l x* 1 ^udv dudv 

the symbols , (ieiiotiiiff, as usual, ^ ^ 

Xos.yJ ” dxoy dydx 

If th(‘n this differential ccj nation of the second order be the 
same as the orij:,dnal e([uation we must have 




and 




T V 

■* 1 — I 


R ~~ *V ~ T r ’ 

a 

which arc four etjuations in all. Now when 

/iV + >%+ Tt^ V.., 


.( 2 ) 


is looked upon as the e(|uation to be solved, these four erjiuxtions 
just obtained will be ecpiations satisfied by the (quantities u and v 
fi’om which the intermediary integral of (2) may be constructed. 
But only two. ecquations are necessary to determine as functions of 
their independciiit variables the dependent variables ?/, and v ; they 
may be therefore considered iis given by any two of the ecquations 
though, in practice, these might prove too difficult to solve. When 
these values are substituted in the remaining two e<iuations the 
latter must become identities ; and they will in this state involve 
the functi(ms R, S, T and V ’)f the original differential (*(quation. 
There will thus be two relations among these functions of x^ y, 
Zy py q which must be identically satisfied in order that the differen- 
tial equation {2)^may have an intermediary integral of the form 

M =/(«)• 
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231. There is an important deduction from this to be noted, 
though not affecting our present aim ; it would be useless to seek 
an integral of the assumed intennediary form for any differential 
equation which is not of the form 

Rr + & 4- Tt + U{rt^s^) = V. 

And, just as in the particular case when U’= 0, which has been 
already considered, it may be proved that a differential ecpiatioii 
of this form can have sin intermediary integral of the proposed type 
only when two identical relations among the coefficients iJ* 5, T» 
U, V are satisfied. 


Ex. When there are tlirce independent variables, these may Vifc con- 
veniently denoted by .r.,, .^3 and the corresponding differential coefficients 
of 3 by Prove that, if every first minor of the determinant 

?</) 

; dyjr dyf/ 

¥1’ ¥2’ ¥3 

(</), yj/, X l><?iug functions of .r, , a',,, p.^, p^) vanish, then the ctpiation 

■ 

where E is an arbitrary function, will lead to a differential equation of the 
second order of the form 




where R.,^ ..., R.^y, Tare functions of the variables and the first differen- 
tial coefficients of z only, find that the coefficients R satisfy the relation 

R^R.,^ + R.JtJ -f- R.jR^./ ~4RJLR,, - = 0. 


Information on this class of equations will be found in Euler, Imt. Calc. 
Jnt.y t. iii. p. 448, and Legendre, Memoires de IWcademie des Sciences^ 1787, 
p. 323. 


232. It therefore follows that we may consider as the most 
general case the equation 

Rr-^Ss + n + U{rt-s^) = F; 

the linear equation is included in this, being giijen by the par- 
ticular case when U=i). 
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We now (issnnie that the relations between the qiamtities li, S, 1\ 
U and V necessary for the possession of an intermediary hiUgral of 
the assumed form are satisfied, and wo proceed to deduce this 
integral. We have always 

dpk= rdx + sdy, 
dq = sdx + tdt // ; 

when we siibstitute in the above general ('q\iation the values of r 
and t derived from these equations it takes the form 
Rdpdy + Tdqdx-\- Udpdq — Vdxdy 

— s {Rdy^ — Sdxdy -t- Tdx^ + Udpdx + Udqdy). 
N 0 w let a = a and « = 6 

(where a and h arc arbitrary constants) be two integrals of the 
e(|uations 

Rdpdy + Tdqdx + Udpdq — Vdxdy = 0, 

Rd}f + Tdii? + Udpdx + Udqdy = Sdxdy, 
dz = pdx 4- qdy, 

n and v being therefore functions of x, y, z, p and q. 

Hence we have 



which must be eciuivalent to the eciuations of which ii = a and 
v = b are the integrals. Now solving these for dp and dq, and 
using the symbols of § 230, we find 


- Ufip = Tfix 4- 


— Ufiq = Ufiy H- 

and therefore 



— Ufipdx — Ufiqdy = -f Rfiy^ 




= Tfix^ 4- Rfif - i^fixdy ; 

and similarly we obtain 

( l\dp ^l\dx) ( l\dq 4- Rldy) = {U,V^ + Rfi\) dxdy, 
Rfipdy 4- Tfiqdx 4- Ufipdq — Vfixdy = 0. 


or 
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These being identical with the former e(iuations, we have 

and therefore the equation to be solved becomes 
R^r + + l\t + TJ^ (rt — s^) = F^. 

But we already know the solution of this etpiation because it was 
derived from an intermediary integral ; and this iiitegraf is 

u=f{v\ 

which is therefore an intermediary integral as required. 

We thus derive the integral by making one of the functions 
deduced from the two subsidiary et^uations an arbitrary function 
of the other. 

233. Let us consider in particular the case of the linear 
equation when If =0] the subsidiary eipiations are now 

Rdpdi/-\- Tdqdx^ Vdxdy. 

As the former of those is of the second degree it can, in general 
be resolved into two distinct eijuatioiis of the first degree. 

Since the necessary conditions for the existence of an inter- 
mediary integral are supposed to be satisfied, it follows that one 
at least of the e(|uatious of the first degree will, when coiiil)ined 
with 

Rdpdi/ Tdqdx= Vdxdy 

and with dz — pdx -f- qdy if necessary, lead to an integral system 
which determines u and v ; and there will thus be obtained an 
intermediary integral of the form 

M =/(«). 

And it may happen that each of the two equations of the first 
degree sin\ilarly treated will lead to integral systems of the desired 
form : and there will then be obtained two intermediary integrals 

If N*'*=4Z27’ there will be only* a single equation of the first 
degree equivalent to 

this single equation will, since the necessary conditions are satisfied, 
lead, by a similar process, to an iiitermediary integral. 
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234. Passing now to the more general case in which U is not 
zeio, we may similarly prove that one intermediary integral will, 
and two intermediary integrals may be, derivable from the subsidiary 
e(piations, provided the conditions necessary for the existence of an 
intermediary integral are .satisfied. Let the subsidiary ecjuatioii 
which involves V be multiplied by ,a cjuantity as yet indeter- 
minate, aiijl added to the other ; the result is 

Rthf -f Tdx^ - {S dxdy Udpdx -f Udqdy 

» ■ + XUdp d/y -f XTdqdx + X Udpdq = 0. 

Now this can be resolved into two linear factors so as to be 
equiv^ilent to 

{Udy + kTdx + w.Udj)j ( d;/ + dc + dij'j = 0, 

provided the (piautities /•, X be such as to make tiie coefficients 
of the several terms in the expanded product the same as before. 
Applying this condition we find that the relations to be satisfied 
by these (juantitics an; 

kT+jR = - (.S' + \V), \R=l/, 

Ic in 

k'T = XT, m U=--X1{, 7 U = U ; 

in A' • 

these are all satisfied by in = /i = X 

provided X be determined by the eiiuation 

A-* ( 11 T+ i'V) +xLrs + ir = o. 

Let the two values of A furnished by this equation be A, and A.^, 
which will be unequal except when 

the two subsidiary e(piations may be replaced by the two 
equations each resoluble into *1 inear factors when the values of 
k, lUy X are therein substituted, which two equations, after a slight 
reduction, may be written : 

( Udy 4- \Tdx + XjJdjji) {tldx-\r Xjidy + A^ Udq) = 0, 

{Udy + X^'Bdx 4- X^Udp) {lfdx-\- Xjldy 4- X,JIdq) = 0. 
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To obtain the functions ii and v, from which an intermediary 
integral may be constructed, we must combine in pairs a factor 
from the first with a .factor from the secofid. But of the four 
possible combinations two must be excluded, viz., that obtained by 
combining the first factors in these equations, for it Avould lead to 
a result • 

Udi/ = 0, * 

which obviously would not furnish any solution : and that obtained 
by combining the second factors in these equations, for it jvould 
lead to a result 

Udx = 0, 

which obviously also would furnish no solution. Hence the V3(pia- 
tions may again be replaced by the two pairs of equations 

Udy + \Tdx + \ Udp = 0 1 
Udx + \Rdy ■\‘\Ud(i = 0 * 
and Udx 4- \ Rdy + \ U dq = ^ ) 

Udy + \Tdx ’\-\Udp = 0] ' 

From one of the pairs we shall have two integrals of the form 
u = a and v = b; and therefore alst) through that pair we obtiun an 
intermediary integral. 

And it may happen, as in the simpler case of § 233, that we 
can obtain jin intermediary integral through each of the ^airs of 
equations of the first degree. 

These two integrals, which jnay bcj denoted as before by 

are ititermodiary iiitogi'als of the oiigiiuil difforeutial eijuation, and 
are distinct except when 

AS-^ = 4(«TH-f7F), 

when there is only a single intermediary integral obtainable. 

235. We may now proceed further in the integration for 
either the linear equation of § 233 or the more general form of 
§ 234. Taking the intermediary injtegral obtained if there be only 
one, or either of the intermediary integrals if there be two, we have 
a differential ecpiation of the first order ; the complete integral (and 
the associated integrals) of this cQ.ii be obtained by the methods of 
Chap. IX. This integral will be the final integrak of the original 
equation. 
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286. In the case when there are two intermediary inteti^rals 
we may apply an important proposition (now to be proved) which 
will considerably sliorten the further labour of deriving this final 
integral. This proposition may be enunciated as follows : 

When we have ohtained4wo intermediary integrals of the form 

«,=/(«'.) 

and we consider them as sinudtaneons equations to determine p and 
q as functions of y, and, Zy the values of p and q given by these 
equatiorifs will he such as to render 

dz = ‘pdx -f- qdy 

integi^hle. 

Assuming this proposition established we have therefore merely 
to solve the two intermediary integrals as simnitaneous etpiations 
in/> and q \ to substitute the values of p and q thence derived in 

dz = pdx + qdy 

and integrate. The result will be the final integral. 


287. We now proceed to establish the proposition enunciated 
above. Let F = Q and = 0 respectively denote these integrals, 
so that* = itj — /(Vj), <\> — n.^ — f{v.^y and first let F = {) be a 
solution of the ecpiation 

Ur + Ss + Tt + U (rt - s^) = V. 

We have only the single ecpiation F ={)y which is not sufficient 
to enable us to ex^miss r, ,s’ and t each as functions of .7;, y, Zy p and y ; 
we can express any two of thenn in terms of the third and of 
(juantities explicitly independent of them. When these values are 
substituted in the dilfc;rential eipiation, the lattei- will (!ontain one 
set of terms involving this second differential coelfici(5nt of the 
dependent variable and another set not involving it; and the 
ecjuation is to be satisfied identically without regard to this 
differential coefficient. Now sii^ce F = 0, we have 
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when tor brevity we replace aii« dz 


those give 

dF dF „ 

3'/ 

dF^ . dF „ 

dq dp 

Let the.se valne.s of r and t be substituted in the differential 
equation ; it becomes v i 


dF , ,,,„ dF 


’dq' -Odp^ ’ dp dq 


+ 


dFdF 


- UFJ\ 




dF' 

dp 


s = 0. 


This must be satisfied identically without regard to s; and 
therefore the coefficient of ,<t and the term independent of it must 
both vanish. If this were not so, the ecpiation woidd determine .5 
(and therefore also r and t) as functions of ic, y, z, p and q — a 
result which, as we know, cannot be deduced from the single 
equation ^’=0. 


Hence we have 


'<-”■4;- •'If “I- ■ 


The same equations will be satisfied wlum we replace F by 
<E> ; and we may therefore consider F and ^1> lus the solutions of the 
equations 


DCh) 

X 1 


0B 

dp 




R 


,dq) ‘ dp dq 




- 


X 



238. We must now consider two case.s. 

(1) The linear equation, >vhen U=0\ let and fo be the 
roots of 


+y=0, 
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so that the second equation becomes 

/0<H) _ 0C-)N /a© _ t ,) 

^'SpJVdt/ • 

We may therefore write 

^^’-0 
07 0/> ’ 

thus associating f, with F and with <t>. The timt e(|uation, on 
dividing out by , becomes 


.0W 


and therefore 


F^0‘i + T(%+ i^r^ = o. 

Ji^,F^+'TF„+V^,^^-=0. 


But 7’= be written 


Similarly 




From the Last two we have 


r>/’ 


1 .U LT . 37 ^ ,T dF 

and therefore F,. + i' - = 0, 

e/j op *' dry f/f/ 

which is the condition (§ 202) to be satislied by the two functions 
F and ^ in order that the values of p and q d( ‘.rived from F=i) 
as simultaneous equations should render 

dz = pdx + qdjj 

integrable. This proves the proposition for the case of ?7 = 0. 

(2) The general form when U is not zero. 

We iiow^ proceed exa(!tly as in § 2.*^4 ; the first e({uation in (^) is 
multiplied by a quantity \ given *by 

* V {RT + UV) --X US 0, 
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and is added to the second; the resulting equation is resolved 
into factors for each of the values of \ and the linear factors are 
combined as before, giving two pairs that may be retained. These 
are, if X, and \ be the two roots, 




and X,r^]^ = X,f7-d>. + ?7|? 

dq dp 

From the first and third of these (iquations we have 

1 dFd^_ 1 dFd<l> 

"" dp "" dp ”” Xj dp dq \ dq dp ' 
and from the second and fourth 

” dq ^ dq dp dq ^ \j dq dp ’ 

and therefore 


LT 3d" r 
F - — (1> 

"Dp 


dF „ 0cl> . 
dp ^ dq ^ 




This shews tliat, for the more general form of the equation 
when F = 0 = arc treated as simultaneous equations, the values 
of p and q thence derived are such as to render 

dz = pdx H- qdi/ 

integrable. 


Hence the proposition is proved in general. When these 
values of p and q are substituted, the integral of the resulting 
equation is the final integral of the proposed differential equation ; 
it will involve in its expression cither implicitly or explicitly the 
two arbitrary functions which occur in the two intermediary 
integrals. 


239. The statement of the method of solution, as derived 
from the preceding investigation, is contained in the following 
Rules. 
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Rule I. When the equation 

Rr-i-Ss+Tt= V 

is integrable by this rule, we transform it b}* the equations 

dp = rdx + sdyy 
Aq = ndx -f tdy, 

into Rdpdy + Tdqdx — Vdxdij = s {Rdf/ — Sdxdy + Tdx ^) ; 
we resolve Rd,\f — l^d.cdy + = 0 

into tie. two dy — ^^dx = 0, dy — ^^dx = 0. 

From one of these linear e([uations and from the eij nation 
, Rdpdy + Tdqdx — Vdxdy = 0, 

cotubiiied if necesstiry with dz = pdx + qdy, we can obtain two 
integrals — \ then 

where is an arbitrary function, is an intermediary integral. 
From the other linear equation, combined with the same e(|uations, 
we may be able to obtaiii another ])air of integrals u.^ = 
in that case, another intermediary integral,/^ being 

arbitrary. 

To deduce the final integral we integrate the intermediary 
integral, if only one has been obtainable, by the methods which - 
apply to differential equations of the first order. If the^^ be two 
intermediary integrals, we solve them as etpiations giving p and q 
and substitute in 

dz = pdx + qdy^ 

which when integrated gives the complete inttigral. 

Rule 11. When the ecjuation 

Rr + -^Tt^U {rt - s^) = V 

is integrable by this rule, we either can obtain two integrals 
and Vj = 6, of the equations 

Udy + \Tdx,-\- \ Udp = 0 1 
U dx + \Rdy -t- = 0 1 ’ 

or can obtain two integrals and \ of 

^ UdxA- \Rdy + \Udq = 0) 

Udy + \Tdx -{-\Udp = 0 j ’ 


. F. 


24 . 
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where \ and \ are the roots of 

\\RT+ UV)-\-XUS-^ U^ = 0; 

or we may be able to .obtiaiii both sets of integrals. 

Then and where / and/, are arbitrary, 

are intermediary integrals in the n^spective cases. We proceed 
from these exactly as in Rule I. 

< 

240. It may, however, prove not to be possible to obtain, from 
the two intermediary integrals, values of p and q suitable for 
insertion in 

dz = 2 )dii) + qdy ; 

and in that case we may proceed to obtain the linal integral by 
integrating one of the intermediary integrals, adopting for this 
purpose Charpit’s method as indicated in § 201. But without 
actually going through the work necessary in that method to derive 
the additional relation between p, q and the variables, it will bo 
sufficient to take, as this additional relation, any particular first 
integral (3f the general system other than that which is being 
directly integrated ; thus we may take 

=/ (Vj) and = a, 

where a is an arbitrary constant. Since an arbitrary constant is a 
particular case of an arbitrary function the values of p and q 
* derived from these etjuations will be such as to render 

dz = pdx 4- qdp 

intcjgrable ; and the integral will involve orie arbitrary function f 
and two arbitrary constants, viz., a and the constant of integration. 
This result constitutes the complete integral of the intermediary 
integral ; the general integral may be derived by Lagrange’s rule 
(§ ISO), by converting one of the arbitrary constants into an 
arbitrary function of the other and eliminating this remaining 
constant between the ec[uation so transformed and ’that deduced 
from it by differentiation with respect to that constant. 

241. This method, however, evases to bo effective in the case 
in which the roots of the cpiadratic in \ are equal ; there is then 
only one system of integrals given by a, = a and = 6, and so there 
is only one intermediary integral given by 
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and this must bo integrated. Just as before we may avoid the use 
of the general method for the integration of an equation of the first 
order by combining the general and particular first integrals 

iq = /’(?jj) and v^ = h. 

The values of jj and < 7 *hence (lerive<l will evidently satisfy the 
condition of § 202, and therefore whcti substituted in tlie equation 

• dz — pdx + qdt/ 

will give another integral of the form 

* 9 

= c. 

If^? and q occur in they may be eliminated by means of the 
former ecpiations v^ = b and ii^ = f(b) ; so that 

n\ = c 

is a complete integral of the e(piation since it involves two ai’bitrary 
constants b and c. To obtain the general integral we must make 
c an arbitrary function of b and eliminate b between the resulting 
equation and that derived from it by differentiation with respect 
to b. 

Thus in the cases, when th(i roots of the (juadratic are unecpial 
and when they are equal, wo are led to a general integral, int(j the 
expression of which two arbitrary functions enter. 

It may be noticed that the foregoing reasoning would apply < 
C([ually, if there had been takcm instead of the particular integral 

u,^ = a 

some other particular integral such as 

AWjj + lv„ = a 

(A; and I being disposable constants). This particular integral may, 
in fact, be taken so as to render the subsequent integration as 
easy as possible. 

Examples will be found below. 

1. Solve r—aH. 

Substituting for r and t in terms of .s we have 

dpdy — d“dxdq = » {dy^ - d^dx^)y 
so that the subsidiary equations are 

^ dy^ — a\hv^ = 0 , 

dp dy — <j?dxdq = 0 . 


24—2 
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The former can be resolved into the two 

dy-adx—% dy + adx=0, 
the respective integrals of^which fire 
y-ax=A^ 

Taking the first of these and combining it with the second of the subsidiary 
equations we find that the latter becomes 

dp - adq = 0, 

which, when integrated, gives 

p-aq=A\ 

Hence one intermediary integral is 

p~aq=^(l)^(y-a.v). 

Taking the second equation y+ax—Bf and proceeding in the saifie way, 
we find 

dp-\-adq—Oj 

which leads to 

pA‘aq = B'; 

and therefore a second intermediary integral is 
p + ay=^€f>.^(y-{‘ax). 

We now, in accordance with our rule, treat those as simultaneous equations 
giving the values of jt? and y ; and we find 

dz = (y + ax) + {y - rw;)} + dy {</>., (j/ + ax) - 0i - ax)} 

^ -^adv ) + _ {dy - adx) <jj>, 

2a 2ft ’ 

which can be integrated. 

Let <^) (0 = J <#>2 (<) f* iuid f (f ) = - 2 (t J (<) ; 

then the integral is 

s -- - (f)(y+ ax) + ilr(y- ax). 

The arbitrary constant of integration may l)e considered as absorbed in 
either of the functions </> jiiul yj/. Since 0^ and 0^ arbiti’ary, 0 and 0 ai*e 
also arbitrary. 

JSx. 2. Solve 

{h + rq)- r - 2 {h + cq) (rt -f cp ) .'« + (a + cpy* ^ = 0. 

Transforming this by the usual relations we find that the subsidiary equa- 
tions are 

{b -f- cy)“ dy^ + 2{b + cq) {a +cp) dxdy + (a + cp)'^ dx^ = 0, 

(h + cq)'^ dp ciy + (ti + cp)^ dq dx = 0. 



MONGERS EQUATION. 


373 


241.] 


The former of these gives only a single equation 
(6 + cq) dy+{a+cp) dx=Oy 

so that only a single interaiediary integral can be obtained for the equation, 
assumed integrable by this method. When this is combined with 

dz=pdx+qdyy 

it gives a dv +bdy-h c dz = 0, 

so that one integrcal of the subsidiary equations is 

ax-^^hy -^-cz — A, 

Eliminating the ratio dy : dx between the second subsidiary equation and 
the moUified form of the tirst we have 

(/> + tvy) dp^ia-\- cp) dq, 

the integral of which is 

a 4- cp =/?(/>» + (?y), 

B being an arbitrary constant. Hence the intermediary integral is 
a-\-i‘p — {b + cq) (ax + by + cz). 

This must now be integrated ; Lagrange’s process for linear equations 
may be adopted. Denoting <l)(a.v-{-by+cz) by (^, we have as the auxiliary 
ecpiations 

dx _ _ dz 

c —c(l> b^ — a' 

From tliese we have 

a dx + hdy+cdz— 0, 

so that ax + by + cz — Cy 

and 0 = <^ (ax + % + = 0 (6^) is a consbiiit. 

Hence for a second integral 

dy + dr(l)(O)=^0, 
y+x<p(a) = C\ 

The final integral of the differential equation is therefore 
y 4- j;0 (ax 4- by 4- cz ) = 0 (ax + by + cz), 
wliere 0 and 0 are arbitrary functions. 

It may also be exhibited in the form 

z = x6 (ax + by 4- cz) -\-yx (ax + by + cz), 
wliere 6 and x arc arbitrary functions. 

Ex. 3. Integrate 

(i) r-\-k'd-t — 2as, 

(1) when /' is not unity, (2) when is unity; 

(ii) x^r-\-%vyji-\-yH~i) ; 

(iii) q^r — 2pqs+pH = 0\ ^ 

(iv) x^i^yH=0 ; 

( v) %jh (p + aq ) = ().* 
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Ex, 4. Integrate the equation 

ctT (rt — = A, 

«, 6, c, e, h being constantir. 

The equation in X is 

X'-* {ac + eh) + \eh + <?•= 0, 

or, if we write Xm+c=0, the equa'cion which determines m is 

-}m + mt + eh = 0 ; 

let and mu be its roots. The first system of integi*als is 

c dx -^rcdp - nn^dtf = O'! 
ady-^ edq - 7rudx = Oj ^ 
so that one intermediary integral is 

ex + ep - m^y — F (ay + eq — 

The second system of integrals is 

a dy-\-e dq - mi^dx — 0, 
e dx +6 dp) — mipdy — 0, 

and therefore a second intermediary integral would be 
cx + ip - • mi.^ = (ay + eq - wq.r). 

If it were possible to solve these intermediary equations so as to express p 
and q in terms of x andy, the final integi’al would be at once derivable; but 
this not being th(j case w(5 c<jinbine any particular integral of the second with 
the general integral of the first system, 'riius we may take 

ex-{-ep-m.y/-^n^ 

' and then F (ay + eq - inpv) = {nu - y + a, 

so that, if be the inverse function of /'’and therefore an arbitrary function, 
we have 

ay + eq in.p ; + ^ {(w.j ~ j ) y + 

Thus 

edz= -exdx-aydy + (m.jy + €i) dx+[Mi.j.x + ^ { 0 >i 2 -«h).y + «}]c/y, 
the integral of which is 

ez + 1 + 1 <fy‘“~i»py + 0.17 + 0 {(wijj - >«,) y + o} + 

where 0 is an arbitrary function (since it is given by 
{ni.^-m{)e(z)^~i^(z) dz, 
and 'P is arbitrary) and fi is an arbitrary constant. 

This is the Complete Integral ; to obt^iin the General Integral we eliminate 
a between the equations 

+ i (ex^ + oy2) = m,py + a.r + 0 {(ja., - m,) y + a) + x (a)\ 

® * K»«s - (“)j ’ 

X denoting an arbitrary function. 
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AV. 5. Solve 

(i) s^~rt = a^\ 

(ii) qr+(p-\:v)s+yt= -q+y{ifi-n)-, • 

(iii) ^qMqyr+ij^y ^rqx) s+xfit^q^q {qt-s^ + xy. 

> 

Ex\ 6. Solve 

^ (1 +</) r-2pqzx-\-z {\+}y^)t-z^{s^—rt) + 1 +^^+^2 — 0. 

The equation which (leteriiiiiiOH m is 

- 1 - ^pqzin + = 0 , 

• • 

so that the two valuers of wi arc equal, the coiiinioii value being -pqz) anil 
the system of integrals reduces to one given by 

. z{\ +}r) d.v-\-z\ip+pqz<ly=^Oy 

z {i -\- (f) z-d<i + pqzdLc — 0. 

Tlie former by means of 

dz—pd,v-\-qd^ 

gives, after division by z^ 

dx + pdz + zdp — 0, 

the integral of which is 

.v+pz = a ; 

the second similarly leads to 

dy + qdz + zdq = 0, 

the integwil of which is 

y-\-qz=hy 

so that the intei’inediary integral is 

/-’(.f+7«, y+qz)=0, 

where F is arbitrary. 

Proceeiling as indicated in § 241, we liave 

;c-\-pz—a^ 
y+qz = h-, 

and therefore zdz—pzdx-\-qzdy 

= (« " .v) dx + (ft - y) (Zy , 

the integral of which is 

{x - a)- + 0 / - = «“■ 

A general integivxl is found, as there explained, by eliminating c between 
the equations 

{.r-(;>(c)V^+{y-i^(c)V^+22 = c2, 

and - 0 (c)} 0' - 0 («)} 0' (<') +c=0, 

yjt and being arbitrary functions. 
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Ex, 7. Solve 

(i) xqr -k-ypt + xy {s^ -- rt) =pq ; 

(ii) + 4pqii -\-p^q^ (rt — 8^) = ; 

(iii) (1 + <7^) r - 2pqs + (1 + p^ t = (s^ - rt) (1 -i-p^ + q^)~^ - (1 +p^ + 

« 

Ex. 8. Prove the converse o^ the foregoing general result, viz., Let the 
equation of a surface be 

<t>(x\y,z,ayb, c)=^0, 

where «/, h, c are connected by any two conditions of the form 

• « 

X(a, 6, c):^O^yl^(a, 6, c) ; 

shew that the equation of its envelope will satisfy a partial differential equa- 
tion of the form 

/ir-hS8-hTt+E(rt-s^)=V, 
the coefficients of which satisfy the relation 

S‘^ = 4(/rr+Er). 


Princv])le of Duality. 

242. This principle, which was shewn (§ 107) to be effective 
in deducing from the solution of one ecpiation of the first order 
that of another associated with the former by relations of a j^er- 
fectly reciprocal character, may be applied to equations* of the 
'second order. The analytical connexion consisted in taking new 
variables defined by the equations 

X=p, Y=q, Z = px + (iy-z, 
from which there were derived the reciprocal equations 
x = P, y=Q, z = PX + QY-Z. 

From these we have 


so that 


dx = dP = JMX-\-8dY, 
dy = dQ = 8dX ^TdY] 

,y_Tdx-8dy 
“ Rf -S^ ’ 

jy_ — 8dx + Rdy 
RT-S* • 

rdx + sdy. = dp = dX, 
sdx + tdy = dq = dY; 


But 
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we therefore obtain, by equating coefficients, 
T -8 




R 


t _ ; 


and also 


rt-s^ = 


RT-8*' 

1 

Rf-8^' 

Let these substitutions be applied to any ecpiation of the form 
\r fis vt <T {rt — &•*) = 0, 

in which i/, cr .are functions of .7?, y, Zy />, f/. Let their values 
after the transformations have taken place be denoted by fiy Vy <t 
respectively ; then the result of the substitution gives 

\'T-/.V + i;'K + o-' = 0. 

If then the solution of the former equation be known, that of the 
latter can be obtained ; and vice verm. 

Thus in particvdar the solutions of the two ecpiations 
{p, q) + syfr {p, q) + tx (p, q) = 0 
and rx (■'•, ,y) - (a-', y) + t<f> {w, y) = 0 

are derivable from one another. 


Kv. 1. From the solution of 


derive that of 




/i’f. 2. Integrate the equations 

(i) + 

(ii) z{rt-s^)^pq8-, 

(iii) (s - px - qy) = {pt - qs) xz ; 

(i v) ph ' + J 

(v) (1 +jr;y) {r - ,s) = t ^ph' - f/s. 


Laplace* s method for the transformation of the linear equation. 

243. The linear equation 

Rr -{■ Ss + Tt Pp Qq Zz = U 

iu which Ry Sy T, P, Q, Zy U are.functions of x and y only, can be 
reduced to simpler fonns. The process consists in changing the 
variables. 
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Let the independent variables sc and y be changed to f and 77 , 
as yet undetermined; then, when p', denote the 

equation becomes 

,, f 9 D 9^ ^ 9^'\ , 2y,9f '^V 

Y Tlx dx^ W dy ■*■ dij dx) ^ dy 

^9.®“ + ^ My + ^ 9/+ ^9y[ 

I ./ J p 9 9'i; „,9 V , Q^V 

+ M 9^7 9 ^ 


+ .5 
+ P' 


-\- Zz= IL 


Let m and n be the roots of the (piadratic equation in k 
m-^+A%+2’=(), 

and first suppose that these roots are unetpial ; then choose f and 
7) so that 

9.« '"9y’ 

' 9y _ dy 

da: dy ’ 

which determine f and 77 . The terms involving and now dis- 
appear ; and the coefficient of 6 *', being 

(.rn_ 

dydyV RJ* 

does not vanish since the roots of the quadratic are uneipial. Let 
the equation be divided throughout by this coefficient; then it 
takes the form 

d*z ,rdz , - dz , ,, 

— h ^ -h ri — h JV^Z = V, 

d^drf drf 

244. In two cases the integral of this equation can, without 
further transformation, be obtained. We may write it in the form 

8| + i-) + " Cs + - i) - 
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SO that, if the condition 

of .. 

be satisfied, the equation becomes 

‘du 
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+ M u =-. V. 


dz 


where « replaces _ + Lz. A general value of u can be obtained, 
cr) 

and thence a general value of z. 

We may write the e(iuation also in the form 

X (aj + + '' (aj + "«) + - (^ - i - 1'. 

SO that, if the condition 

\T A 

N — LM - A = 0 

dr) 


be satisfied, the equation becomes 

dv 


dr) 


+ Lv = F, 


dz 


where i>*replaces + Mz. From this, through v, a general value 
of z can be obtained. 


245. If however neither of these conditions between the 
coefficients in the transformed equation be satisfied, it can still be 
transformed by changing the dependent variable. Tlius when we 
write 

dz 


dr) 


+ IjZ — f 


we have 


ar 

0? 


+ d/r+ ^ {n-lm - = V. 


dL 


Denoting LAF + ^ ^ ^^y write 
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LAPLACE’S TRANSFORMATION 
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and therefore 


.LdKLM LV d 

'K^dri\Kd^^K^ K\' 


which is ecjuivalent to 


where 




M' = M, 

N' = LM-K + K 


d iM' 

di) \K 


?)■ 


LM'--N=K 


so that the same form is reproduced but with altered coefficients. 
The e(\uatiou in its new form can be integrated, if the analogous 
relations between the new coefficients be satisfied. From the 
values of L\ M\ N' we have 

dM 
drj 
rW 
d?) 

so that as K is not zero (by hypothesis), the relation 
• L’M' + ^-^-N’ = 0 

(JTJ 

is not satisfied. The other condition, being that the etpiation 

L’M' + ^^{-N' = 0 

should be satisfied, is when expressed in terms of the original 
coefficients 

, dL_dM_ 1 d^K 1 dKdK _ 

0? 07/ K 01/0? 01/ 0? ” 

If this be not satisfied nor the corresponding relation derived 
by the consideration of the other expression 

j dM 
LM 4- ^ N 

drj 

the process of transformation may, be repeated indefinitely ; and, if 
at any step of the process the requisite condition should be 
satisfied, the solution may then be found. 
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24 !o!] of the linear equation. 

Ex. 1. Prove that for any substitution of tho form 

where u is to be the new dependent variable and is a function of g and tjj 

. LM-^r+~ and LM-Jf+~ 

* *01; 

are absolute invariants and that therefore such a transformation is ineftec- 
tive for the purpose of solution. 


Ex. 2., Prove that if 

•* t 

K, = 3’, - Lr.Vr - and ./, - J', - A, .1/, - 

(the fiyictions of the coeHicients after r transformations) then 

_o2(log7i,) 

^ j — A,.. 

Hence solve tlie equation 


(Inischcnetsky.) 


24G. Next, consider the (?ase when the roots of the (piadratic 
are equal, so that 


The two equations determining f and rj now coincide so that * 
from them only one of these quantities can be obtained ; let it bo 
given by 


a-; 


= m 




and suppose f and y to be the new independent variables ; then 
we may Avrite r] = y. Then in the transformed equation the coetfi- 
cient of r is zero, that of t' is 1\ and that of s is 


*S'^^+27’ 

OX 




15nt m being a repeated root of 


7a* + »s’A: + r=o, 

We have 

__ ^'*__2r 

” iR~ S ’ 


V 
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U\ 2BJ> 


SO that the coefficient of s' is 
r dt/ 

which is zero. Hence the transformed equation on division 
throughout by T becomes • 

d'^z , j-dz ,^dz ,, 

2 + X + Mz = V. ^ 

di/ 7)ij 


The case suitable for treatment by this method is that in which 
L is zero ; the eciuation may then be looked upon as an ordinary 
e((uation in y, the variable being considered constant ; the 
arbitrary constants of integration should be replaced by arl^itrary 
functions of x. 


Poissons Method, 

247. Poisson has shewn how to deduce a particular integral 
of any partial differential equation which is of the form 

P = {rt^sy(l 

Avhenj P is a function of p, q, r, s and t homogeneous with respect 
to the last three (|uantities, and Q is any function of the variables 
y, z and the differential coefficients of z, which remains finite 
when rt — s“ = 0. 

He assumes Q = (p)» 

and therefore s = r(f> (p) and t = .90' (p) = r {<f> 

These values make rt — = 0 

and reduce the differential equation to 

P = 0. 

Now P being homogeneous with respect to s and <, there will, 
when the foregoing values are substituted, occur a common factor 
throughout, being some power of r ; this may be rejected and the 
remaining equation will involve only p, <f> (p) and 0' (p) which when 
integrated will determine the value of 0 (p) and so will lead to an 
integral of the original equation. This integral, being of the form 

'/ = (p)> , 

can always be further integrated 
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24ft] 

It may be noticed that Poisson’s process is etjuivalent to 
obtaining the developable surfaces which are included under the 
given differential equation, for ^ 

9 = </>(;>) 

is the differential equation* of developable surfaces. 

E.i\ 1. ^olve — 

Proceeding as above we find 

so that retaining only the real values 

, </>'(/>) =± 1 , 
whence y = 0 ( ^) = <^ + yv, 

where a is an arbitrary constant. The complete integral of this considered as 
a partial differential equation of the first order is 

s=o// + X 

where X and v are arbitrary coiistints ; the generfd intogi’al is 

where </> is an arbitrary function. 

AVf. 2. Solve 

’ (i) ^ + + 

(ii) (1 +y-) r-2/>y.v+(I 


Linear Equations roith constant coefficients. 


248. We now proceed to consider 0 (|uations which an* linear 
not merely with regard to the differential cocdficionts of higliest 
order but also with regard to the dopendiint variable and all its 
differential coefficients, and in which the various terms are multi- 
plied by constants only. Such an ctpiation is 




where is a rational integral algebraical function all the coeffi- 
cients of whiclj are constant ; V may be any function of the 
independent variables. 
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As in the case of ordinary differential equations the complete 
integral consists of the sum of two parts : 

first, the most general integral of 


<I> 


(&' 


\dx * dy, 
second, any particular solution of 

W dy. 


z = V. 


These will be obtained separately. For convenience, let 

0 0 

g- and be respectively denoted by D and D'. . 


249. The simplest case of the general equation is that in 
which only differential coefficients of the ?ith order occur, so that it 
may be written 

(i)" + D' -f A,!)’*-* i)'* + + z^V, 

Let a,, a^, bo the n roots of • 

I" + yi.r* + + + = 0 ; 

then the ecpiation may be transformed into e 

(D - {D - .,/)') {!)- a„Z)') ^ = V. 

To find the complementary function we write F = 0 ; then a 
solution of 

[D - aJ)') z = 0 

will be a > term in the complementary function ; and as there jxre 
n such factors there will be n such terms. 

Now the solution of 

{D — \)z = Of 

where X is independent of x, is given by 

z=^e^C, 

G being also independent of x. The quantity C may therefore, in 
the solution of 


(D — aiy) z = Ot 
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\ i 

249^ 

be made an arbitrary function of y, and we then have 

z = 0 (y) 

= (/) (y + OLx), 

There is one such solution for every value of a ; and the sum 
of the^e different solutions is also a solution, so that the com- 
plementary^ function is 

. „ ^=^i(y+«.*) + ^s(y+ v) + + 

where are all arbitrary functions. 

In the case, however, in which two roots a arc et^ual this value 
ceases^to be general, as the sum of two arbitrary functions of the 
same argument is merely an arbitrary function of that argument; 
the corresponding terms are then obtained as follows. 

The solution of 

(B-\yz = 0 

is z = (A + Bx), 

Avhere A and B are indeperulent of x ; hence the integral of 

(D-al)yz = 0 

d 

is 9 ^ (y) + ar ^ (y)S 

= ^{y + ax) + x^ (y + OLv), 

where both <f> and yfr are arbitrary ; the sum of these two terms 
replaces the sum of the two terms, which had coalesced into one, 
and the general character of the solution is restored. Similarly, 
when any number of the roots a are ctpial, the corresponding 
terms, of the complementary function, which coalesce into one, 
are replaced by a series of terms derived in the same manner as 
the above. 


250. To obtain the particular integral we .may represent it 
symbolically by 

• 1 


'.jy'WZ 




25 
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To evaluate this we resolve the second symbolical fraction into 
the sum of n symbolical partial fractions, into the denominator of 
each of which only one of the quantities D/D' — a enters ; thus, if 


1 N, 

we have 


z 


1 

D'" 


r=n 

2 


r=l 



1 ’•r,” N, 

D-a^U 


V, 


J\r, being a constant and depending only upon the constants a. 
Let V = ir(ie,y)', 

then since 


(D — aD')"^ = h Jdx e 


a 

^.v 


we have 


= j af ) 

=j +««-«?); 


hence the particular integral of the equation is 

^ = llf...dy'-^fdiT[JV, ir{^.y + a, (a; - f)}]. 


This is the value in the most general case possible ; in particular 
cases the actual evaluation becomes much more easy. Thus, if F 
be a function of a? only, we may consider {4> (D, D')}"^ as expanded 
in a series of ascending powers of D' and then every term may be 
neglected (so far as the particular integral is concerned) except 
that which does not contain D'. Corresponding simplifications 
, arise in other examples. 
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1. Solve 

dhi 3 dhi 
& " 0^2— 

(See Ex. 1, § 241.) 


For the Complementary Function we have * 



and therefore 

• 

• 

a a 

aa;. - -ax^ 

u=e *^0(y)+c *"i(r(y), 

» .■ 

= <^ (y + omt) + ^ (y - a.tr), 


(f) and ^ being arbitrary. 

For the Particular Integral we have 

1 

“ aay)- 2 

1 / \ 

2/r+*-j 

1 


”3!’ 

Hence the Complete Integral is 

u=<p{2f + a.v) + ^{ff- a.v) + '^ , . 

/» 

Ejc, 2. Obtain a solution of the equation 


such that, when i=*0, y^F{a:) and ^ = ^ /G^') being known 

functions of x. 


Ex. 3. Solve the equations 

dH d'h 
g^ + £^2='=°'’ 


c'h 




. . d^z d^z „ 

^v) (2)-«Z)')*s=<^*(.r)+^(y)+x(A-+iy); 

(vi) (^D— jyYz=x+^ {x+j/). 


25—2 
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"bH bl^u b^u „ » „ 

For the Coinplomentary Function we have 

/0.0^3\/9^ 0^„3\/0^,0^ 0\ „ 

{fv + d^+Tz) (0^+"3y +“ 0^j fe+" 0y+" 0^)“=®’ 

« 

o) being a cube root of unity. The solution of 

(l;+^3|+'*0^)''“‘^ 

~*('^8v+'‘a*z) . / s 

13 n = e " ® (2^, z) 

=</)(y-X.r, 5-^r); 

hence the Complementary Function is 

01 (y “ ^ + 02 (.y “ ^ + 03 (y “ ^ ■" «•'*'*)» 

where <#>2, c^., are arbitrary functions. 

The part of the Particular Integral corresponding to x^ is 

/3Y /9Yi(^^V 3 ■“''=777"''° 

\0.^y \0y/ \bz) bxbffbz \^xy 


4:576’ 


and so for the other terms ; the full value is 

TT 576 ■*" 8 • 

The Complete Integral is the sum of the Complementary Function and 
the Particular Integral. 

Ex, 5. Solve 

. d^u , b^u b^u bhi 

ba^^bxbz by^ bybz~^^^ * 

nn 9% bhi bhi 0% _ . 7 O 

' ' ba^by bxby^ bx^bz bxbz^ by^bz^^ bybz^^* bxbybz 

« 

251. Passing now to the general equation, we must find the 
solution of 


d & 
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251.) 


where is of the form 

0 " 0 “ A 

doT dx'-'dy 8 ^“^ ■*■ 

0n-l 0n-l 

+ 


We 'assume as a trial solution 




* 0a? 


where */i and k are constants yet to be determined ; for this value, 

0^ , ^ dz . 

= hz and = kz\ 
ox dy 


and therefore we have 


<I> (A, k) z = 0, 

which will be satisfied, if h and k be determined so as to satisfy 


This obviously makes one of the constants to depend on the 
other ; Igt the equation be solved to determine /j, so that we shall 
have results of the form 

k = 0{h), 

n in number. Taking one of them, as k = 9^ (/t), we have the 
solution in the form, 

for all values of A and h. Now the sum of any number of solutions 
is also a solution, so that another is given by 


where 2 implies summation for all values of h\ and A, an 
arbitrary constant, may be looked upon as an arbitrary function of 
h which may vary from term to term of the series. 

Similarly another valitc of k, such as 6^ (A-), will lead to another 
solution which may be represented by 
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and, as each value of k will lead to a corresponding series, the 
general solution may be represented as the sum of n series in the 
form ^ 

^ = 2 + 2 + ... 

the summation in each scries extending* to terms arising from all 
possible values of the constants A. The fact that the coefficient 
belonging to any term may be considered as an arbitrary function 
of the constant which occurs in that term shews that each series 
may be regarded as having in its expression one general arlJitrary 
function ; and thus in the Complementary Function we should be 
led to expect n arbitrary functions. 

252. This general result in the form of the sum of n scries 
each containing arbitrary elements may appear to be of slight 
value. Sometimes, however, by the form of the differential 
equation, a simplification is introduced such as that indicated 
in the next paragraph ; sometimes by conditions imposed on the 
dependent variable other than the satisfaction of the differential 
equation the number of terms of the scries is limited to those 
which contain particular values of the parametric constant. 

For example, whenever a solution of the equation which 
determines k is of the form * 

= a/t + 

where a and ^ are determinate constants, the corresponding series 
may be expressed in a finite form. For it is 

that is, it is (save as to the hictor outside 2) the sum of any 
number of arbitrary powers of each multiplied by an arbitrary 
constant ; such a sum is an arbitrary function of or, what is 
the equivalent, an arbitrary function of a? + ay and the scries may 
therefore be replaced by 

where <f> is arbitrary. Corresponding to the conditions which in 
any particular case limit the number of terms included in the 
series, there will be analogous conditions which determine the 
form of the arbitrary function. 



WITH CONSTANT COEFFICIENTS. 


391 


252.J 

Ex, Prove that, if the root 

occur ?•+! times, the corresponding part of the Complementary Function is 

(a;+a3')+y0i (^ + oy) + ■\-f<i>r{x+ay)\, 

where c^o> 0i> are all arbitrary. 


■ 

253. To obtain the Particular Integral we may represent 
it by 

the evaluation of this expression will depend upon the form of F. 
Thus if 

F= 

we should have 

1 ax^rhy 

<!>(«, 5)® ’ 


as the value of z required. If V were a rational integral algebraical 
function of x and y, then it would be possible to evaluate the ex- 
pression by expanding the inverse operator in a series of ascending 
powers of both D and T)\ if permissible, or of one of them. The 
methods applied to the particular forms considered in § 46 in the 
case o^ ordinary differential ecpiations will indicate the corre- 
sponding methods to be adopted for the varying forms of F. 


Ex, 1. Solve 


'bx^ 




First, for the Complementary Function we must solve 
(/>-//)(/) + />' - 3 ) 2 - 0 . 

Let £ = + 

be substituted ; then 

so that k = h and k=^-h 

are the relations between h and k. Hence 
2 = 2 ^ 6 ^* + »» + 

^ = </) (.r +y) + ^ (.r - y ) , 

where 0‘and ^ are both arbitrary. • 
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The part of the Particular Integral corresponding to is 

^ + 21/ 

(Z>-/>')(/>+2>'-3) 

• • 

= 6* ,, 2 v 

^(i-iy)(2y-2)'' 

# 

= e* + 2i/ — , 1 1 

(l-i)'-2)(/y + 2-2) ■ ^ 

« 

— _e*+2/; 1 — 1 

2)' (//+!)•" 

= *** 

The result indicates that a term of the form will arise in the Com- 
plementary function ] that this is so is obvious from the identity • 

^ + 2i/_^ygz-y 

The part of the Particular Integriil corresponding to .vy is 


= - 3^ (l +^) (•^ + Jar+ +ff) 

= J'»+ Jy + If +-JA’*+ i^') 

= - A-v'). 


the expansions in each case being taken no further than is necessary to 
furnish non-evanesceiit terms. It might happen that, by a different method 

of procedure such as expanding in powers of a particular integral of 

apparently different form would be obtained ; it would however be found that 
the two could be transformed into each other by means of the Complementary 
Function. . 


The general integral is, as usual, the sum of the foregoing three parts. 


254. Any equation such that the coelhcierit of a differential 
coefficient of any order is a constant multiple of the variables of 
the same degree may be reduced to an equation of the foregoing 
form. Such an equation will be of the form 


d^z 




^ ^ .(fz 
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We may either change the independent variables to u and v where 

0 9 

X = e'* and y = e" ; or we may represent x by ^ and y by 
and then we have 

In either case the equation is reduced to the form already con- 
sidered. 


Ex. 1. To solve 

We have, on assuming ^^ = log.^" and «;=log//, 

(aM) 

The integral of this is 

j)Vm + nv 

z = (y - u) +/i (y - u) + 


^xF 


+/!> 


{?n-\- n) 1) 

.f.myn 


(wi + ll) (jtll + /t " 1 ) * 


where / aad are arbitrary. 

Ex. 2. Solve 


/•x 2 2 

&-y ' 


dh 

.. 0'-2 , 0‘-*2 0s rz 

' ' ox^ *' vy^ '' cy dx 


Ex. 3. Solve the equations 

(i) 0.^ S+-'' ’ 

/•••X / 9 9 . 2 n 

(ill) fa; +y 1 
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Ex, 5. Solve 


... “bh « , o r 9-2 , o 2A n 

W 0^-«^P+2«^^^+2«’*3^=O; 

.... f?flz , 022 \ , , . jv 0*2 , / 02 02 \ 

(u) g^+»»«\.« 0 i-»‘ 0 yj 

, = cos {mx + ny) + cos {kx + ly ) ; 




Ex,^, Solve f{'m)z=^H^y •• 

where w denotes the operator Xy + .^2 + ••• »/ rational inte- 

gral algebraieal function of ot, and is a homogeneous function of n (limen- 
sions of the quantities Xy^ .r^, ..., x.^. 


Miscellaneous Methods. 

255, There are several partial ditterential et[uations which 
arc of frequent occurrence in physical investigations; solutions 
of these have frequently been obtained by methods, the appli- 
cation of most of which to etpiations other than those in connection 
'with which they originated is very limited. The two chief 
methods are integration by means of definite integrals and inte- 
gration in series ; but as each method is of special application 
only, and as the variations which arise owe their origin to the 
conditions imposed upon the function whose value is sought and 
not to any variety in the differential equations to which it can bo 
applied, it is not possible to give here a full discussion. The dis' 
cussion here will be limited to a few examples ; for fuller investi- 
gations recourse must be had to the treatises on those branches of 
mathematical physics in which the differential equations occur. 

256. Consider first an equation which can be integrated by 
both methods. 

Such an equation is 

d u __ 2 

Tt~^ 
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which arises in investigations connected with the conduction of 
heat. It is not without interest to indicate the ditferent methods 
which may be applied to obtain a soluti^. , 

By the method of § 249 we may write 
U = 6 ** j) (oo) 

9 

where <j} (x) is arbitrary ; expanding the differential operator we 
obtafh . 


SO that the solution contains one arbitrary function. We may 
proceed otherwise thus : the solution of 

d\i ^ a 

is ti = A B, 

whore A and B are independent of x ; so that we may express the 
solution of 

1 dji 
dx^ dt 


in the form 


u = ylr (t) -{■ e 


where yjr and ^ are arbitrary functions. In order to free the result 
from symbolical operations, which would recpiire interpretation if 
they remained, we change the arbitrary functions to f and F, where 

/(<) = ir(t) + X ( 0 . 




then since yjt and x arbitr^vy both / and F will be arbitrary, 
whatever interpretation be assigned to When the sym- 

bolical operators in the first form of solution involving yjr and x 
are expanded and the terms of the same order in differentiation 
are gathered together, the solution becomes • 
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d«^4!a* d«‘^ 
■*■ a ^ 3! tt" di 5! a' W ■‘' 


and this contains two arbitrary functions. 


257. It may at first sight seem paradoxical that two perfectly 
general solutions of the same differential e(| nation can be obJaShed 
of apparently so different a character. The difficulty will dis- 
appear if it be noticed that the equation is only of the first order 
in t while it is of the second order in oc; the former solution 
contains only a single arbitrary function of x, which is all that can 
be expected in the case of an equation of the first order; the 
second solution contains two arbitrary functions of ty which is the 
number of arbitrary functions to be expected in the case of an 
equation of the second order. 


If we assume that all the arbitrary functions can be expanded 
in positive integral powers of their arguments, we are able to 
transform one of these solutions into the other. For let 


n=o \a 


where the coefficients are arbitrary, and let this value be sub- 
stituted in the first solution. Then the term independent of x is 

+ A^t + ^* <* + 31* ** + 


which is a series Avith arbitrary coefficients and so may be denoted 
by f(t) where /is arbitrary ; the coefficient of f - j is 

A^ 


A^ + Ajt + 2 j* 




that is, ; and so for the other even powers of x. Thus the 
part of the solution depending upon the even powers of x is 
. a? df ‘ a* d^f ^ 
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Similarly collecting the terms depending upon the odd powers 
of X and writing 

F(t):^A, + A,t + ^‘f-i» 

(which is another arbitrary function) we should obtain the second 
part of the second solution. It thvs appears that the two alge- 
braical expressions are e(|uivalent, independently of the fact that 
they are both solutions of the differential equation. 


Solution by Definite Inteyrah. 

2oS. Now let the method of § 251 be applied. We substitute 

the necessary relation between the constants a and is 

^ = aV, 

so that u = 

for all values of A and ot, would be a solution. Instead of a write 
Oil so that solutions are given by 

and thefefore by 

where \ is any constant and A and B are arbitrary functhjns of 
These may be replaced by 

a (ir - \) and sin ol{x-X), 

where A' and B' are arbitrary functions of \. Further the sum. of 
any number of solutions is also a solution. Oonsider that obtained 
by summing any number of terms of the form of the first for all 
values of \ and a and assuming that while A* is an arbitrary function 
of \ the form of the arbitrary function is the same for different 
values of \. (The corresponding terms which would arise from the 
second may be deemed included in this since so far as the variable 

part is concerned we need only to change \ into \ — to obtain 

the first.) 

Let -then 


A' = 9^ (\) d\, 
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and suppose summation to take place for all values of \ between 
— 00 and + oo ; the corresponding solution is 


f cos a (a; 

j —rrt 


This again may be multiplied by any function of a and the 
summation taken for all values of a ; as it stands the function is 
an even one of a, and so if the factor be taken as da it twill suffice 
to take 0 and oo as the limits of a ; and thus we may take as the 
solution • . ^ 

= f da f cos a (x — \) >/r (\) d\, 

Jo J -CO 

The solution in this form is specially suitable for the case in which n is to 
satisfy some condition, for instance that 

u=f{x) 

when t is zero ; thus we arc to have 


/(,»;)= j da j cosa(A’ — 


But, by Fourier^s theorem, the value of the right-hand side is nyfr (x) so that 
^ is determined ; and thus 




- a^aH 


cos a{x- X)/(X) dX, 


(Rienftinii.) 


Obtain a solution of the equation 


which is such that 


dx‘’ 


“=/(•*■•) and (•»■•). 


when «=0. 

The result is 


1 Cx+at 

‘ = i {/ (*-•+ «0 +/(-^ - ^ j F{X)dK. 


(Riemann.) 


259. We may again solve tl^e equation by a method, due 
originally to Laplace and extended by Poisson. 

We have by a known theorem 

r e““*dw = 7r\ 

J -CD » 
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or, writing u — l for u where I is independent of w, 
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J 00 • 

When I is any differential operation to be performed this 
relation indicates that the symbolical operation can be expressed 
provided can be expressed. 


This method may be applied to the equation 
du _ 2 dhi 

a**’ 

for we have 

where f(jJo) is an arbitrary function independent of t. The fore- 
going formula in equivalent operators may be applied if I be 

replaced by ^ ; and thus we have 

U = J f(x) dll 

= tt” - [ {os + 2iiat^) dii. 


Another form may be given to this result by substituting \ for 
X + 2iiat^. Then ii becomes 


1 TOO 

2tt (7r«)* j 




Now /(X) is an arbitrary function; if we choose to assume its 
value to be zero everywhere except when X = r and then write 
/ (X) dX = Hy we have 


u = 


H 

I ® 

2a {^ty 


^aH 


Ex, 1. Provo that, if u satisfy the conditions 

(i) u=f {xy when t = 0, 

(ii) (0 •when 07=0, 
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then its value is 


(*-A)> (*+A)« 




2a 


Ex. 2. Obtain a solution of tho equation 


4«*(^-A) 0(X)o?A 




in the form 


7 /=JJf (x + 2ut b-j y + 2vt h^) sin {v^ + v^) dn dv \ t 

+ j j E (x 4- 2ut y + 2vt b-) cos + r^) du d e. 

m 

Ex. 3. Verify that 

1 /‘2ir f ir 

u = ~ I ^^0 I tf{^+ 6 COS (fiyy + at sin d sin (^, s + at cos d) sin 3dd 
0 Jo 

tF {x + at sin 3 cos 0, y + at sin 3 sin 0, s + at cos 3) sin 3d3 

satisfies the difibrential equation 

0% _ /02i4 02*4 02?A 

0?^ 

and is such that when «=0 then u=F{x, y, z) and .y, s). 

, Ex. 4. Obtain the value of the integral 

f^+P!>+V^aS, 


II' 


taken over the surface of a sphere whose centre is the origin and radius It, in 
tho form 


47r ^ sinh (Ep\ 


where 


Hence shew that the moan value over the surface of any sphere of a 
function, which satisfies the equation 

0i2 + 0y2+0^2“^» 

and is, for all points within the sphere, expressible by a convergent series, is 
equal to the value of the function at tho centre of the sphere. 


Further information on this part of, the subject and, in particular, on the 
applications in physical investigations, will be found in Riemann’s Partielle 
J[!^ffere^dialgleichu7igen und deren Anwev.dung auf physikcdische Fragen, 
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260. Consider now a case of integration by means of series. 

The most important e<}uation to which this method is applied 
is the equation • 

• 0*74 0*?i 0*M _ 

0 ?“^ 

which *dontinually occurs in physical investigations ; to solve it by 
the method under consideration it is convenient to change the 
independent variables from a?, y, z to r, 6, (f> given by the relations 

a! = r sin 0 cos <f>t y = r sin 0 sin <!>, z = r cos 0, 

which will in effect be changing from the Cartesian to the polar 
coordinates of a point. The equation is now 


a* (ru) 


ru) 1 3 / du\ 1 


and, if another change be made by writing ^ instead of cos 0, the 
resulting form is 

d^(ru) , a (' - 5,. 0/4] , 1 0*74 


261. First, let a solution be desired which is to be a function 
of r only, that is, of (a;* + y* + so that it will be a specially 
symmetrical solution ; the equation then reduces to 


and therefore 


74 = -d. + 


In a similar way a solution which would be a function of 0 alone, 
and one which would be a function of (f) alone, may be deduced ; 
but they are not so useful as that just obtained. 

262. Next, suppose that solutions which are not functions of 
r alone may be expanded in a scries of integral powers of r ; and 
in u let there be a term • 


26 



0 
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where is independent of r but may be a function of 6 and <l> the 
value of which is still to be determined. Then, when the value of 
u is substituted, the term on the left-hand side of the differential 
equation corresponding to this particular term of u is 




,11 



+ 


1 


and the sum of all these terms is to be zero for all values of the 
independent variables. The foregoing is the only term #/hich 
involves the power of r ; it therefore follows that, in brder to 
have the equation satisfied, its coefficient must vanish. Hence 
is determined by 


/ 1 \ ^ f/n 2\ 1 /X 

n (« + 1) + g- |(1 - ^ ) I + -j-_- g- , = 0, . 


and therefore is a solution of the original differential equation. 
The coefficients of the terms involving the differential coefficients 
of do not depend upon n ; and the coefficient of is unaltered 
if for n there be substituted — (n+l); hence is another 

solution of the original equation. These two solutions just ob- 
tained may be combined into one so as to give 


as a solution, and being arbitrary constants ; and thus the 
general value of ii is 


/ U 

tt =0 \ ' 


provided be determined by the equation 






263. Now the general solutian of this equation would give i/„ 
as a function of 0 and consider the case in which is a 
function of 0 only. It is then determined by 
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the independent particular integrals of which are (§§ 90, 91) (/x) 

and (fi ) ; the corresponding terms in u are 

(/.) + (/*). 

In most physical invostigaftons the term dependent upon Q,^ (fju) is 
rejected ; and then the general value *of u, expressed as a function 
of r and 6, 1;hat is of z and (.c® + 2/®)^ is 


71-00 ( 

71 = 0 ( 



in which the -d’s and B's are arbitrary constants, 
noticed that the solution formerly obtained, viz., 


It will be 


is the particular case obtained by making all these arbitrary con- 
stants zero except and and reincinbering that {fi) is a 
constant. 


264. Consider now the general case in which is a function 
of 6 and ; it may be expanded in a scries of trigonometrical 
functions of multiples of <t> the coefficients of which are functions 
of fM. Any term of the series for may be denoted by 


where w is a function of fi only; and, just as in the case of the 
separate terms in u considered as involving different powers of r 
when each such term was a solution of the (Mpiation, this will be a 
solution of the equation giving Substituting and dividing out 
by cos a<f> we find that is determined by the equation 


A 

dp 







This equation would also h«ave been obtained by the substitution 
in the equation of 

and therefore the solution of the equation in is 

* 2 {E9 sin o-<f> + Ffr cos <r<f)} 

<r=l • • 


26—2 
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the value (r = 0 not being here included, since it gives terms 
independent of <f> which have already been found. 

Now, by Ex. 12, Qhap. v., p. 180, the ^solution of the equation 


giving ' IS 


* < dfjT 


where is a solution of the equation when <r is zefo and thus 
may be either or Q^. Hence the corresponding term in is 


sin a-<f> + cos <r(f}) (1 — 




+ sin a(f> + cos (70) (1 — /i®)' 


dfjT ' 


The term involving is usually rejected in physical investi- 
gations ; the suitable value of then is 

<r-n . 

2(1— (Eff sin a-<f> + Po- cos <r<f>) — , 

<r=l dfl 

it being obviously useless to include values of or higher than n. 

The sum of any number of solutions of the original equation is 
a solution ; and therefore the most general value of u expressed in 
a series is 




We have omitted from the foregoing general value (1) the 
terms which would arise from the part of u independent of r and 
0, which can easily be proved to be 

Clogf+^ 

(2) the term dependent upon 0 alone which obviously is ilf0, and 

(3) the terms usually rejected as* unsuitable in physical investiga- 
ttions. 
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Any further investigations on the solution of the equation are 
connected either with other equivalent forms of solution or with 
' the particular solutions obtained by a determination of the con- 
stants in accordance with* imposed conditions. For these recourse 
should be had to the authorities on the several subjects in applied 
mathematics in which this equation arises; in particular, those 
quoted on p. 169 will be found of great value. 


1. Solve the equation 

Zhi dhi _ 

in series^ by transforming to polar coordinates. 

Ex, ^ Prove that the equation 

2 this. 

0^2 0y2 + 0-2^ 

has a solution of the form 

"T I i', 

M=:o r 

where 

/«(s) = l+ -2--+ 2;4-a - + -2.4.6.?* +- 

* 1.2^3...2?j 

■'■2.4.'6.,'.2»r.“2!’*' 

Obtain a more general solution which is not independent of the spherical 
coordinate 0. (Stokes.) 


Ex, 3. Shew that the general solution of the equation 

2 /0^w 0^\ _ 9% 

^ \0A’^ ^ 0y V ” * 

or, by transformation to plane i^olar coordinates, its equivalent 


0r^ r dr w) ~~ * 


can be expressed in terms of Bessel’s^ functions as the sum of two terms of the 
form 


w=cosa/t/* 2* [{AJ^ {kr)^BY^ (kr)} cos n6+{A'J^ (XT)}sin ?i^]. 

»=() 
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Amphre’s Method of solving the equation 
Rr +I8s + Tt-^ U(rt->)=V. 


4 

265. There is another method of proceeding from the dif- 
ferential equation to the intermediary integral in the case of the 
general equation * 

Rr + 28 s+Tt+U{rt-^ s^) = F, 
the factor 2 being inserted for convenience. 

Let a new independent variable a, as yet indeterminate, be 
introduced and let x and a be considered as the independent 
variables so that y is a function of x and a ; then we have < 


dz 

dx 


= p+q 


dp _ 
dx ~ 

dq _ 


r H-s 


d 


dx 

d 


= s + t 


dy 

dx' 

II 

dy 

dx' 

dp_ dy 
doL~ da’ 

dy 

dx' 

- f 

da da ’ 


Here and - 7 - are used to indicate partial diffei^ntiation 
dx da ^ 

with regard to the new independent variables x and a. From these 

equations we have 

dx dx 
dx dx ’ 


and 


dx^ ' dx dx \dx dx dx) ’ 


in all of which s is to be replaced by 

dp dy 
doL ’ da' 

When these values are substituted in the original equation it 
takes the form 
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where P and Q are given by 

p_jfdpdy dq j^^dq_„ dy 

dx 'dx^ dx^ dx dp dx' 

As yet a is arbitrary; let it be chosen so that P vanishes; then 
it follows from the differential ecpatioii that Q also vanishes and 
thus- we have P = 0, Q = 0. 


266. These equations can be replaced by simpler combinations 
equivalent to them. From the first we have 

dx \ dx dx/ dx dx 


when this value of is substituted in the second equation the 
latter becomes after a slight reduction 


which gives ^ ~ ^ 

where G = S^-RT-UV. 


The corresponding value of 


dp 

dx 


is given by 


g(SiO>).r| 


d(j 

di' 


or, what is the same thing, 

ii I <6' ± 0>) . F (J! 2 + B- 1) - (Jir + VV) g 

= F(S±G*)-(&«-G)^; 

and therefore ^ ^ ^ ~ 

These equations (i) and (ii) may replace the two first obtained; 
it will be notked that they are* analogous to those in § 234. . We 
may also combine (i) and (ii) so as to obtain an equation in another 
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form, but not independent. Multiplying (ii) by U and substituting 

from (i) for U^we have 
. dx 

iTi? ^ + /S* - (? - ^ (-S + G‘) = or, 

which easily reduces to 





We may thus consider either (i) and (ii) or (i) and (iii)‘&s the 
equations which replace the two P = 0 = Q. Taking then (i) and 
(iii) we may rewrite them in the form 


and we have also 


Udq + ]My-(S±O^)dx = 0 
Udp — {S + G^) dy + Tdx = 0 
dz —pdx — qdy = 0 


‘(iv), 


in which it will be noticed that da does not occur and therefore a 
is to be considered a constant in the integrations. 


267. The success of the method depends upon the possibility 
of obtaining a function W of ar, y, z, p and q which shall be such 
that, in virtue of the relations between the differential elements 
expressed by the equations (iv), its total differential shall*be zero. 
Tf this be possible, we then have 


A 


Zx 


when the values of dz, dp, dq sls given by (iv) are substituted in 
this, it becomes an equation involving only the two differential 
elements dx and dy, which are independent and the coefficients of 
which must therefore be separately zero in order that the equation 
may be satisfied. Thus we have 


U + Up 




Either of these may be replaced by 




dw 


dy 


0 , 
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which results from the elimination of between the two, and 
division by ?7. 

• . • 

This last equation has been obtained on the apparent supposition 
that U is zero. But in tlje case when U is zero it is easy to derive 
it from the equations 


^dxdx^ dx dx~^’ 


= S^G\ 
dx “ 


dz = pdx -h qdyy 

by substituting for dx^ dy, dz in terms of dp and dq in the equation 
and equating to zero the coefficient of dp. The equation 
can thus be used in the case when U is zero; the two former 
equations are in that case equivalent to only one, which would be 
combined with the new equation. 


The function W must therefore satisfy two simultaneous partial 
differential equations of the first order ; the method of obtaining 
such a solution common to the two, when it is known to exist, is 
indicated in § 226 and we may therefore now consider W a known 
functio;^ 


268. A solution of the given differential equation is furnished 
J)yW = constant. 

For we then have 


dW dW dW dW 

a* + ■P+ + 


s = 0, 


dW dW dw dW 

dy + 


t = 0; 


dW dW 

and these, on the substitution in them of the values of and 

dx dy 


from the foregoing equations which determine TT, become respec- 
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dW dW 

The elimination of the ratio of to between these gives 

(T + Ur) {R + Ut) = [S - UsY - G, 
which, in virtue of the value of G, reduces to 


Rr + 2Ss + rt + U {rt -» s‘) = V, 

that is, to the original equation. The proposition therefore follows. 

269. In order to obtain the most general intennediary inte- 
gral, we must find an expression which contains an ar\)ifrary 
function. Suppose now that it is possible to derive two particular 
solutions and of the equations which determine IT, and 
which are, owing to the double sign, really two sets; the#i the 
equations will be satisfied by writing 

W = (w^y = 0. 

Since the equations in W arc linear this is obviously a solution. 
Also the particular solutions are 

= constant ; 

but in the integrations we had to consider a as a constant, and 
therefore wo may write 

w, =/, (a). 

where (a) is an arbitrary function. Similarly we should have 
• w,=/,(a), 

where (a) is an arbitrary function. Now a is some function of x 
and y, the value of whicli is unknown ; when we substitute in 
either equation the value of a derived from the other, we obtain a 
result of the form indicated. 


270. It may happen that more than one general intermediary 
integral can be obtained. In any case we proceed as before from 
the single intermediary integral (by Charpit s method) or from the 
combination of the two intermediary integrals (as in § 23G) to the 
general integral of the equation; and this integral will usually 
involve either two arbitrary functions or three arbitrary constants. 
This however is not the most genenil integral possible. For if we 
had an original integral e(piation of the form 

<f) (Zy Xy IJy a^y U^y Cl ^y = 0 , 

and obtained thence five other equations giving «the values of 
py^ly Ty Sy t wc couM betwccn the six resulting equations eliminate 
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the five constants a and have a differential equation of the second 
order ; and according to the form of (j) the degree of this equation 
would vary. Conversely in any case we might in that integral, 
which is most general so far as the number of arbitrary constants 
which enter is concerned, expect more than three. But (f} = 0 will 
not necessarily be the most general integral ; the only inference to 
be made is that the equation con taming three arbitrary constants 
is not the* most general integral. It can be replaced however by 
one \vhich is more general ; the method of obtaining this, due to 
Imschftnetsky, is similar to that employed by Lagrange for partial 
differential equations of the first order — viz., variation of the con- 
stants. 


271. Let the integral obtained by the foregoing method be 
represented by 

-3^ y* c) ; 


to obtain the general integral we shall sup]:)ose c to be changed 
into a function of a and b the value of which is, as yet, undeter- 
mined and then consider a and b to be functions of x and y such 
that p and q preserve the same forms as when a, 6, c are all con- 
stants. Denoting 


0/ . dfdc , df dfdc 
0a'^0caa k'^de db 


)ectively by 


1 


df 


dz __ df da df db 
dx ^ ^ da dx db dx ’ 


dz __ df da df db 
dy ^ dady^ db dy ’ 


and therefore, since ^=P ^ 


df da ^ df db 
da dx db dx 


dfdji-dfdb^ 
(iady'^dbdy ^ 

which will be satisfied if we write 

da • db' 



412 


GENERALISATION OF 




The second differential coefficients are 

d^z dp da dp dh , 
ds? ^^l[adx /dh dx ^ 

d*z _ dpda ^db _ dq ^ i.. 

daSy ^^dady^dbdy dadk^ dbdx 

9*ir _ ^ 9a ^ 36 _ , 

9/ “■^da9yd6 9y 

df 

But since ^ is identically zero when we suppose a khd b 


replaced by their values in terms of x and y, we have 

dx \da) da^ dx ^ da db dx ’ 

j 3 (^\ ^ dp 

dx \da) da \dx) da * 


so that 


da^ dd^dx^ dadhdx 


Similarly 


dq dy da d^f dh_ 
da^ di^^^ dadhdy'~~^'^ 

dh ^ dadb dx db^ dx ^ 

dq dY ^ 

db^ dadb dy'^db^dy 


These equations satisfy the condition 

, _ dp da dp db __ dq da dq dh 
da dy ^ db dy da dx ^ dh dx ’ 

and from them there can be obtained the expressions 
da^ \dbj da db da db db^ \daj * 

l\ = €f /'^V_2 ^ ^ 

da^ \db) dadb da db db* \da) * 

j.K^^dpdq_ dyf (^^,^^\ ^/dpdq 
da"* db db dadb vda db ^ da db) ^ d6* da da * 

._(d^/y Aydy 

\dadb) * da^db*' 


where 
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But with the modified forms of a, h, c 

^ =fip> y > «. c) 

is still to be a solutiorr of the equation * 

the cocffibients of the second differential coefficients are unaltered 
in (orm, since we have retained the forms of the first differen- 
tial coefficients, and therefore R, S, T, U, V remain unmodified. 

Substituting now in this equation the values of ^ 

and i*emcmbering that the differential equation is satisfied when 

h, k, I are zero, we find that it takes the form 

(• 

{R + Ut) A -f 2 {S ~ Ih) k + {T + Ur) I U(lh - k^) = V, 

where the (quantities r, .s*, t which explicitly occur and the quantities 
/), ry, z which implicitly (jccur are to be replaced by their respective 
values derived from the integral 

^=/(*. y, «. ^ c) 

in which a, 6, c are considered constants. We must now substi- 
tute the expressions found for 4, k, I ; and then the equation, after 
some reductions, will be found to be of the form , 


R -2S 

■ du^ ' 


dadb 


T Y 


where 


ji,.(ji+TO)(j;;)'+2(s- v-)|t+<r+ p-)(|)’, 


in all these coefficients the quantities z, p, (p r, 6*, t are to be 
replaced by Jheir values in ttA’ms of x and y as derived from the 
given integral equation. , 
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This differential equation is linear in the second differential 
coefficients of f with regard to a and 6; it is, moreover, the 
equation which is to determine the value of c as a function of a 
and 6. Now * * 

df dfdc . 
da dg,^dcda' 


so that 


da^ "" 0a* dadc da 0? 'dc 0a* ' 


and also for the other coefficients ; when these are substituted for 
dadh' resulting equation is linear in the second 

differential coefficients of c with regard to a and 6, and the 

• • do dc 

quantities multiplpng these arc functions of cv, y, a, b, c, . 

But we also have 



db' 


from which the values of x and y can be found as functions of 
dc dc 

a, by Cy and these when substituted will make the equation 

one which involves only the quantities a, by c and the differential 
coefficients of c. This equation will then be of the form 




M 


where Ay By Gy F arc functions of a, 6, c, 


dc dc 

d7r 06 • 


Now it may not be possible to integrate directly the original 
differential equation, while it may be possible to obtain, almost by 
inspection, a particular solution which involves three arbitrary 
constants ; or it may be possible to ^derive such an integral when 
not obtainable merely by inspection. In either case such particular 
integral can be generalised provided the solution of the equation 
to be satisfied by c can be obtained ; and if this solution be repre- 
sented by * . 


(a, by c) r= 0, 
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then the new integral of the original equation is obtained from 

-3^ y> 

%0 = 6 (a, by c) > 

,,dfje_dfd0 

da dc dc da 

db dc dc db j 

by eliminating a, 6, c between them. 


Kv. 1. Integrate the equation 

. r + 2 (</ - .v) « + (v - .v)“ t = q. 

.■» 

Here 72=1, >Sf=« 7 -.r, 7'= («/ - .r)-, //=0, V=q\ thus 6r=0, .and the equa- 
tions determining IF .are only a single ])air, viz. 

/_ 0ir , .dW 

j0=3--(?-.r)g^^ , 

1^ air , ,air , ,air air 

g, +? 0- • 

We denote these, as in § 220, by 

0 = /\ = g-(,/-,r)/', 

# 0 = ~ -‘V +{q — y+ {p +q^ ■ 7^’) ^ + 7^^* 


As a condition 
we must Save 

Hence we write 

then 

and so we take 
and then 


th.at these equations may 1)0 integrated simultaneously 


0 = PlL-qZ-y; 

{F,yF,) = 0; {F„F,)^Zy 
i) = F,^Z, 

o=(/i, F,)= ... =(/:,, /;). 


Hence i"= 0=Z; X-{-qF=0; Q-(q~x) F^O; substituting in 
0 = Fdp + (^dq + Xdx -h Zdz + Vdi/ 
wc obtain 0 = 7' (dp - qdx -I- qdq - xdq)\ 

and therefore we may write as the intermediary integral 
ir =^ + -xq-\-a — 0. 


To obtain the complete integral of this we apply Charpit’s method ; we 
must obtain an integral of ^ 

• dx _ dy __ dp _ dq 

-q~ O' 
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p7l. 


This is given by ; and therefore 
These values, substituted in 

dz^pdx-^qdy, * 

lead to the integral 

+ -iS) - cfl? - c, 

which contains three arbitrary con^^nts. 

To obtain the modified integral (§ 271) we write this * 

2 =/= -a;r+/3y+i/3A’(a7-/3)-c, ^ 

considering c as a fuuction of a and ) 8 . Then we have 

^~da~ da’ 

di y „ ^ do ' • 

p=-a+px-ifi»i r=/3; 3 =^; *=0 = <; 

dc~ 0C»“"’ 0a0c 0/30C’ rf/3 rf/3 efa’ rfa~”‘ 

Hence iii=0 ; 7\ = 1 ; /S\= 0 ; Ki= 0 ; and the equation in / is 

. or, on substitution in terms of c, 


‘^/=0 


A 

^ 0/3““^’ 
_ dc 

But an integral of this is, by § 259, 


or finally 


c= fi-^VO + SXal) d\ ; 

and therefore an integral of the original equation is given by the elimination 
of a and /3 between 

rcc 

0=aa^+ J* X«"*V (/3+2Xai) d\, 

/“OO 

0=y + - i8.r - j (j3 + 2Xa^) tA. 

The second of these equations may, when the definite integral is integrated 
by .parts, be replaced by 
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271.;^ 

Elx. 2. Integrate 

(0 

(i i ) .7^r - Ax^qs + ^p,v^ = 0 ; • 

(iii) {x + qf >• + 2 {x + q) 0/ +p) t + 2 (./' + q) (// + p) = 0 ; 

(iv) xh + 2xh + ^ = 2.r ; 

( v) r^+ 2qs + {q^ - t = q\ 

( vi ) xh' - Ax'^qit + 3f// 1- 2. i^p — 0 ; 
r+2qs + qH = hH ; 

(viii) ^ps + t—q)^0. 

(Ampere and Tmschenetsky.) 

A fi^ller dfscussioii is contained in tlie valualdo memoir by Imselionctsky, 
ffnmext^s Archiv der Afatlnyiimlik' and Ph^.dk'^ t. T^EV. ; and in the memoir by 
( Jraindoi’ge already (§ 22.3) quoted. Kidl references to other autliorities arc 
to be found there. 


MISC^KLLANKOUS EXAM iM.ES. 

1. Provo that the integral of the equation 

• (.r+y)(r-0 + ‘lp = O 

as given by Mongers method is 

2/y 'lu r 2p * 

z + e F{x +1/) - e ^ ^ 'Je " / (2// - a) df/, 

where y+x is to be substituted for fc after intograti»)n and / and arc 
arbitrary functions. 

Hence solve the eipiation 

(pA-q) (/•-/) = 4.e(/’^-0- 

2. Solve by Honge’s method the equations : 

(i) qOA-q)r+{pA-q-\-2pq)s-^p{l-{-p)t = 0 ; 

(ii) (1 +pq + q^) r + .s (</ - - ( 1+ pq + p^) t=0 ; 

(iii) (y - 0 -KV “ « -y^) = “ Pk/ J 

(iv) xh--y-t=.vp-yq; 

(v) r-28Art=^x-\-(l)(x+y) ; 

(vi) (^•-«).^■-(^ '«).!/; 

(vii) A’V - y'H - 2xp + 2s = 0 ; 

(vin) {r-s)y + [s-t):9+q-p=0; 

(i.\) xr+Q/-x)s-yt=q-p. ^ 


F. 


27 



MISCELLANEOUS 


9 


41ft -.;:;:;',., '■ 

3. Solve the equation r+t—2sj and <letcrminc the arbitrary functions by 
the cdnditions that when .r— 0 and az—x^ when y=-0. 


4. Integrate the equation 

* ' 

?/■* * 

and obtain a first integral of the ccjuation * 

5. Investigate a solution of the equation 

r^-«-=0, 

subject to the condition (1+/^-), in the form 

s = ay + {a ^ — + a log ^ . 


6. Integrate the equation • 

(1 t - r =- 0, 

having given that ^;y-</.r=0 ; and shew that a particular solution is 


(.^’2 4“;^*^)'^ ~ c cosh ~ . 

Integrate also the o(iuatiou 

{(I t - 2p<js + (] +(/) y}-r^4 {rt - .s’-) (1 ; 

and discuss the nature of the solution 





• 

Solve 

the equations : 



(i) 

f.‘2u 

O') 

(pja^pyt+pq-. 

(iii) 

xr-\-xys-^ fjq~0 ; 

(iv) 

. JT + 2y» 4-p = 4.1’ 

(V) 

2.rr-2^4-3p=() ; 

(Vi) 

r 

T 


8. Prove that the only real solution of the simultaneous equations 

d“U dhi 


Of/- 


;^oi 


u = X cos a +y sin a + fi. 


9. Prove that the only real solutions wliich simultaneously satisfy the 
equations • 

r+t—2a\ 

aj.'e comprised in 

5 = (a + c cos a) + c.ry sin a 4^ (a - c cos a) 4- i3.r^4- yy + fi, 
whero c^=a^+6^ and n, j8, y, 8 are m*bitrary parnmetei-s. 
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10. Obtain an intermediary integral of 

pqr=s{\+p% 

and shew that its general integral is obhiiiied by eliminating a between the 
equations 

<li' {a)+a!+a{l+a^)-i/Q/)=or ' 
where 0 an^ / are arbitrary. 

(Serret, and Graindorgo.) 

11. *^ Integrate the equations : 

(i) .vp -\-yq + xh + pyA +y-i = 0 ; 

(ii) (.ip+yq) + </>•-- :]p(/.^+p^^= 0 ; 

• * (hi) (.r-’-y-)(^--r) + 4(y?.r + ryy-5)-0. 

Also solve, by changing the independent variables to f and 7 where — 
and 

xh' — 2.vys +y‘^t + 2yq 0 ; 

and, by changing the independent variables to f and rj whore and 

.A- -ft={.vp -!/<i)f{,vy). 


Integrate the ecpiations : 



dx^ x Z'x ^ oy^ ’ 

(ii) 

cy- \i 

D-r 2 05 2 \ 

'■X‘ ^ X Ox x^ / * 

.. dh_a^dh^ 
dx^ X* df/ ’ 


dh 

Zxdy ^ 

oh 1 (dz dz\ 

0 a; dy x +y \0.<- vy) 

,^=o. 

(.c+y)- 

(Gregory.) 

Find tlie surface whose ccpuitioii .satislics 



vx fiy 

and whose trace on the ])lai.o of xy is the hy])crl>ola xy --a“. 


14. Integrate the .simultaneous eipiations 


... Zu 

dv \ 

1 i"\ ^ 

/0tt Zfi\ 


(') a^ = 

^'/ 1 

(11) m . 

Ox 


“ Vx^'^oyy 1 

0(»_ 

ou 

i ’ 

(ra ^ rd\ 

_ /c^(i I 

dx~ 

~oy J 

m ^ 

' cy 




IT). Shew that the .simultaneous equations 

rt + c{r-\-t)—0, pq-\-o {py-qx)~0, ^ ^ 

represent a series of coaxal paraboloids which cut iuiy" fixed plane pej^ien- 
dicular to the ftxis in a series of .similar conics the ratio of whose axes is 
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16. Shew that the equation 

G^s + //^+A'=0 

in which Cr, K are functions of a?, z and q can be integrated if 

and obtain the integral. « 

Hence obtain the integral of 

{{x-\-yz)s-ypq}(j;-[-y)^qy (1 - j) 


in the form 


/ 


_ Vdi/ 


J' 


(»+»)♦(») 1 

(Tmschonctsky, and Graiiidorge.) 


17. Obtain a solutioii of the equation 

dhi ()ht d^u 
dz^ ~ 

in a series of ascending powers of .v. 

Solve the equation 


(Lagrange.) 


9% (!>H 'bH j . c^u d'^u 

“ Si 8y dx ® 


discussing in particular the case in which the discriminant of the left-hand 
side is zero. 

• 18. Verify that the partial diflereiitial equation 

oh 02s 

is integrablc in finite terms, if h{2i±l)=2i where i is a positive integer. 

Solve also 


dhi „dhi i(V-}*l) 


19. Shew that the complete integral of 

1 02,^ 02^^ ^ 2 0?/, ?l(?l+l)? 

■ ' ! ’•1. ■^"1 “ 


(Legendre.) 


0/2 0^.2 ^ j. 0y. 

{n being an integer) may be exhibited in the form 

n=r’‘( -- -V i>(’'+«0+'l'(>'-»0 
V* 077 r * 

where (f> and are arbitrary functions; and obtiiiii in the form of a definite 
integral the complete solution of 

1 02a 02^ 1 du 
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20. Obtain as a detiiiito integral the solution of 


' djc di/ 


A’+?/ \0.>i; 


21. Obtain a solution of the equation 




dt~ 


d.v^ 


in the form. 






e </> (.v+ 2^ u u ) dll dv. 


22. Change tlie dependent variable from to y in the cciuation 

ili\ Vq)r- (p + q-\r ^pq) .t +p ( 1 + jt>) i -= 0, 
and hence obtain tlie solution of tlie e([iiation in the form 

23. Shew that if tlicre be five functions Si, "j, each of which 

sfjitisties the equations 

/• ^ + a.jp + a.^q + a^s 1 

* < = + hji + h^: J ’ 

where the a’s and ^’s are fiuujtions of .r and y alone, then between them there 
is a linear relation with constant eoellicicnts of tlie form 

If, in addition, any four of them as .i|, C;., be such as to satisfy 

identically the eipiation 

I *2» % ^4 

I <hj 72» 7:ji 74 

I .Sj, .V,, 

then there is also a relation of the form 

+ Cj5’4 = 0. 

(Appell.) 


24. Shew that the function F{aj /3, y, e, .v, y) given by the series 

II (a + m + 71 - 1) n {(i + 7/1 - 1 ) n (y + n - 1 ) II (^ - 1 ) II (€ - 1 ) 

II (a - 1 ) n ( 7/0 n (/O n (^ + 771 - 1 ) n (€ + 71 - 1 ) 11 (/3 - 1 ) II (y - 1 ) ‘ ’ 

the summation extending for all intcgival values of m and n from^zero to 
infinity, satisfies the two equations 

(.77 - r - xys -\- {6- ((i + ^-\-\)x}p- fiyq - a^z ^ 0, 
iy - y^) ^ + {f - (« + y + 1 ) y} 7 - y'^P - “y- = 

Hence shew that F'{ii, S + c, -c. By 6, ./•, y) is a solution of 

{x — x^) r — ’^ys-\-{y—y^)t+{B - (o + 5 + 1) j(7 + {e - (a + fi + l)y} </ - a6z=0, 

c being. an arbitrary constant. • ( Appel W) 
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25 . If therq bq three funotioas 229 2^ satisf^iig 

r=ciip+a2^ + d^, 

' i = CiP + Cjj^ + C35, 

(P2 “ !Z:«) + ^2 (^3 - ?i) + ^ 

where the u^s, l/*a and c’s are functions of and y, then tlicre exists between 
these functions a linear relation with constant coefhcients. 

(Appell.) 

26 . Shew that the integral of the equation 

s+^iyp+fy2=0 

may, by difFcrentiation, be connected with that of 
s+^yjj + (/,‘+n)^y2=0f 
h being a constant jind n being .an integer. 

Hence solve the former equation in the case when L is a negative integer. 
Obtain tlie solution when k is a positive integer. (Tanner.) 


27 , Obbiiu the solution of 
in the form ’ 



»— e® 

<t> (x)iy iv) 


where <f> uii<l ^ arc arbitrary fniictioiis. 
Hence integrate 
Integrate also 


1ft the form 


»=<jb(ar)V't'/) 


(Liouville.) 

(Taiindr.) 


siii^ n (/'’+/) 


where n is a constant, = (.r)^ (.r) and f {y)~'^{jj) ^ and x 

are ;u’bitrary. 

(U. llussell.) 


28 . Integrate by Ampere’s method the ccpiations 
(i) r«+^2<+y)3’=0; 

(») y < + (/.e+Hiy+ju)(rt-s-) 

= (/..+, «y+«.-) (2 (^; - g + (± - g j ; 

(iii) qr-^{p + .r) s +yt-\-y {rt - + 7 = 0. 


(Imschcnetsky.) 
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